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Abstract

This article, is concerned with finding sufficient conditions for the oscillation and non oscillation of the solutions of a
second order neutral difference equation with multiple delays under the forward difference operator, which generalize
and extend some existing results. This could be possible by extending an important lemma from the literature.
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1. Introduction
This article is concerned with finding sufficient conditions so that a solution of the neutral delay
difference equation(NDDE in short)

A? O — ?:1 pr{l]}Yn—mj) + 17nG(ya(n)) = fu (1)

which does not oscillate, tends to zero as n — . Here A is the forward difference operator, given
by Ax, = x,41 — Xn, pﬁlj}, v, and f, are members of infinite sequences of real numbers with
v, > 0,G € C(R,R). Further, we assume {a(n)} is an unbounded sequence such that a(n) < n
for every n. Different ranges of the {p,{lj}} for j=1,2,...,k are considered. The m; for j =
1,2,..., k are positive integers.

The following hypothesis are needed in the sequel,
(E1) xG(x) > 0 for x # 0.

(E2) vp, > 0, X5, Vn = .

(E3) There exists {F,},a bounded sequence such that A%E, = f,.
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(E4) The sequence E, in (E3) satisfies lim,,_,,E, = 0.

(ES) X, v = o, Where v, = min{vn, vn_ml,vn_mz}.

(E6) For v > 0,w > 0,u > 0, there exists a scalar g > 0, such that G(v)G(w) = G(vw) and
GW)+ew)+G6w) = 6w+ w+u).

(E7) Xiizn, 10 = 0.

(E8) X721 (n)vn, = o  where vy; is any subsequence of v,,.

(E9) For u > 0 thereexists § > 0 suchthat G(u) > du. For u < 0 there exists § > 0 such that
G(u) < du.

(E10) G(—u) = —G(w).

(E11) liminf,_,o(n)/n > 0.

Remark 1.1 By (E9), if liminf,,_,,u, > 0 then 3 § > 0 such that liminf,,_,., G (u,)/u, > 4.

We assume that p,{lj},j =1,2,...,k are bounded and satisfies one of the following conditions.
There exists positive constants b;, j = 1,2,...,k and b such that

(RD bj=pP’>0,v j=12,..k and T, liminf e, p{’ <3 b =b<1.
R2) —-b<p’<ov j=12..k and ¥, liminf,., p =¥ — b =—b>
—1.
pi]} <0,V j=12,...k and 3 i€{1,23,...,k} such that
(R3) limsup p,{li} — Y j=i liminf p,{lj} < -1
p>0 v j=12..k and 3 i€{123,...,k} such that

(R4) liminf pr{li} — Xj=i limsup pflj} > 1.

For easy understanding and convenience of writing the proofs of the results, the higher order
NDDE

1 2
A? (yn - pr{l }yn—ml - pil }yn—mz) + an(ycr(n)) = fn (2)

with two delay terms under the A? sign, is considered, instead of (1) and this is with out any loss of
generality.

One of the following conditions are to be assumed on the bounded sequences {pg}} for j=1,2
while considering the neutal equation (2).

There exists positive constants b, b;,and b, such that
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R5) b>p>0,b>p? >0.
P Pn
R6e)—b<pM<0,-b<p?<o.
(R7) 1>b; =p% >01>b,>p!P >0,and by +b,=b < 1.
R8) —1<-b <pM<0-1<-b,<p® <0 and by +b,=b< 1.
R9) b=pU>1,b>p? >0
2 Pn

(R10) —b < pB < —1,-b >p# < 0.

Note that (R1) and (R2) are equivalent to (R7) and (R8) respectively. Further note that (R6) is less
restrictive than (R3) and (R5) is less restrictive than (R4). If p, =p,{11}, then the ranges of

Pn, Which are obtained, by the substitution k=1, in (R1)—(R4), or p,{f} =0, in (R7) - (R10), are
considered (Parhi and Tripathy, 2003; Rath et al., 2010).

Let N; be a fixed non negative integer and r = max{m;:j = 1,2,...,k}. Let Ny = min{N; —
r,a(Ny)}. A solution of (1), is defined as “a real sequence {y,}, which is defined V +ve integer
n = Ny, and satisfies (1) for n > N;. Further, if the initial values

yn:an for NOSTlSN1+1, (3)

are provided then the equation (1) has a unique solution satisfying the initial values (3). A non
trivial solution {y,} of (1) is called oscillatory, if for any positive integer n, = Ny, there exists
n = n, such that y,y,,+1 < 0, otherwise {y,} is said to be non-oscillatory.”

As is well known that, it is not always easy to solve a functional difference equation and find it’s
solution in closed form, therefore, qualitative theory of difference equations is developed rapidly,
since here we assume that the solutions of the difference equation exist and concentrate to
investigate its oscillatory behaviour . Recently, numerous articles on oscillation of solutions of
neutral difference equations are published for example (Agarwal et al., 1996; Agarwal and Grace,
1999; Parhi and Tripathy, 2003; Zhou and Huang, 2003; Yildz and Ocalan, 2007; Karpuz et al.,
2009a; Karpuz et al., 2009b; Yildiz et al., 2009; Yildiz, 2015) and the references cited therein.
Thandapani et al. (1999) found non-oscillation and oscillation criteria for the equation

A™(yp — PrYn—1) + 'nG(Vn—r) = fa- (4)

Here, we study the oscillatory behaviour of (1) and (2), which seems, not being considered by any
author till date. This paper generalizes the study of the equation (4) for m = 2. We observe that
while studying the NDDEs , the authors (Parhi and Tripathy, 2003; Rath and Padhy, 2005; Rath et
al., 2010) have significantly used the Lemma 2.1 of Parhi and Tripathy (2003), which is the discrete
analogue to the Lemma 1.5.2 of Gyori and Ladas (1991), for their results. It is further observed that,
even, many results for the study of neutral differential equations (i.e; the continuous case) are
dependent on a similar result, i.e; Lemma 1.5.2 of Gyori and Ladas (1991). However, the Lemma
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2.1 of Parhi and Tripathy (2003) cannot be applied to the study of (1) or that of (2). In this context,
one may go through the “open problem 1.8, at page 31 of Gyori and Ladas (1991) which suggests
to extend the lemma suitably, for its own sake and its application to the study of the neutral
equations with several delays.” In this article we extend the lemma for the said purpose in order to
study the oscillatory behavior of (1) or (2), there by, improving, extending and generalizing some
results of Parhi and Tripathy (2003); Rath and Behera (2018).

2. Some Lemmas
In this section first, we quote some results from different research articles , that would be helpful in
the sequel.

Lemma 2.1 (Parhi and Tripathy, 2003) [Lemma 2.1] “ Let {f,},{q»} and {p,,} be real sequences
defined for n > N, > 0 such that

fa = n — PnGn-mn = Ng +m

where m > 0 is an integer. Let b,b; and b, be reals such that p, satisfies one of the three
conditions below

(i) =1 < —b < p, <0, (i) —by < pp < —by < —1, (i) 0<p, < b,.

If g, > 0 for n > Ny, liminf,_,,q, = 0 and lim,_,.f, = § existsthen § =0.”

Lemma 2.2 (Royden, 1988) “ Let {u,} and {v,} be two real sequences defined for n = ny > 0.
Then

lim inf u, + lim inf v, < lim inf (u, + v,) < limsupu, + lim inf v
n—»oo n—oo

n—oo n—oo n—oo
(or lim inf u, + limsupv,) < limsup (u, + v,) < limsupu, + limsupv,
n—-oo n-oo n-oo n-oo n-oo

provided that no sum is of the form co — c0.”

Lemma 2.3 (Royden, 1988) “ Let {u,} and {v,,} be two non negative real sequences defined for
n=ng > 0. Then

lim inf u, X lim inf v,, < lim inf (u, X v,) < limsup u, X lim inf v,
n—oco n—oo n—oo n-oo n—oo

(or lim inf u,, X limsupv,) < limsup (u, X v,) < limsup u, X limsup v, 5)
n—-oo

n—-oo n—-oo n—-oo n—oo

provided that no product is of the form 0 X c.”

Lemma 2.4 (Agarwal, 2000; Parhi and Tripathy, 2003) “Let z, be a real valued function defined
for n € N(ng) = {ng,ng+1,...},ny > 0 and z, > 0 with 4™z, either +ve or —ve on N(n,)
and not equal to zero.Then Jan integer p, 0 <p <m — 1, with (m + p) even for 4™z, >
0,and m + p odd for 4™z, < 0 such that
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Az, >0 for n=ny0<i<p,

(—1)P+Alz, > 0, for n>ngp+1l1<i<m-—1."

Remark 2.5 From the above lemma, for m = 2, if 4%z, < 0 and z, > 0 then p = land 4z, >
0.

Definition 2.6 “Define the factorial function (Kelley and Peterson, 1991) by n(®):=
nn—-1).(n—k+1),

where k <n and n € Z and k € N. Note that n® =0, if k > n.”
Lemma 2.7 (Rath, et al., 2010) “ Let p € N and x(n) be a +ve real sequence in[n; , «) for

some large n; . If 3 an integer po €{0,1,...,p — 1}, such that A‘w(c0) =0 and
APow(o0) exits (finite) for all i € {py + 1, ...,p — 1}. Then

APw(n) = —x(n), (6)
implies
APow(n) = APow (o) + T g (4 p—po — 1 — )PP Dx(y), )

(p—po—1)!

for all sufficiently large n.”

Remark 2.8 Consider {w,,} as a real sequence and L as a +ve scalar such that w,, > L for n >
ny. If z, > w, — € for n = n, > n,, where € is is any arbitrary pre assigned positive number,
then Ja+vescalar C < L and a +ve integer n5 = n, such that n > n5 implies z, > C.

Lemma 2.9 (Malik and Arora, 2008) “If 3. u, and ) v, are two positive term series such that
lim,_ (3—“) =1, where 1 is a finite number and not equal to zero, then the two series diverge or

converge together. If 1 = oo then divergence of ) v,, = divergence of ) u,. If I =0 then,
convergence of ) v, = convergence of ) u,.”

Remark 2.10 By Lemma 2.9, it follows that (E7) holds if and only if ¥7_, (n —ny + v, = oo.
It is because (n —r +1)" <n™ < n” for r < n.

Remark 2.11 The condition [¥3_, nf,| < o implies that (E3) and (E4) holds.In fact, if we
define F, = Y72, G—n+1)f; by Lemma 29 then, A’F, = f, and lim,,,,F, = 0.

The following result extends and generalizes the Lemma 2.1.

Lemma2.12 Assume y, > 0 for n = n, with liminf,,_ .y, = 0. Suppose that
Zn =Yn— Z}c:l pr{Lj}Yn—mj- (8)
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Further, assume that lim,,_, .z, = & exists finitely. Then
@ If p) > 0 then 6 < 0 and if pY* < 0 then § > 0.

(b) Further, suppose that y,, is bounded and p{]} j=12,..., k, satisfy one of the four conditions
(R1), (R2), (R3) or (R4).Then 6§ =0 and lim,_.y;, = 0.

Proof. (a) Since lim,,_,,z, = & exists finitely then liminf,,_,,z, = limsup,_xz, = J. If p{j}
0 then Zn < Yy and liminf,, 4z, < liminf,_,,y,. This implies § < 0. Again if p{J} < 0 then

n = Yn and this implies § > 0. Hence the result follows.

(b) Since y,, is bounded then liminf,_ .y, and limsup,_ .Y, exists finitely.

Let us consider case (i) i.e; p{]} satisfy(R1). This implies p{J} > 0. Hence we obtain § < 0. Then
using Lemma 2.2 and 2.3 we have

0> 6 =limsup z, = limsup (yn - Zﬁl p,{l]}yn m})

n—oo n—-oo

= limsup y, + llmmf( ] 1 p,{{}yn mj)

n—-oo

> limsup y, — llmsup( i p1{1]}}’n m,)

n—-oo

> limsup y, — 2y limsup (pYy,m))

n—-oo n—->oo

= limsup yn—Z] 1 limsup pmllmsup Yn-m;

n—-oo n—->oo n—-oo

= limsup y, (1 Z] 1 limsup p{]}>

n—-oo n—-oo

> limsup y,(1—-5b) > 0.

n—-oo

Hence § =0 and limsup, .y, <0, by (R1), which implies limsup, .y, = 0. Hence
lim,_,»z, =0 and lim,_, .Yy, = 0.

Next consider case (ii) i.e; p{]} satisfy(R2). Clearly, z, > y, due to (R2) and this implies § > 0.
Further, using Lemma 2.2 and 2.3 we have

6 = liminf z, = 11m1nf (yn f 1 p,{{}yn m])

n—-oo

< liminf y, + limsup (Z] 1 —Pil]})’n m,)

n—-oo n—-oo

<Y limsup (=) (yn-m;)
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< Z;Ll limsup( p,{{}) limsup (yn_m].)

n—oo n—-oo
U3y
< - llmmf limsu —m
) (p ) msup (yn m,)
<b limsup y, < ba.
n—oo
Hence we get
5
a = > > 4.
Again
6 = limsup z, = limsup (yn - f 1 p,{{}yn mj)
n—oo n—-oo

> limsup y, + linnlglf(_ Z?:l Pr{lj}Yn m,)

n—-oo

> limsup yn+lglngglf(2?=1( pfl’})yn_m,-)

n—-oo

. ko i {J}

> llnmf;gp Yn + Xj=q liminf (( )yn m,>
. kK Jins U3 13m0

Zlimsup 3, + 3 liminf (") limint v,

> limsup y, =a.

n—-oo

(9)

Combining the above inequation with (9), it follows that @ > § = «, a contradiction which

implies 6 =0 = a.

Let us consider case iii: i.€; p{]} satisfy(R3). Clearly, z, = y, dueto (R3) and this implies § > 0.

Further, using Lemma 2.2 and 2.3 we have

6 = liminf z, = 11m1nf (yn Py pPyn_ m])

n—oo

{3

< limsup (yn +Yjzi —Pn Yn-m, ) + hmlnf( pif}yn_mi)

n—oo

< limsupy,, + limsup };»; — p,{lj}yn_mj + limsup (—pg}) linrﬂiorolf(yn—mi)
n—oo

n—->oo n—->oo

< limsupy, + Z]il hmsup( pilj}yn m])

n—oo

< limsupy, + X« llmsup( {]}) limsup ()’n mj)

n—oo n—oo

< limsup(y,,) [1 Yj=i 11m1nfp{j} :

n—oo
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Again, we have

6 = limsup z, = limsup (yn - Z?:l pr{LJ}Yn—mj)

n—-oo n—oo

2 liminf =y, + limsup (— Yo p }yn_m,-)

n—-oo
=20+ limsup (_ Z;'(:l pilj}yn—mj)
n—-oo
2 liglj;gp (—p,{f}yn_mi) +1liminfY.; (—pf{}yn_m,-)

2 limsup Yy liminf (—pff}) + Xj«; liminf ((—pf{ }) yn-m,-)

n—-oo

= limsup Yn—milinn_lglf(—Pr{li}) + Z (liminf(—pr{lj}) linrr_l)ior.}f yn_m],)

n—o0o e n—-oo
Jj#i
> limsup  y, (—limsup p,ﬁ”). (11)
n—-oo n—-oo
From (10) and (11), it follows that
limsupy, z liminfp,{lj} -1- limsupp,{li} <0.
n-oo n-o n-oo

J#i

Using (R3), we obtain limsup,,_,.Y, = @ = 0. Then from (10) and (11) we have § < 0 and § >
0 respectively. This implies lim,,_,,z, = 0 and lim,_,,y, = 0.

Let us consider case (iv) i.e; p,{qj} satisfy (R4). Then p,{,Lj} >0 and § < 0.ByLemma2.2and 2.3,
we have

s = linrr_l)iorgf Zn = linrr_l)ioglf (.Vn - ?:1 p;llj}yn—mj)
. s ko _ U}
< limsupy, + liminf 35y — pn" Yo,
n—oo n-—oo
<a+ liminf(—p,{ll}yn_mi) +limsup ¥ — pil]}yn_mj
n—co n-oo

< a — limsup (pr{f}yn_mi) + Xj#i limsup (—Pfl’ }yn_m,-)
n—-oo

n—-oo
< a — liminf p,{li}limsup Yn—m; — (Z]-ii liminf p,{lj}yn_mj)
n—oo

n-oo n—-oo

<a—aliminf pi’ — (3 liminf py/limint 3o
- 1)
< —
_a(l llnrr_l}orolf pn) (12)
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Again we have
8 = limsupz,, = limsup (Yn - 25'(:1 pEL]}Yn m])

n—-oo n—oo

2> liminf  y, + limsup (— f 1 p,{{}yn m])

n-oo n—oo

> limsup( p,{f}yn my ) + linfr_l)iO{)Iij;:i ( Pfl }}’n m,)

n—oo

= —liminf pn yn m z llmsuP pELJ}Yn mj)
n—-oo

n—-oo
JE!

= —liminf y,_p,, (llmsup p{l}) Y= (11msup p{]}hmsup Vi m)
n—-oo n—oo n—oo n—oo
= —limsup y, (Zlil limsup p{]})
n—-oo n—-oo
> — (ij limsup p{]}>. (13)
n—-oo

From (12) and (13), it follows that
—a (Zﬁtl llmsupp{f}) <é6=<a (1 - linminfp,{li}).

By (R4), we obtain limsup,_,«¥, < 0. This implies limsup,,_,,y,, = 0. By (13), it follows that
& = 0. Using part (a) of this lemma, we obtain § = 0.Thus,the lemma is proved.

Lemma 2.13 Assume y,, < 0 for n = ny with limsup,,_.y, = 0. Suppose that z, is defined as
in (8).

Further, assume that lim,,_, .z, = & exists finitely. Then

@ 1f p > 0 then 6 > 0 and p} < 0 then § < 0.

(b) Further, suppose that y,, is bounded and p{]} j=1,2,..., k, satisfy one of the four conditions
(R1), (R2), (R3) or (R4). Then § = 0 and lim,_oYn = O

Proof:. The proof is similar to that of Lemma 2.12 and is therefore omitted.

Remark 2.14 The above Lemma 2.12 is an extension of Lemma 2.1. One may observe that u,, and
v, are not assumed to be bounded in Lemmas 2.1 or 2.2 or 2.3 . However, it is assumed in Lemma
2.12 that y, and Yn—m; are bounded. This is only to avoid the conditions that “ provided that no

sum is of the form oo — c0” in Lemma 2.2 and that “provided that no product is of the form 0 X c0”

in Lemma 2.3. However, if each p{]} satisfies (R2) or (R3) then the terms in z, are positive
when y,, > 0. Hence in the limiting case the sum cannot be of the form co — oco. Further, if
liminfn_>oo|p,{| > 0, for each j, in the case when (R2) holds, then the product term in Lemma 2.3

cannot be of the form 0 X oo . Therefore, we can relax the condition of boundedness on y,. In
Lemma 2.12 and state it as another lemma.
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Lemma 2.15 Assume y, > 0 for n > n, with liminf,_ .y, = 0. Suppose that z,, is defined as
in (8) and that lim,,_,,z, = & exists finitely. Let p,{l’} satisfy any one of the two conditions (R2)

or (R3). Further, suppose that each p,{lj} satisfy liminfnqm|p,{| > 0, if (R2) holds. Then 6§ =
0 and limy,_ 0y, = 0.

Remark 2.16 Suppose z, is as defined in (8) with k = 2. Then Lemmas 2.12, 2.13, and 2.15 hold
if each p,{l” satify one of the four conditions (R1), (R2), (R3), or (R4) with k = 2.

Before the last lemma in this section is stated, it is assumed that y = y,, is non-oscillatory solution
of (2) for n > N;. Define for n > n,,

Zn =Yn— pr{ll}Yn—ml - pr{Lz}yn—mz (14)
and
Wy =2z, — E,. (15)

Lemma 2.17 Suppose that each p,{{} satisfies the condition, (R4) with k = 2, or (R9). Let
(E1), (E3), (E4),(E7), (E9) and (E11) hold. Suppose that y,, is a solution of (2) in some interval
[n400). Further assume that z,, and w,, as defined in (14) and (15) respectively. If y,, > 0 then
either lim,_,w, = —co or lim,_ ,w, =1 (finite) and lim,_,4w, =0 with Aw, > 0. If
Yn < 0 then either lim,_,w, =0 or lim,_ ,w, =4 (finite) and lim,_.,4w, = 0 with
Aw,, < 0.

Proof. Let y,, be an eventually positive solution of (2) for n > ny, = N;. Then for n > n,, using
(14) and (15) in (2), we obtain

Nwy, = =0,6(Yom)) < 0. (16)
Hence w,, Aw, are monotonic for n = n, and of one sign. By (E3) and (E4) we have

limw,, = lim z,, = A, where 1 € [—o0, c0]. 17)

n—oo n—oo

If possible, let A be equal to co. Then w, >0 and Aw, >0 for n>n,; . Hence
lim,,_,,Aw,, = [, exists. Application of Lemma 2.7 to (16), for n > n, yields

Awyp, =1+ X725, ;6 (Vo(i))- (18)
This implies
Yien ViG (Vo)) < o, for n = n,. (19)

From this, it follows, due to (E7), that liminf,,_,e (G (Ygn))/n) = 0. Hence liminf, e (Yo (ny/
n) = 0, by (E1) and (E9). As lim,,_,,0d(n) = o0 and a(n) > yn for large n, due to (E11), we
obtain
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linminf(yn /n) =0. (20)

As w, >0 and Aw, > 0, we can find M, > 0 such that w,, > M, for n > n; > n,. For any
0 < €, from (15) it follows due to (E3) and (E4) that z, > w,, — € for large n. It implies, by
Remark 2.8 that 3 M;, with 0 < M; < My, and y, — p,{ll}yn_m1 — p,{lz}yn_m2 > M, for n>

n, > ns. Using (R4) with i = 1 or (R9) we have p,{ll} > 1. Hence one may obtain

Yn > Ynr + My,n = ny, (21)

where r = m,.

Let, Ny > ny, M = min{y,: Ny <n < Ny+r}and 0 < < min {
n = Ny, A(n) = M; — fr.

M,
r

Ve 2 } define, for

Thus A(n) >0 for n = N,. Since y, =M for Ny <n <Ny +r and B(N,+r) <M, then
Yn>pn for Ng<n<Ny+r and Ny+r <n<Ny+2r implies Ny<n—r<Ny+r.
Using (21), we obtain, for Ny +r <n < Ny + 21, Y > Vpp + My = B(n—1) + M; > fin,

then fn < A(n) + Bn = My + f(n —r). Using a simple induction we prove y, > fn for n >
Ny. Hence liminf,,_,,[y,/n] = £ > 0, a contradiction to (20). Thus, 1 is not equal to oo.
Further, if A is not equal to — o then A€ R. Then easily, we conclude that Aw,, > 0
and lim,,_,,Aw,, = 0. The proof for the case y, < 0, eventually is similar. Therefore the lemma
is proved.

3. Sufficient Conditions
In this section, it is investigated to find, sufficent conditions for all the non oscillatory solutions of
(2), tending to zero.

Theorem 3.1 Let any one of the conditions (R1) or (R2) hold for k=2. Consider p,{{} to satisfy

liminfnqw|p{;| > 0 for (R2) . If (E1), (E3), (E9) and (E11) hold, then any solution of (2) which
does not oscillate, tends to zero as n — .

Proof: Suppose y = y, be a solution of (2) for n = N; which is non-oscillatory. Then y,, > 0
or y, <0. Suppose y, >0 eventually. Ja +ve integer n =n, such that y, > 0,y,_p, >
0, Yn—m, >0 and y,) >0 for n = ny = N;. For n = n,, we set z, and w;, as in (14) and
(15) respectively, to obtain (16). Hence w,,, Aw,, are monotonic and of one sign for n = n; = n,.
Then lim,,,e,w, = 4, —00 < 1 < +00. We claim y, is bounded. Otherwise, y, is unbounded.
Hence 3 asub-sequence {¥n, } such that

ny — o, Vn, = ®© as k - oo, and y(ng) = max{y,:n; <n <ng}. (22)
We may choose n, large enough so that for n, —r > ny,o0(ny) = nq, where r = max{mq, m,}.

Then by (E3), for € > 0, we can find a +ve integer n, such that, for k = n, = n, implies
|y, | <y, for some constant y > 0. Hence for k = n,, if (R1) holds, then we have w,, =
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Y (1 =b) —.
Similarly, if (R2) holds, then for k = n,, we have wy,, =y, —v.

Taking k — oo, for either case (R1) or (R2), we find lim,,_,,,w, = oo, because of the monotonic
nature of w,. Hence w, > 0,Aw,, > 0 for n > n, > n,; and A*w, =0 and is in —~ve. As m =
2, Ja +ve integer p = 1. by Lemma 2.4. Then lim,,_,.,Aw,, = [ (finite) exists. Application of
Lemma 2.7 to (16), results (18). Consequently (19) follows. Because of (E2), the inequality (19)
yields linrrlioglfG(yJ(n)) =0 for n > n3. Then we claim liminf,,_,,y,mx) = 0. Otherwise, there
exists n, =ng and y > 0 such that n = n, implies y,) >y. By (E1) and (E9), we obtain
GWom)) >v6 >0, for n=n, contradiction Therefore, liminf, ,Ysm) =0 As

lim,_,,0(n) = oo, it follows that liminf,,_,,y, = 0. Since w,, > 0 and Aw, > 0, we choose
B > 0, such that w,, > B for n > n, = n3. Then we claim,

liminf2® = 0. (23)

n—-oo Wp

Otherwise, there exists a >0 such that eventually 1y, > aw, >aB which implies
liminf,,_,,y, = aB > 0, a contradiction to liminf,,_,ysny = 0. Set, for n = n,,

W, _ Wy, _
pill} n-mq and ailz} :p7{12} n mzl

{1} _
a, =
Wn Wn

It is clear from (E3) and lim,,_,,,w, = oo, that lim .

n—-oo Wp
Then we have
1 = lim [
n—-oco Wpn
= lim [J’n_pill}Yn—ml _p;Z}Yn—mz_Fn]
n—oo Wn
1 2
i [ S Ynoms 8 Ynemy P 24
n—oo Wp Wn-m, Wn-m, Wn
o o2
= lim Yn _ 9 Yn-my  An Yn-m, .
n—-o Wn Wn-mq Wn-m,
. . . . Wn-m; ] ] . i .
Since {w,} is a increasing sequence, then " L<1forj=12Forj=12if p,{l]} is defined
n

as in (R1) then 0 < al? < pU} < b < 1. However, if p? is defined as in (R2) then 0 > al! >
p,{lj} = —b; > —1. Hence it is clear that for j = 1,2, if p,{lj} satisfies (R1) or (R2) then ag} also

satisfies the corresponding conditions (R1) or (R2) accordingly. If (R1) holds then Lemma 2.12(a)
{1} (2}
yields, due to (23), that lim [22 — Zn2n=ms _ Ze Yn-ma) g 3 contradiction to (24). Again if

n—-oo Wn Wn—m1 Wn—mz

W @
(R2) holds then by Lemma 2.15 lim [22 — Ze2n=mi _ Zn Ynoma) — 3 contradiction to (24).

n—-oo Wn Wn-mq Wn—m,
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Hence {y,} is bounded. Then z, and w,, are bounded. By (E3), (E4) and monotonic nature of
wy, We obtain lim,_,,w, = lim, .z, = 4 (finite). We claim liminf,_ .y, = 0. Apply Lemma
2.7 to (16), to get

Wy = A=Yz, ((—n+ Do) (25)
for n > ny, where n, is some large +ve integer. Therefore,

Yien =1+ DviG(yo)) < o, n=n;. (26)
Use Lemma 2.9 and Remark 2.10 in the inequality (26), to get

Yizn WiG (Vo)) < o, n=n,. (27)
The inequality (27), due to (E7) yields liminf,,_,.,G (Y4 n)) = 0. Since lim,_,,0(n) = oo, it can
be easily shown that liminf,,_,., G (y,) = 0. This implies due to (E1) and (E9) that liminf,,_ .y, =

0. From Lemma 2.12, it follows that lim,,_,,z, = 0 and lim,_,.y, = 0.

Next, if y,<0, is a solution of (2) for large n , then we put x,, = —y,, to obtain x,, > 0 and then
(2) reduces to

B2 (= Py Xnomy = P Xnemy) + VnG (o) = foo (28)
where

fo=~fnG@) = —G(-v). (29)
Further,

E, = —F, implies AN (E) = f,. (30)

Taking the above facts into consideration, the following conditions can be verified to hold.

e xG(x)>0 for x #0.

e For u > 0 there exists § > 0 such that G(u) > Su. For u < 0 there exists § > 0 such that
G(u) < éu.

e Jasequence {£,} whichis bounded, A*(E,) = f, and lim,_.E, = 0.

Rest of the proof follows on similar lines as above, hence the proof is complete.
From the above theorem the following corollary follows.

Corollary 3.2 Solution of (2) which are unbounded, oscillate under the assumptions of Theorem
3.1.

Remark 3.3 Corollary 3.2 extends (Rath and Behera, 2018) [Theorem 1, Theorem 2] to second
order .
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Theorem 3.4 Consider p? to satisfy one of the conditions (R1)—(R4) for k=2. If (E1), (E3),(E4)
and (E7) hold good , then non oscillatory bounded solutions of (2) tend to zero as n — .

Proof: Suppose y = y,, be a solution of (2) which is bounded for n > N;. If it fails to oscillate
then eventually y,, >0 or y, < 0.3 a +ve integer ny such that y, > 0,yn_m, > 0,¥y_m, >
0,Y5(n) > 0 for n =ny = N;. Set z, and w,, as in (14), and (15) respectively, to obtain (16).
Then w,,, Aw,, are monotonic and of one sign for n = n; = n,. Since y,, is bounded, z, and w,
are bounded. Using (E3), (E4) and monotonic bahaviour of w,,, we get lim,,_,,z, = lim,_,,w, =
A. It exists finitely. Now apply Lemma 2.7 to (16), to get (25) and (26) for n > n, > n;, where
n, > 0 is some large integer. By using Lemma 2.9 and Remark 2.10 in the equation (26), we get
(27). The inequality (27), due to (E7) yields liminf,,_»G(Ygmn)) = 0. Since lim,,_,0(n) = oo, it
can be easily shown that liminf,,_,,,G(y,) = 0. This implies due to (E1) that liminf,_, .y, = 0.
From Lemma 2.12, it follows that lim,,_,.z, = 0 and lim,,_,,y, = 0. If y, is eventually —ve ,
then as in the proof of the theorem 3.1, we may move with x,, = —y, (x,, isa positive solution of
(28)) to prove lim,,_, %, = 0, hence, the theorem is complete.

Remark 3.5 All type of G, be it linear, sublinear or super linear, are accomodated in theorem 3.4 .
It improves, extends, generalize the sufficient part of the theorem due to (Parhi and Tripathy, 2003)
[Theorem 2.8].

Theorem 3.6 Suppose that (R6) holds. Assume that o(n —m;) = a(n) —m; for j = 1,2. Let
(E1), (E3)—(ES6), (E9)—(E11) hold. Then non oscillatory solutions of (2) tend to zero as n — oo.

Proof: Consider an eventually +ve solution y = {y,,} of (2) for n > n, = N;. Then set z,, and
w,, as in (14) and (15) respectively to get (16) for n > n; = n,. Hence w,,, Aw,, are monotonic
and of one sign for n > n,. Then (17) holds by (E3), (E4), which implies

limw, = limz, = 4, A € [—o0, x].
n—-oo n—0o

If A is —wve ,then z, <0, for very large n, which is a contradiction. If 4 is equal to 0,
then y, < z,, implies lim,_,,y, = 0. If A > 0, then w,, > 0 for n > n,. As m=2 , by Lemma
2.4, we have p = 1 ,and thisimplies w,, > 0, Aw,, > 0. Hence lim,,_,,Aw,, = [ exists. Note that,
A€ (0,00) = p =0, a contrdiction. Hence 1 = co. Application of Lemma 2.7 to (16), yields
(18) and consequently (19) holds. Using Lemma 2.9 and Remark 2.10, we get,

Z?ZNZ viG(yJ(i)) <, Ny = ny, (31)

Putting i = j — m4, one may get

o)

Z Vjmm, G Vo (j—my)) < 0.

Jj=Nz+my
As 0 < —'p,{lj} < bj,j = 1,2 then by (EO) and (E1), one has G (—pg(;)) < c. Since v/ < v;_p,, for

i = 1,2 thenusing Lemma2.9and a(j — m;) = a(j) —m,; for i = 1,2, it follows from the above
inequality that
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(o]

* 1
> 66Oy m) <
j=N3

Then using (E13), one obtains

Z‘?O *G(— {1}, . < oo 32
Jj=N3 UJ ( pa(])yUU)—Wh) ' ( )

Following the line of argument that (32) is obtained from (31), one also finds

Y2 vG(—p P ya; <o 33
j=Ny Y G(=P5(jyYo(j)-m,) : (33)

From (31) and the fact that v,, > vy, it follows that

YN, Vi GWogs)) < . (34)

Further, use of (E13), (32), (33) and (34), yields

BLiZn, viG(Zs3)) < . (35)

Since m = 2 then by Lemma 2.4 we have p = 1, hence there exists A > 0 such that w,, > A for

n > N, > N;. For any € > 0, using (E3), (E4), we obtain z, > w,, — €, for n > N > N,. Thus,

due to Remark 2.8, we can find 0 < B < A such that

z, > B for n > Ng = Ns. (36)

By (E11), we have a(n)/n > b > 0 for n = N, = Ng. Subsequent use of (36) , (E5) and (E9)
implies

[o¢]

> viG(ew) 2BS ) vi=c,

i=N7 i=N8
which is a contradiction because of (35). Therefore, the proof is complete for the case y,, > 0.

If y, <0, for some large n, then one may go ahead as in the proof of theorem 3.1, by the
substitution x,, = —y, and note that, x,, > 0, is a solution of (28) with (29) and (30). One may
further observe that, G = G by (E10). Taking note of the above facts and following the proof for
the case when 1y, is + ve, as above, one may prove that lim,_,.x, = 0,which yields
lim,,_, ), = 0 and this proves the theorem.

Note that the above result even holds, for (R10) instead of (R6).

Remark 3.7 Theorem 3.6 extends, improves and generalizes the sufficiency part of the Theorem
2.6 of (Parhi and Tripathy, 2003).
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Remark 3.8 The function G(u) = (8 + [u]®)|u|® {sgn}(w), for § >0,u>0,6 +u>1,>
1 satisfies (E1) (E6), (E9) and (E10) which could be proved by using the well known inequality
(Hilderbrandt, 1963, p.292)

(u+v)?, 0<p<1,
p P>
wvtz {zl-p(u +v)P, p>1.
Remark 3.9 The condition};_y, v, = o, implies (E2). (37)

Theorem 3.10 Suppose that (R6) holds. Assume that o(n —m;) = a(n) —m; for j = 1,2. Let
(E1)- (E4), (E6), (E9)- (E11) hold and v,, is monotonic. Then any solution of (2) tends to zero as
n — oo or oscillates .

Proof: This proof follows from the proof of theorem 3.6 by the following consideration. We claim
if v, is monotonic then both (E2) and (ES5) are equivalent. Obviously, if v, is non increasing then
vy, = vy,. As aresult, the equivalence of (E2) and (E5) is evident. Further, if v, is non decreasing,
then assume that (E2) holds good. Then v, =wv,_,, where r = max{m;,m,}. Hence
Yn=N, Vn = Xn=n, Vn-r = Xjen,—r Vj = © by Lemma 2.9. Hence (E5) holds. Thus, (E2) and
(ES) are equivalent, when v,, is monotonic and the proof is complete.

Theorem 3.11 Consider the second order NDDE
B2y = 2Ky D V) + OnG Yoy = 0. (38)

Suppose that pY? satisfies the condition (R4) with k = 2. Let (E1),(E3), (E4), (E7),(E9) and
(E11) hold. Then

(i) all non oscillatory solutions y,, of (38), which are bounded, tend to zero, as n — oo,
(ii) all non oscillatory solutions y;,, of (38) ,which are unbounded satisfies

limn—)OOl(yn—ml + Yn—mz)l = 0. Or liminfy,_,|y,| = 0.

Proof. Let y,, be aeventually positive solution of (38) in some interval [n,, ). Then defining z,
as in (14) we obtain

Nz, = 1,6 (Vo)) < 0. (39)
From this, it follows that z,,, Az,, are monotonic and of constant sign on some interval [n; , ).
Let us prove (A) and assume y,, to be bounded. Then applying Lemma 2.17 with f,, = 0, we have

lim,,_,z, = A. Since y, is bounded, 1 = —oo is not possible. Hence A is finite. Then apply
Lemma 2.7 to (39), to get

Zp =A1— Z;x;n (t-n+ 1)771'0()’0(0)- (40)
Consequently (26) and (27) hold. The inequality (27), because of (E7) implies

liminfy,_,,G (Y5 (ny) = 0. lim,_,,0(n) = oo, it can be easily shown that liminf,_G(y,) = 0.
This implies due to  (E1) and continuity of G that liminf,,_,.), = 0. Then applying Lemma 2.12,
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we obtain lim,,_,.,y, = 0. Next let us proceed to prove (B) and consider y,, to be positive solution
of (38) which is unbounded in some interval (n; o). Then by Lemma 2.17 it follows either
lim,_,z, = A (finite) or lim,,_, .z, = —co. If the latter holds then Since p,{l]} for j =1,2 are
bounded, there exists a positive scalar b such that 0 < pﬁl]} < b. From (14) it follows that

Zn = Yn — pr{zl}Yn—ml - pilz}yn—mz = _byn—m1 - an—mzr

This implies y,_m, + Yn-m, = I 5 oo as n - . So, lim Dnem, + Ynem,) = +oo.
-b n— oo 1 2

If the former holds then proceeding as in part (a) of the proof one may obtain liminf,,_,.y,, = 0.
For the case when y,, < 0 for n > n,, the proof is similar. Thus, the theorem is proved.

Theorem 3.12 Let (R4) with k = 2, hold. Suppose (E1), (E3),(E4), (E8), (E9) and (E11) hold
good.

Then

(i) non oscillatory bounded solutions y,, of (2), tend to zero as n — oo,
(ii) non oscillatory unbounded solutions y,, of (2), satisfy rlll-r& Om-m, + Yn-m,) = +.

Proof: Clearly, (E8) implies (E7). Then proof of (i) follows from, proof of Theorem 3.4 for case
(R4). Now to prove (ii), assume y = {y,} be a +ve solution of (2) which is unbounded. By virtue
of Lemma 2.17, one is to get lim,_,,w, = 4 (finite) or lim,,_,,,w, = —oo. In this situation we
claim lim,,_,,w, = A, cannot hold. Else, apply Lemma 2.7 to (16) to obtain (25) and (26) and
then use Lemma 2.9 and remark 2.10 to show that (27) holds. As y, ) is unbounded, we find a

sub-sequence {a(n;)} of {o(n)} such that Yon)) > ¢ >0, for j > n,. Hence using (E8) and
(E9), we have

2i2n, (U, GWon)) > S8 Tip, ()vn; = o,

a contradiction to (27). Thus lim,,_,,,w, = —oco. We observe that (17) holds because of (E3), (E4).
Hence lim,,_,,,z, = —0. Since p,{lj} for j = 1,2 are bounded then there exists a positive scalar b

such that 0 < p,{lj} < b. From (14) it follows that
1 2
Zn =Yn — pr{l }yn—m1 - pil }yn—mz = _byn—m1 - byn—mz-
This implies Yn_m, + Yn-m, = % = +00 as n = 0. 50, M (Yp_m, + Yn-m,) = +o.
- n—oo

For the case, when 1y, is —ve forlarge n, the proof is similar and this is the end of the
proof.

Before, this article gets closed , some examples are given to illustrate the outcomes.
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Example 3.13 Consider the NDDE

1 1 _ 1 23¢a
AZ (Yn + ZYn—l + 53"11—2) +n 23’7?—3 = W + 2any2 (41)

where n >3 G(x) = x% a is +ve and is the quotient of two odd integers. Here, p,{lj} satisfies
3a

(R2) and v, =n"2,f,, = zn% + 252"1—712 Easily, we can verify that, ¥7_, nf, < o and all the

conditions of Theorem 3.1 are satisfied by the equation (41). Hence y,, = 27" is a solution of (41),

tending to zero as n — oo. Here G could be linear , super linear, or sublinear,

Example 3.14 Consider the NDDE

1 1 _ 23¢@
A? (yn —2Vn-1— gyn_z) +n7yns = oo (42)
where n > 3,G(x) = x% a > 1 is the quotient of two integers, which are odd. Here, p,{qj}
3a
satisfies (R1) and v, =n"1,f, = Zzann. Easily, we can verify that, ¥7°,, nf, < c and all the

conditions of Theorem 3.4 are satisfied by the equation (42). Therefore the solution y,, = 27" of
(42), tends to zero as n — oo,

4. Conclusion

This paper, investigates to establish that the condition (E2) or (E7) is sufficient, for every solution
of (2) to be oscillatory or tending to zero. Theorem 3.11 is obtained under (E7), which is less
restrictive than (E2). The condition “G is non decreasing,” which is very often used for non linear
neutral equations, is relaxed in this work. As a result, the theorems 3.11 and 3.12 extend and
generalize the sufficiency part of the theorems 2.8 and 2.7 of (Parhi and Tripathy, 2003)
respectively. Further, the results extend (Rath and Behera, 2018) to 2™ order NDDE. At the end, the
following open problems are proposed to the reader, which might be helpful for further research.

Problem 4.1 It would be interesting to prove theorem 3.12, with (R5) instead of (R4) and under the
hypothesis, (E8) or, a condition weaker than (E8).

Problem 4.2 If v,, changes sign, under the consideration of G(x) = x or G(x) # x, then one
should investigate to find the sufficient conditions for the qualitative behaviour of (1) or that of an
equation of order m > 2.
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