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DISSERTATION ABSTRACT

Helen K. Jenne
Doctor of Philosophy
Mathematics

June 2020

Title: Combinatorics of the Double-Dimer Model

We prove that the partition function for tripartite double-dimer configurations
of a planar bipartite graph satisfies a recurrence related to the Desnanot-Jacobi
identity from linear algebra. A similar identity for the dimer partition function
was established nearly 20 years ago by Kuo. This work was motivated in part
by the potential for applications, including a problem in Donaldson-Thomas
and Pandharipande-Thomas theory, which we will discuss. The proof of our
recurrence requires generalizing work of Kenyon and Wilson; specifically, lifting

their assumption that the nodes of the graph be black and odd or white and even.

v



CURRICULUM VITAE

NAME OF AUTHOR: Helen K. Jenne
GRADUATE AND UNDERGRADUATE SCHOOLS ATTENDED:
University of Oregon, Eugene, OR
Whitman College, Walla Walla, WA
DEGREES AWARDED:
Doctor of Philosophy, Mathematics, 2020, University of Oregon
Master of Science, Mathematics, 2017, University of Oregon
Bachelor of Arts, Mathematics and Psychology, 2013, Whitman College

AREAS OF SPECIAL INTEREST:

Algebraic combinatorics

PROFESSIONAL EXPERIENCE:
Graduate Employee, University of Oregon, 2014-2020

Ph.D. Intern, Pacific Northwest National Laboratory, Summer 2015, 2017,
2018, 2019

GRANTS, AWARDS AND HONORS:

Dissertation Research Fellowship, University of Oregon College of Arts and
Sciences, 2019

PUBLICATIONS:

H. Jenne. Combinatorics of the double-dimer model. (Submitted). arXiv
preprint, arXiw:1911.04079, 2019.



M. Jeli¢ Milutinovi¢, H. Jenne, A. McDonough, and J. Vega. Matching
complexes of trees and applications of the matching tree algorithm.
(Submitted). arXiv preprint, arXiv:1905.1056002, 2019.

B. Balof and H. Jenne. Tilings, continued fractions, derangements,
scramblings, and e. Journal of Integer Sequences, 17(2): Article 14.2.7, 2014.

vi



ACKNOWLEDGEMENTS

First and foremost, I thank my advisor, Ben Young, without whom this
dissertation would not have been possible. Thank you for your support, patience,
and invaluable assistance wading through signs. Your enthusiasm and optimism
is contagious, and working with you has been the best part of graduate school. I
would also like to thank Gregg Musiker for many useful conversations and Richard
Kenyon for helpful comments on this document.

[ am also grateful to Emilie Purvine, my mentor at Pacific Northwest
National Laboratory, who has been an excellent role model and has helped me
develop into the mathematician I am today.

I am deeply appreciative of the support I received from my friends over
the last six years. In particular, I would like to thank Siobhan McAlister and
Kyle Raze for making Eugene home. I would also like to thank Kira Goldner
and Samantha Petti for their friendship, encouragement, and inspiration. And to
Keegan Boyle and Sarah Frei, who I relied on tremendously throughout graduate
school: T could not have done this without you.

Finally, I thank my family, especially my parents Ralph and Polly, my brother

Ben, my aunt Amy, and my aunt Eva, for their love and support.

vii



For my grandmother, Janet Eiden.

viil



TABLE OF CONTENTS

Chapter Page
[.  INTRODUCTION . . . . .. . 1
1.1.  The Dimer Model and Kuo Condensation . . . . . ... .. .. 1

1.2.  Application to Donaldson-Thomas and Pandharipande-Thomas
Theory . . . . . . . )
1.3. Outline . . . ... ... . 6
II. BACKGROUND . . . .. . . . 7
2.1.  The Double-Dimer Model and Double-Dimer Condensation . . 7
2.2.  Double-Dimer Pairing Probabilities . . . . . .. ... .. ... 11
2.3.  Groves and Their Connection to the Double-Dimer Model . . . 14
2.4.  Main Ideas for the Proof of Double-Dimer Condensation. . . . 20
III. PROOF OF THEOREM 2.4.2.1 . . . . ... .. ... .. ... ..... 28
3.1. Lemma 3.4 From Kenyon and Wilson . . . . ... ... . ... 28
3.2. Lemmas 3.1 and 3.2 From Kenyon and Wilson . . . . .. ... 52
3.3. Defining QPP) 62
3.4. Proof That QPP Is Integer-Valued . . . . . .. .. ... ... 74
3.5.  Another Characterization of sign(S) . . . . ... ... ... .. 81

X



Chapter Page

IV. PROOF OF DOUBLE-DIMER CONDENSATION . .. ... ... .. 102
4.1. Kenyon and Wilson’s Determinant Formula . . . . . . . . . .. 102

4.2. Proof of Theorem 2.4.3 . . . . . . . ... ... ... ...... 130
APPENDIX: ANOTHER PROOF OF KUO CONDENSATION . . . . .. .. 141
REFERENCES CITED . . . . . . . . . . 144



Figure

1.1
2.1

2.2

2.3
24
2.5
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8

3.9
3.10
4.1
4.2
4.3

4.4

LIST OF FIGURES

Page
An 8 x 8 grid graph GG and a dimer configuration of G. . . . . . . . .. 2
A double-dimer configuration is the union of two dimer configurations. 8
Two double-dimer configurations on a grid graph. The pairing on the left

is tripartite; the pairing on the right isnot. . . . . . . . . .. .. .. 9
The unique tripartite pairings on the node sets from Example 2.1.2. . . 10
A grove of a grid graph with 8 nodes. . . . . . . .. ... ... ... .. 14
A double-dimer configuration with node set N —{2,5}. . . . . . .. .. 21
An inversion of a planar pairing p corresponds to a nesting. . . . . . . . 35
The pairing p; when the nodes are colored as shown. . . . . . .. ... 37
Left: The pairing py of N’. Right: The pairing pof N. . . . . . . . .. 38
The multigraph C' from Definition 3.3.1. . . . . . . . . ... ... ... 63
The diagram of 7 U p when 7 = ((1,2),(3,4)) and p = ((1,4),(2,3)).. . 67
[lustration of case 1 of Claim 3.3.8. . . . . . . ... ... .. ... ... 68
HNlustration of case 2 of Claim 3.3.8. . . . . .. ... ... ... .... 69

Left: The diagram of 7 U p. Center: (m, p) and (7, p) differ by a move
of type Apg. Right: (7, p) and (m, p’) differ by a move of type Agw. 83

A possible configuration of the nodes in Case 1. . . . . . . . ... ... 94
Mlustration of the procedure for undoing the crossings in p|g. . . . . 96
A possible node coloring in Case 1(a) of the proof of Lemma 4.1.2.. . . 111
A possible node coloring in Case 2(a) of the proof of Lemma 4.1.2. . . . 117
The example from the proof of Theorem 2.4.2. . . . . . . . . ... ... 124

The tripartite pairing on N — {4, 12} compared to the pairing on N. . 137

x1



Figure

4.5 A red-blue pair is removed from o.

xii



LIST OF TABLES

Table Page
3.1 The base case for the proof of Claim 3.3.8. . . . .. ... ... ..... 67
4.1 The base case for the proof of Lemma 4.1.2. . . . . . . ... ... ... 108

xlil



CHAPTER I

INTRODUCTION

In this dissertation, we prove that under certain conditions the partition
function for double-dimer configurations satisfies a recurrence related to the
Desnanot-Jacobi identity from linear algebra.

In this chapter, we motivate this work. We begin with a discussion of
the dimer model, which is the study of dimer configurations. Double-dimer
configurations and dimer configurations are related in the sense that a double-dimer
configuration is the union of two dimer configurations. The recurrence we prove in
this dissertation has a dimer version which was established nearly 20 years ago and
motivated the search for our recurrence. The remainder of this chapter is devoted

to a discussion of applications of our recurrence.

1.1. The Dimer Model and Kuo Condensation

Let G = (Vi, Vs, E)) be a finite bipartite planar graph embedded in the plane
with a weight function w : E — R.q on edges. A dimer configuration (or perfect
matching) of G is a collection of edges of G that covers each vertex exactly once. A
dimer configuration of a grid graph is shown in Figure 1.1.

The dimer model is the study of Gibbs measures on the set of a dimer
configurations of a graph. The dimer model arose in the 1960’s in statistical
mechanics [9, 27] and separately in combinatorics through the theory of plane
partitions and related objects [1]. Since then many connections to geometry, string

theory, random matrix theory, and other areas have been found [11, 20, 21, 23].
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FIGURE 1.1. An 8 x 8 grid graph G (left) and a dimer configuration of G (right).

We define a probability measure p on dimer configurations as follows: for a

dimer configuration M,

W) = o [ wie)

eeM

where w(M) := ][] w(e) is referred to as the weight of a dimer configuration. The
eeM

normalization constant Z? (@) is called the partition function, defined to be

ZP(G) =) w(M),

where the sum is over all dimer configurations M of G.

Kasteleyn discovered techniques that made it possible to compute ZP(G) for
large classes of graphs. He defined a matrix K with the property that | det(K)| =
ZP(G) (see Section 3.2.1). In the case where G has all edge weights equal to 1,
| det(K)| is the number of dimer configurations of G.

The partition function ZP(G) satisfies an elegant recurrence.

Theorem 1.1.1. [14, Theorem 5.1] Let G = (V4, Vs, E) be a planar bipartite graph

with a given planar embedding in which |Vi| = |V4|. Let vertices a, b, ¢, and d appear



i a cyclic order on a face of G. If a,c € Vi and b,d € V5, then
ZD(G)ZD(G_{Q’ b, c, d}) - ZD(G—{O,J)})ZD(G—{Q d})+ZD(G_{a’d})ZD(G_{b7 C})

Kuo proved Theorem 1.1.1 bijectively. There have since been a number
of non-bijective proofs. For example, several authors have pointed out that
Theorem 1.1.1 follows from certain Pfaffian identities; see for example [7]. In [26],
Speyer shows that the six terms in Theorem 1.1.1 are the Pliicker coordinates of
a point in the totally nonnegative Grassmannian Gr(2,4). Kuo’s theorem then
follows from a Pliicker relation. The connection between dimers and the totally
nonnegative Grassmannian is detailed in [6, 18].

Theorem 1.1.1 can also be proven using the Desnanot-Jacobi identity, which is

also called Dodgson condensation.

Theorem 1.1.2 (Desnanot-Jacobi identity). Let M = (m;;);';—; be a square
matriz, and for each 1 < 1,57 < n, let Mf be the matriz that results from M by

deleting the ith row and the jth column. Then
det(M) det(ij) = det(M}) det(Mj) — det(M?) det(M])

To prove Theorem 1.1.1 using the Desnanot-Jacobi identity, let M be the
Kasteleyn matrix K of G. The details of this proof are included in the Appendix.

Kuo’s proof technique can be considered as a combinatorial interpretation of
Dodgson condensation!, and for this reason it is called graphical condensation or

Kuo condensation.

'Prior to Kuo’s work, Zeilberger gave a bijective proof of Dodgson condensation by interpreting
n

each term in det(M) = > sign(m) [[ m; ~(;) as a matching of n men with n women [30].
TESy i=1
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Kuo’s work has a variety of applications. For example, Kuo uses graphical
condensation to give a new proof of the Aztec diamond theorem due to Elkies
Kuperberg, Larsen, and Propp [4] and a new proof for MacMahon’s generating
function for plane partitions that are subsets of a box [19].

There are also applications of Kuo’s work to the theory of cluster algebras.
Cluster algebras are a class of commutative rings introduced by Fomin and
Zelevinsky [5] to study total positivity and dual canonical bases in Lie Theory.
The theory of cluster algebras has since been connected to many areas of math,
including quiver representations, Teichmiiller theory, Poisson geometry, and
integrable systems [29]. In [16, 17], Tri Lai and Gregg Musiker study toric cluster
variables for the quiver associated to the cone over the del Pezzo surface dPs,
giving algebraic formulas for these cluster variables as Laurent polynomials. Using
identities similar to Kuo’s Theorem 1.1.1, they give combinatorial interpretations of
most of these formulas [16].

The main result of this dissertation is an analogue of Kuo’s theorem for
double-dimer configurations. This work was motivated in part by the potential for
similar applications to Kuo’s. For example, one application to the theory of cluster
algebras is providing combinatorial interpretations of toric cluster variables for the
dPy quiver in the case where the dimer model is not sufficient [16, Problem 9.1]. In
addition, by using both Kuo condensation and the double-dimer analogue of Kuo
condensation, we can give a direct proof of a problem in Donaldson-Thomas and

Pandharipande-Thomas theory.



1.2. Application to Donaldson-Thomas and Pandharipande-Thomas

Theory

Donaldson-Thomas (DT) theory, Pandharipande-Thomas (PT), and Gromov-
Witten (GW) theory are branches of enumerative geometry closely related to
mirror symmetry and string theory. The DT and GW theories give frameworks

for counting curves?

on a threefold X. One of the conjectures in [20, 21] gives a
correspondence between the DT and GW frameworks, which has been proven in
special cases, such as when X is toric [22].

PT theory gives a third framework for counting curves when X is a
nonsingular projective threefold that is Calabi-Yau. The correspondence between
the DT and PT frameworks was first conjectured in [25] and was proven in [2],
which is closely related to the work in [28]. Specifically, let X be a toric Calabi-Yau
threefold. Define Zpr(q) = > I,q", where I,, counts length n subschemes of X, and

Zpr(q) = >, P,q", where P, counts stable pairs on X (see [25]). Bridgeland proved

o0 1
that these generating functions coincide up to a factor of M(q) = [] ﬁ,
n=1 - qn "

which is the total g-weight of all plane partitions [19].
Theorem 1.2.1. /2, Theorem 1.1] Zpr(q) = Zpr(q)M(—q).

The application of Theorem 2.1.1 that we describe relates to Theorem 1.2.1
at the level of the topological vertex. Define V, ,, = q“Om) 3" g7l where the
sum is taken over all plane partitions 7 asymptotic to (A, u, V).WMaulik, Nekrasov,
Okounkov, and Pandharipande [20, 21] proved that Zpr(q) = V) ., and thus
Vi is called the DT topological vertex. Let W ,, = qeAmv) Z d;q" where d; is

a certain weighted enumeration of labeled box configurations of length i [24]. In [24,

2The frameworks differ in what is meant by a curve on X.

5



Theorem/Conjecture 2| Pandharipande and Thomas conjecture that W) ,, is the

stable pairs vertex, i.e. that Zpr(q) = W .-
Conjecture 1.2.2. [2/, Calabi-Yau case of Conjecture 4] Vi . = Wi M(—q).

Pandharipande and Thomas remark that a straightforward (but long)
approach to this conjecture using DT theory exists [24]. In a forthcoming paper
with Gautam Webb and Ben Young [8], we give a direct proof by showing that
Viuv 1s a single dimer model and W), is a double-dimer model, and then using
Kuo condensation (Theorem 1.1.1) and double-dimer condensation to show that

both sides of the above equation satisfy the same recurrence.

1.3. Outline

This dissertation is organized as follows. In Chapter II, we give a precise
statement of double-dimer condensation, in addition to collecting relevant
background that will be used in later chapters. In this chapter we also give an
outline of our proof, including statements of the main results from Chapters III
and IV. In Chapter III, we generalize the combinatorial results of [12, 13] that are
needed for the proof of double-dimer condensation. We conclude in Chapter IV by

proving our condensation theorem.



CHAPTER II

BACKGROUND

In this chapter, we outline the proof of our main result: an analogue of Kuo
condensation for the partition function for tripartite double-dimer configurations.
We begin in Section 2.1 by defining double-dimer configurations and giving a
precise statement of our condensation theorem (Theorem 2.1.1). Then, we review
relevant background from Kenyon and Wilson’s study of the double-dimer model
(Section 2.2) and groves (Section 2.3). We conclude in Section 2.4 with a discussion
of the main ideas behind the proof of Theorem 2.1.1 and an outline of Chapters III

and IV.

2.1. The Double-Dimer Model and Double-Dimer Condensation

Throughout this dissertation, G = (14, Vs, F) is a finite edge-weighted
bipartite planar graph embedded in the plane with |[Vi| = |[V3|. G has a set
N of special vertices called nodes on its outer face numbered consecutively in
counterclockwise order. A double-dimer configuration on (G, N) is a multiset of the
edges of G with the property that each vertex in V' \ N is the endpoint of exactly
two edges, and each vertex in N is the endpoint of exactly one edge. In other
words, it is a configuration of disjoint cycles of length greater than two (called
loops), doubled edges, and paths connecting the nodes in pairs. Consequently, each
double-dimer configuration is associated with a planar pairing of the nodes. For
example, in Figure 2.1, the pairing of the nodes is ((1,8), (3,4), (5,2), (7,6)).

A double-dimer configuration can be decomposed into two dimer

configurations in 2¢ ways, where ¢ is the number of loops in the configuration;

7
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FIGURE 2.1. A double-dimer configuration is the union of two dimer
configurations: a dimer configuration (shown in red) of the graph with a subset
of the nodes determined by the black/white coloring and a dimer configuration
(shown in blue) of the graph with the remaining nodes.

see Figure 2.1. Define a probability measure Pr where the probability of a
configuration is proportional to the product of its edge weights times 2°.

Kenyon and Wilson initiated the study of the double-dimer model in [13],
when they showed how to compute the probability that a random double-dimer
configuration has a particular planar node pairing. In particular, when o is a
tripartite pairing, Pr(o) is proportional to the determinant of a matrix [12].

A planar pairing ¢ is a tripartite pairing if the nodes can be divided into
three circularly contiguous sets R, G, and B so that no node is paired with a node
in the same set (see Figure 2.2). We visualize this by coloring the nodes in the
sets red, green, and blue, in which case ¢ is the unique planar pairing in which like
colors are not paired.

We prove that when o is a tripartite pairing, a similar recurrence to Kuo

condensation (Theorem 1.1.1) holds for ZPP (G, N), the weighted sum of all double-

dimer configurations on (G, N) with pairing o.

Theorem 2.1.1. Let G = (V1, V4, E) be a finite edge-weighted planar bipartite

graph with a set of nodes N. Divide the nodes into three circularly contiguous sets

8
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FIGURE 2.2. Two double-dimer configurations on a grid graph. The pairing of

the nodes on the left is a tripartite pairing because the nodes can be colored
contiguously using three colors so that no pair contains nodes of the same color.
The pairing on the right is not a tripartite pairing because four colors are required.
R, G, and B such that |R|, |G| and |B| satisfy the triangle inequality and let o be
the corresponding tripartite pairing'. Let x,y,w,v be nodes appearing in a cyclic
order such that the set {x,y,w,v} contains at least one node of each RGB color®. If
r,w € Vi and y,v € V5 then

ZPP(G,N)ZPP (G)N — {z,y,w,v}) = chf(G, N — {z,91)ZP°(G,N — {w,v})

Ozywv Twv

+ZPP(G,N — {x,v})ZﬁUi)(G, N — {w,y})

Ozv

where fori,j € {x,y,w,v}, o;; is the unique planar pairing on N — {3, j} in which

like colors are not paired together.
We illustrate Theorem 2.1.1 with an example.

Example 2.1.2. If G is a graph with eight nodes colored red, green and blue as

shown in Figure 2.3, then o = ((1,8),(3,4),(5,2),(7,6)). fz =8,y =1, w =2,v =

f |R|,|G|, and |B| do not satisfy the triangle inequality, there is no corresponding tripartite
pairing o.

2The nodes of G have two colors: the black-white coloring from the bipartite assumption,
and the RGB coloring. The coloring we are referring to is often clear from context, but we will
sometimes write RGB color to emphasize that we are referring to the red, green, blue coloring of
the nodes rather than the black-white coloring.



5, then by Theorem 2.1.1,

ZPP(GN)Z00 | (GN = {1,2,5,8}) = Z22(G,N - {1,8}) 270 (G, N — {2,5})

01,2,5,8 01,8

+ZPP(G,N —{1,2})ZP2(G,N — {5,8})

01,2 05,8

Figure 2.3 gives examples of the double-dimer configurations counted by the

partition functions in this equation.

76 (LB s 7.6
i iH  Eoel 1o t
: Eim EHHH; Eim 81 mHMMm E
1.1 ::: 2 ; Bz zzm x
1 o 1 1

FIGURE 2.3. From left to right: The unique tripartite pairings on the node sets N,
N—{1,2,5,8}, N—{1,8}, N—{2,5}, N—{1,2}, and N—{5,8} from Example 2.1.2.

Theorem 2.1.1 is a corollary of a more general theorem, Theorem 2.4.3, in
which z,y,w, and z can be any subset of four nodes with an equal number of black
and white nodes. The proof of Theorem 2.4.3 is not bijective, like Kuo’s proof of
Theorem 1.1.1. Instead, we use the Desnanot-Jacobi identity with a matrix that
is a generalization of Kenyon and Wilson’s matrix for tripartite double-dimer
configurations [12].

Before discussing the main ideas behind the proof of Theorem 2.1.1, we give
an overview of Kenyon and Wilson’s results from [12, 13] that are needed for our

work.

10



2.2. Double-Dimer Pairing Probabilities

Kenyon and Wilson gave explicit formulas for the probability that a random
double-dimer configuration has a particular node pairing o. When ¢ is a tripartite
pairing, this probability is proportional to the determinant of a matrix.

To be more precise, we need to introduce some notation and definitions. Since
G is bipartite, we can color its vertices black and white so that each edge connects
a black vertex to a white vertex. Let G®W be the subgraph of G formed by deleting
the nodes except for the ones that are black and odd or white and even. Define
G"F analogously, but with the roles of black and white reversed. Let G/ be the

GPW with nodes i and j included if and only if they were not included in

graph
GBW . For convenience, Kenyon and Wilson assume the nodes alternate in color,
so all nodes are black and odd or white and even. (If a graph G does not have
this property, we can add edges of weight 1 to each node that has the wrong color
to obtain a graph whose double-dimer configurations are in a one-to-one weight-
preserving correspondence with double-dimer configurations of G.)

For each planar pairing o, Kenyon and Wilson showed that the normalized
probability

z°(GYP) _ ZP(G.N)

Pr(o) := Pr(o) ZD(GPW) ~ (ZD(GPW))2

that a random double-dimer configuration has pairing o is an integer-coefficient
P(GEY)

ZD(GBW)
For example, the normalized probability Pr that a random double-dimer

homogeneous polynomial in the quantities X, ; := [13, Theorem 1.3].

configuration on six nodes has pairing ((1,2), (3,4), (5,6)) is

5> (113|5
Pr (246) = X14Xo5 X356+ X12X34X56 (2.2.1)

11



and the probability that a random double-dimer configuration on eight nodes has

the pairing ((1,8), (3,4), (5,2),(7,6)) (see Figure 2.1) is

oo (1|3]|5]7
Pr(3]3506) = XisXoaXaaXns — X14XssXs52Xrs + X16Xa0X55X72

— X1 8X36X52X74 — X1 4X36X58X70 + X 6X38X52X74.

Kenyon and Wilson gave an explicit method for computing these polynomials:

they proved that
Pr(o) = > PO X!, (2.2.2)

odd-even pairings 7

where X/ = (—1)# crosses of 7 I Xiz) and showed how to compute the columns of
the matrix PPP) completel}: (z:(i;imbinatorially [13, Theorem 1.4].

The 7th column of PPP) is determined by writing the odd-even pairing 7 as
a linear combination of planar pairings. So if 7 is planar, PT(QD) =1 and P((;?D) =0

for all o # 7. If 7 is nonplanar, we repeatedly apply a transformation rule [13, Rule

2] which is a generalization of the following rule for six nodes:
1436]52 — 1432|56 + 12|36|52 + 16]34|52 — 12|34|56 — 16|32|54 (2.2.3)

This rule tells us, for example, that when o = ((1,2),(3,4),(5,6)) and 7 =
((1’ 4)’ (3’ 6)7 (57 2))7 ’Pé,e—D) = —1.

When G has six nodes the matrix PPP) is

12



12134156
12136 154
14132156
16132154
16134152
14136152

—
o
o
o
o
|
—_

12|34/56

o
—
o
(@]
(@]
—

12]36|54
1432156 0 0 1 0 0 1

163254 0 0 0 1 0 -1

16/34/52\0 0 0 0 1 1

The first row of the matrix tell us that
== (1[3]5) _ v (1]3]5 , (1]3]5
Pr(lale) = Gl - (1)
which agrees with equation (2.2.1), since ((1,4), (3,6), (5,2)) has three crossings.

Note that equation (2.2.1) could also have been written as

11315 X2 Xia 0
Pl“ (246) — det 0 X374 X3,6
X5,2 0 X5,6

In general, whenever o is a tripartite pairing, 1/3;(0) is a determinant of a

matrix whose entries are X ; or 0.

Theorem 2.2.1. [12, Theorem 6.1] Suppose that the nodes are contiguously colored
red, green, and blue (a color may occur zero times), and that o is the (unique)
planar pairing in which like colors are not paired together. Let o(i) denote the item

that o pairs with item i. We have

s i=1,3,...,2n—1
P’I“(O') = det[li,j colored differently Xi,j];':o-(l)p(g) ..... o(2n—1)

13



Kenyon and Wilson’s discovery that the partition function for double-dimer
configurations is proportional to polynomials in the quantities X;; has an analogue
for a different type of subgraph called a grove. In [13], Kenyon and Wilson develop
their results for groves alongside their double-dimer results; many of the proofs
are similar. It turns out that the grove polynomials and double-dimer polynomials
are related as formal polynomials and this relationship is essential to the proof of

Theorem 2.2.1.

2.3. Groves and Their Connection to the Double-Dimer Model

Definition 2.3.1. [13] If G is a finite edge-weighted planar graph embedded in
the plane with a set of nodes, a grove is a spanning acyclic subgraph of G such
that each component tree contains at least one node. The weight of a grove is the

product of the weights of the edges it contains.

The connected components of a grove partition the
7

nodes into a planar partition. If ¢ is a planar partition
of 1,2,...,n, let Pr(o) be the probability that a random 3 % E E I
grove of (G partitions the nodes according to 0. Kenyon

P
and Wilson showed that Pr(o) := W@‘n) is 4

an integer-coefficient homogeneous polynomial in the 1

D
t

2 3

iables L; * [13, Th 1.2].
variables L; ;° [13, Theorem 1.2] FIGURE 2.4. A grove

For example, the normalized probability Pr(a) of a grid graph with 8
nodes. The partition of
that a random grove on four nodes partitions the nodes  the nodes is 18]245]3|67.

3When G is viewed as a resistor network with conductances equal to the edge weights, L; ; is
the current that would flow into node j if node ¢ were set to one volt and all other nodes were set
to zero volts [13, Appendix A].
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according to 1]234 is
PT(U) = Loslsgy+ LogLoy+ Loylsy+ LigLloy.

(See [13, Section 1.2]). The probability that a random grove on six nodes has

partition 12|34/|56 is

Pr(o) = LiaLsalse— LiaLssLag+ Lisloslag — Lisloalse+ LiaLogLss

—LyyLosLsg+ LysLosLlse — Ly s5Loglsa.

Each monomial in the polynomial Pr(c) is of the form L, = 32 [ L.
The sum is over spanning forests F' of the complete graph K,, for Wﬁic{ﬁdgﬁg trees of
F span the parts of 7 and the product is over edges {i,j} of the forest F'.

To compute these polynomials, Kenyon and Wilson define a matrix P® with
rows indexed by planar partitions and columns indexed by all partitions and show
how to compute the columns of this matrix combinatorially. As in the double-dimer
case, the 7th column of P® is computed by writing the partition 7 as a linear

® _

combination of planar partitions. So if 7 is planar, then Pr; = 1 and Pﬂ = 0 for

all o # 7. If 7 is nonplanar, the rule is a generalization of the rule for four nodes:
13]24 — 1]234 + 2|314 + 3]124 + 4]|123 — 12|34 — 14/23 (2.3.1)

This rule tells us, for example, that Pl(;)|34 1324 = —1.
In general, if a partition is nonplanar, then there will exist nodes a < b <
¢ < d such that a and ¢ belong to one part, and b and d belong to another part.

In Kenyon and Wilson’s transformation rule, 1, 2, 3, and 4 in equation (2.3.1)

15



are replaced with parts A, B,C and D, which contain the nodes a, b, ¢ and d,

respectively.

Rule 2.3.2. [13, Rule 1] Arbitrarily subdivide the part containing a and ¢ into
two sets A and C such that a € A and ¢ € C, and similarly subdivide the part
containing b and d into B > b and D > d. Let the remaining parts of the partition

be denoted by “rest.” Then the transformation rule is

AC|BD|rest — A|BCDi|rest + B|ACD|rest + C|ABD|rest + D|ABC|rest

—AB|CD|rest — AD|BCrest.

Remark 2.3.3. If we arbitrarily subdivide the part containing a and ¢ into two
sets A and C such that a € A and ¢ € C, and similarly for the part containing b
and d, it is possible to repeat Rule 2.3.2 indefinitely without ever obtaining a linear
combination of planar partitions.

For example, consider the partition 1235[46. One crossing is a = 1, b = 4,
c=>5,d=06. If we choose A =1{1,2,3}, B={4},C = {5}, and D = {6}, then after
applying Rule 2.3.2; all of the partitions are planar. But if we choose A = {1, 2},

B = {4}, C ={3,5}, and D = {6} then after applying Rule 2.3.2 we get

12]3456 + 4|12356 + 35[1246 + 6[12345 — 124|356 — 126|345

which includes nonplanar partitions. For example, the partition 124|356 has
crossinga = 1,b = 3, ¢ = 4,d = 6. If we choose A = {1,2}, B = {3,5},

C = {4}, and D = {6} then after applying Rule 2.3.2 to 124|356 we get

12|3456 + 351246 + 412356 + 6]12345 — 1235|146 — 126345
16



So after applying Rule 2.3.2 twice, all partitions cancel except for the partition
1235|46, which is the partition we started with. We could continue this process

indefinitely.
Remark 2.3.3 motivates the following modification of Rule 2.3.2.

Rule 2.3.4. Subdivide the part containing a and c¢ into two sets A and C' such that
A contains all the items in this part less than b, and C' contains all other items.
Similarly, subdivide the part containing b and d into two sets B and D so that B
contains all items in this part less than ¢, and D contains all other items. Then the

transformation rule is

AC|BDlJrest — A|BCDl|rest + B|ACD|rest + C|ABD|rest + D|ABC|rest

—AB|CD|rest — AD|BCrest.

Applying Rule 2.3.4 repeatedly will result in a linear combination of planar
partitions.
We have now presented all the definitions needed to state Kenyon and

Wilson’s main result for groves.

Theorem 2.3.5. [13, Theorem 1.2] Any partition T may be transformed into a
formal linear combination of planar partitions by repeated application of Rule 2.5.2,
and the resulting linear combination does not depend on the choices made when

applying Rule 2.3.2, so that we may write

T — Z ng)Ta.

planar partitions o

17



For any planar partition o, the same coefficients 73,9 satisfy the equation

B P/)"(O') B ®)
o) = il = 2 Peaks

partitions T

for bipartite edge-weighted planar graphs.

Just as the double-dimer polynomials 1/3;(0) can be expressed as determinants
of a matrix whose entries are X; ; or 0 when o is a tripartite pairing, the grove
polynomials Pr(c) can be expressed as Pfaffians of a matrix whose entries are L;;

or 0 when ¢ is a partition that is a tripartite pairing.

Theorem 2.3.6. [12, Theorem 3.1] Let o be the tripartite pairing partition defined
by circularly contiguous sets of nodes R, G, and B, where |R|, |G|, and |B| satisfy

the triangle inequality. Then

0 Lre Lrps
Pr(c) = Pf| —Lgr 0 Las
—Lpr —Lpa O

Here Lp ¢ is the submatriz of L whose rows are the red nodes and columns are the

green nodes.

Kenyon and Wilson prove their determinant formula (Theorem 2.2.1) by
combining Theorem 2.3.6 with the following theorem, which states that the double-

dimer polynomials f’;(a) are a specialization of the grove polynomials Pr(o)

18



Theorem 2.3.7. [13, Theorem 4.2] If a planar partition o only contains pairs and

we make the following substitutions to the grove partition polynomial Pr(a)

0, if © and j have the same parity,
L.

ij 7

(=1)=I=D2X, 50 otherwise,

then the result is signgp(o) times the double-dimer pairing polynomial 737“(0), when

we interpret o as a pairing.

The proof of Theorem 2.3.7 requires comparing the double-dimer
transformation rule for computing f’\r(a) to the grove transformation rule for
computing Pr(a) Several observations in this proof are important for our work

in Section 3.4, so we include it here.

Proof. [13, Proof of Theorem 4.2] By Rule 2.3.2, when we express a partition 7 as
a linear combination of planar partitions, any singleton parts of 7 show up in each
planar partition with nonzero coefficient. Therefore if ¢ is a planar partition that
is a pairing and 7 contains at least one singleton part, Pétl = 0. Also observe that
when we apply Rule 2.3.2 to a partition 7, each of the resulting partitions contains
the same number of parts as 7. It follows that if o is a pairing, and Pﬂ # 0 for
some partition 7, then 7 is also pairing.

When we apply Rule 2.3.2 to a pairing 7, it becomes the following:

If 7 is nonplanar, then there will exist items a < b < ¢ < d such that a and ¢

are paired, and b and d are paired. Then

aclbd|rest — albed|rest + blacd|rest + c|abd|rest + d|abc|rest

—ab|cd|rest — ad|be|rest.
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Since o is a pairing, only the last two partitions can contribute to Pﬂ, so we get
the following rule

aclbd|rest — —ab|cd|rest — ad|bc|rest

Transforming 14|36/52 using this abbreviated rule and comparing the result to

(2.2.3) completes the proof. O

Now that we have collected the relevant definitions and results from [12, 13],

we discuss our proof of Theorem 2.1.1.

2.4. Main Ideas for the Proof of Double-Dimer Condensation

Initially, it seems that Theorem 2.1.1 will follow immediately from combining
Theorem 2.2.1 with the Desnanot-Jacobi identity (Theorem 1.1.2). However, we

run into some technical obstacles, which we illustrate with an example.

2.4.1. Example

Suppose we wish to prove the equation from Example 2.1.2:

ZPP(G,N)ZPP  (G,N —{1,2,5,8}) = ZPP(G,N — {1,8})ZPP(G,N — {2,5})

01,2,5,8 01,8 02,5

+ZPP(G@, N - {1,21)ZPP(G,N — {5,8})

01,2 05,8

where recall that o = ((1,8),(3,4),(5,2),(7,6)). Then the matrix M from

Theorem 2.2.1 is

Xig Xia 0 Xig

X3s X34 0 Xszp

Xss 0 Xso O
0 Xrs Xro Xop

20



Since the first row and column of M correspond to nodes 1 and 8,
respectively, and the third row and column correspond to nodes 5 and 2, we apply

the Desnanot-Jacobi identity with ¢ =1 and 7 = 3:
det(M) det(Mll”?‘?) = det(M;) det(M3) — det(M7) det(Mj).

By Theorem 2.2.1,
Z;"(G,N)

det(M) = Z5(GE)

We also need to prove, for example, that

P(G,N —{2,5})
det(M3 2o 2.4.1
e( 3) (ZD(GBW)) ( )
where
Xig Xia Xig
Mg = X3,8 X3,4 X3,6
0 X4 Xog

An example of a double-dimer configuration counted by ZP2(G, N — {2,5}) is

02,5

shown in Figure 2.5.

MH 15 84 TMHI

: Sk ati=set
;;Bz S L it

ot 11

FIGURE 2.5. Shown left is a double-dimer configuration on a grid graph with node
set N — {2,5}. We relabel the nodes (center) and add edges of weight 1 to nodes 2
and 3 (right) so that all nodes are black and odd or white and even.
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We cannot apply Theorem 2.2.1 to M because the nodes are not numbered
consecutively. We might hope to resolve this by relabeling the nodes, as shown
in Figure 2.5. But since Kenyon and Wilson assume that all nodes are black and
odd or white and even, in order to satisfy the assumptions of Kenyon and Wilson’s

theorem, we need to add edges of weight 1 to nodes 2 and 3. Call the resulting
P(GEY)
irj

————>=—_ Then by Theorem 2.2.1,
ZD(GBW)

graph G and let )N(w =

ZPP(G,N —{2,5}) _ det(3T)
(ZD(éBW))z ’

where N N
Xie 0 Xi4

M = 5(:3,6 X3,2 0
0 Xs2 Xs4

Therefore, to prove equation (2.4.1) it suffices to show
(ZP(GPW))2 det(M3) = (ZP(GP™))? det(M). (2.4.2)

Recall that the graph G} includes the nodes i and j if and only if G/}
does not. Since dimer configurations on GG with node ¢ removed are in a one-to-one
correspondence with dimer configurations on G with an edge of weight 1 added to
node i, it is easy to state the relationship between Z”(GP}V) and ZP(GBW). For
example, ZP(GP}) = ZD(CN;QEV) and ZP(GTY) = ZP(GBY — {1,2,3,6}) (see
Figure 2.5). We will use this observation along with Kuo’s Theorem 1.1.1 to verify
equation (2.4.2).

Since the nodes of G and G are all black and odd or white and even, GBW =

G and GBW = é, so we omit the BW superscripts from the computations below.
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Additionally, we abbreviate ZP(G) as Z(G).

Z(G)(Z(G))® det(M3)
X1s X1a Xig

= Z(G)(Z(G))? X3s X34 X3g
0 Xra X7g
Z(Grg) Z(Gia) Z(Gig)
= Z(G) Z(Gsg) Z(Gza) Z(Gsge)
0  Z(Gra) Z(Gre)
Z(G—{1,2,3,6}) Z(G-{1,2}) Z(G-{1,2,3,4})
= Z(@)| 2(G-{3,6}) Z(G) Z(G - {3,4})
0 Z(G-1{2,5}) Z(G—{2,3,4,5})
Z(G)Z(G—{1,2,3,6}) Z(G)Z(G—{1,2}) Z(G)Z(G —{1,2,3,4})
= Z(G - {3,6}) Z(G) Z(G - {3,4})
0 Z(G —{2,5}) Z(G —{2,3,4,5})

— 2(G)2(G - {1,2,3,6)) (2(G)Z(C — {2,3,4,5}) - Z(Ci3.1)Z(Gs.2) )

—Z(Gs) (Z(él,Q)Z(é)Z(é —{2,3,4,5)) — Z(Gs2)Z(G)Z(G — {1,2,3, 4}))

= (Z(él,Q)Z(é&t?) + 2(61,6)2(63,2)) (Z(G)Z(é —{2,3,4,5}) - 2(63,4)2(55,2)>

—Z(G3g) (Z(C:’LQ)Z(é)Z(é —{2,3,4,5}) — Z(G52)Z(G)Z(G — {1,2,3, 4}))

= —Z(G12)2(G36)Z(G3.4)Z(Gs.2) + Z(G1,6)Z(G32) Z(G)Z(G — {2,3,4,5})
~Z(G1.6)Z(G32) Z(G34)Z(Cs2) + Z(Gs.6)Z(G32) Z(G)Z(G — {1,2,3,4})

= —Z(G12)Z(G36)Z(G34)Z(Gs2) — Z(G16)Z(G32) Z(Gs4)Z(Gs.2)
+2(Cr6)2(Gs2) (2(Ca2)2(Gr) + Z(C5.2) Z(Ca)
+2(G36)Z(Gs.2) (Z(él,Q)Z(é?)A) + 2(5174)2(53,2))

= Z(G16)Z(G32)Z(G32)Z(Gs.4) + Z(G36)Z(G5.2) Z(G1.4) Z(G3.2)

Z(Ghp) 0 Z(G14) X6 0 X4

Z(Gs6) Z(Gs2) 0 X36 Xza O
0 Z(Gs2) Z(Gsa) 0 Xso Xs4

— Z(Gya) — 2(Q)(2(@))?
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And thus
ZP(G)(ZP(G))* det(M3) = ZP(G)(2”(G))* det(M),

which proves the claim.

When we consider graphs with more nodes, the computations are more
involved.

To be able to interpret the minors of Kenyon and Wilson’s matrix outside of
small examples, we need to lift their assumption that the nodes of the graph be

black and odd or white and even. Notice that under the assumption that the nodes
Z2(GEY) _ ZP(Giy)
ZD(@BW) ZD(G) ’
This suggests that the correct generalization of Kenyon and Wilson’s matrix will

ZP(G;
have entries ﬂ

ZP(G)

of the graph are black and odd or white and even, X;; =

2.4.2. Outline

The previous remark motivates our approach, which is to define Y; ; :=
ZP(G.) ZPP(G,N)
Z0(G) (ZP@)y
either black and odd or white and even, Z”(G) = ZP(GBY), so V;; = X, and

and Pr(o) = When G is a graph with nodes that are
Pr(c) = Pr(o).

Many of Kenyon and Wilson’s results from [12, 13] have analogues in the
variables Y; ;. Following Kenyon and Wilson’s approach, for any black-white pairing

p, we define

}/p/ _ (_1># crosses of p H Yz,p(z)

i black

Note that we work with black-white pairings rather than odd-even pairings since we

are not requiring that the nodes are black and odd or white and even. In [12, 13],
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black-white pairings and odd-even pairings coincide, so X; ; = 0 when ¢ and j have
the same parity, which occurs exactly when they are the same color. In our general
setting, Y; ; may be nonzero when ¢ and j have the same parity, but if 7 and j are
the same color then there are no dimer configurations of G, ;, so Y; ; = 0.

Our analogue of Kenyon and Wilson’s matrix P”P) (see equation (2.2.2))
is QPP The rows of QPP are indexed by planar pairings and the columns are
indexed by black-white pairings. To prove that QPP) is integer-valued, we show
that the columns of this matrix can be computed combinatorially and in Chapter

[T we prove the following theorem:

Theorem 2.4.1. Let G be a finite edge-weighted planar bipartite graph with a set of

nodes. For any planar pairing o,

Pr(o) = > QPP

black-white pairings p
. (DD) .
where the coefficients Qs * are all integers.

To prove Theorem 2.4.1, we use Kenyon and Wilson [13] as a road map,
proving analogues of Lemmas 3.1 — 3.5 and Theorem 3.6 from [13]. Because we
follow their work so closely, before presenting each of our lemmas we state the
corresponding lemma from [13]. In some cases the proofs are very similar. In
others, substantially more work is required.

In Chapter IV, we use our results from Chapter III to generalize Kenyon
and Wilson’s determinant formula (Theorem 2.2.1). Before stating our version

of their formula, we observe that if we reorder the columns of the matrix from
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Theorem 2.2.1 we get

i=1,....2n—1 . i=1,....2n—1
det[li,j colored diff. Xivj]j:a'(l),.‘.,o(anl) - SlgnOE(J) det[li,j colored diff. Xi,j]j:27_,,72n

where sign, (o) is the parity of the permutation (%1) %2) e "(2’;_1)> written

in one-line notation.

We prove that

Theorem 2.4.2. Let G be a finite edge-weighted planar bipartite graph with a set
of nodes. Suppose that the nodes are contiguously colored red, green, and blue (a
color may occur zero times), and that o is the (unique) planar pairing in which like

colors are not paired together. We have

/13;(0-) = SignOE(O-) det[li,j RGB-colored differently }/z,j];z%fi;%’b?wn .

where by < by < -+ < b, are the black nodes and wy < wy < -+ < w,, are the white

nodes.

By combining Theorem 2.4.2 with the Desnanot-Jacobi identity, we prove our

main result:

Theorem 2.4.3. Let G = (V1, V5, E) be a finite edge-weighted planar bipartite
graph with a set of nodes N. Divide the nodes into three circularly contiguous sets

R, G, and B such that |R|, |G|, and |B| satisfy the triangle inequality and let o be
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the corresponding tripartite pairing. If x,w € V; and y,v € V5 then

signop(0)signop(pyw) 2,7 (G N)Z,)) (G N = {z,y,w,v})

TYwv Tzywv

= SignOE(o-;:y)SignOE(OJ )ZDD(G> N - {:L‘, y})ZDD(G7 N - {wv U})

wv/) Zogy Tww

_SignOE(o-a/cv)SZ'gnOE(O-iuy)Zog?(G7 N — {I, U})chug(Ga N — {U), y})

where fori,j € {x,y,w,v}, o;; is the unique planar pairing on N — {3, j} in which
like colors are not paired together, and o}, is the pairing after the the node set N —

{i,j} has been relabeled so that the nodes are numbered consecutively.

Theorem 2.1.1 follows as a corollary; the additional assumptions in

Theorem 2.1.1 lead to a nice simplification of the signs in Theorem 2.4.3.
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CHAPTER III

PROOF OF THEOREM 2.4.2.1

Recall that throughout this dissertation each graph is assumed to have a set
of nodes N on its outer face numbered consecutively in counterclockwise order.
Kenyon and Wilson [12, 13] assume that the nodes alternate in color so that the
black nodes are odd and the white nodes are even. We allow the nodes to have any
coloring, as long as N has an equal number of black and white nodes.

In this chapter we prove Theorem 2.4.1, which is an analogue of Theorem 1.4
from Kenyon and Wilson [13] in this more general setting. We begin with a sign
lemma, which is our version of Lemma 3.4 from Kenyon and Wilson (Section 3.1).
Then, we show that ﬁ(a) is a homogeneous polynomial in the quantities Y; ;,
which requires analogues of Lemmas 3.1-3.3 from Kenyon and Wilson (Section 3.2).
In Section 3.3 we define the matrix Q") and in Section 3.4 we show it is integer
valued, which concludes the proof of Theorem 2.4.1. Section 3.5 contains the proof

of a technical lemma from Section 3.3.

3.1. Lemma 3.4 From Kenyon and Wilson

In this section, we prove an analogue of the following lemma from Kenyon

and Wilson [13] for black-white pairings.

Lemma 3.1.1. [13, Lemma 3.4] For odd-even pairings p,

SZgnOE<p) H (_1)(\i*j|*1)/2 _ (_1)# crosses of p_

(i,5)€p
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A cross of a pairing p is a set of two pairs (a, c) and (b, d) of p such that
a < b < ¢ < d. Recall from Section 2.4 that the sign of an odd-even pairing
p = ((1,p(1)),(3,p(3),...,(2n — 1,p(2n — 1))) is the parity of the permutation
<% ”T . ’J(Q”T_l)> written in one-line notation.

For our version of this lemma, we need to define the sign of a black-white

pairing p, which we will denote sign gy, (p).

Definition 3.1.2. If p is a black-white pairing, then we can write p =
((by,wy), (ba,wa), ..., (bp,wy)), where by < by < -+ < by Letr
{wy,...;,w,} — {1,...,n} be the map defined by r(k) = #{i : w; < wy}.
Then the sign of p, denoted signpgy, (p), is the parity of the permutation o, =

<7’(w1) r(wy) --- r(wn)> written in one-line notation.
When p is a pairing that is both black-white and odd-even, these signs agree.

Lemma 3.1.3. If p is a black-white pairing that is also odd-even, then signgg(p) =

5i9”BW(P)~

The proof of Lemma 3.1.3 is straightforward, but it is postponed to
Section 3.1.3 for clarity of exposition.

Lemma 3.1.1 contains factors (—1){17=71=1/2 for each pair (i, 5) of p. If (b, w) is
a pair of a black-white pairing p that is not odd-even, it is not necessarily the case
that % is an integer. Therefore we need a different way to define the sign of a
pair.

To motivate this definition, notice that if two nodes of the opposite color b
and w have the same parity, it cannot be the case that the nodes between b and
w alternate black and white. So we keep track of the number of consecutive nodes

of the same color between b and w. Consecutive nodes of the same color appear in
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pairs. For example, if we have a graph with eight nodes so that nodes 1, 3,4, and

6 are black and nodes 2,5, 7, and 8 are white, there are two pairs of consecutive
nodes of the same color: (3,4) and (7,8). Since we frequently use the term pair
when describing pairings of the nodes, we will refer to pairs of consecutive nodes as

couples of consecutive nodes instead.

Definition 3.1.4. If (b,w) is a pair in a black-white pairing, let a;,, be
the number of couples of consecutive nodes of the same color in the interval

[min{b, w}, min{b, w} + 1, ..., max{b, w}|.

Note that a triple of consecutive nodes that are all the same color contributes
2 10 ap -

|b—w|—|—ab7w—1
2

Remark 3.1.5. If (b, w) is a pair in a black-white pairing, then

is an integer.

Proof. Let (ny,n1 + 1), (ng,ny + 1), ..., (nog, nax + 1) be a complete list of couples
of consecutive nodes of the same color in N so that n; < ny < -++ < ng, where
it is possible that n,.1 = n; + 1. Every time we reach a couple of consecutive
nodes, the black nodes and white nodes switch parity. That is, if the black nodes
in the interval [n, + 1,n, + 2,...,n441] are odd, then the black nodes in the
interval [ng 1 + 1,np01 + 2,...,n442] are even. (Note that these intervals could
be length 1). It follows that if b and w are the same parity, then there are an odd
number of couples of consecutive nodes in the interval [min{b, w}, min{b, w} +

|b—w|+ap . —

1,...,max{b,w}]. So in this case 5 Lis an integer. If b and w are opposite

parity, then there are an even number of couples of consecutive nodes in the

‘b_wl""ab,w_

interval [min{b, w}, min{b,w} + 1,... , max{b,w}]. So 5 L is an integer in

this case as well. O
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Definition 3.1.6. If (b, w) is a pair in a black-white pairing, let

Sign(b, w) = (_1)(\b—w|+ab,w—1)/2.

We observe that when the nodes of G alternate black and white, ap,, = 0
for all pairs (b, w), so this definition of the sign of a pair agrees with Kenyon and

Wilson’s definition.

Remark 3.1.7. For the remainder of the paper, we use the following notation. We

let

— (n1,n1 + 1), (ng,ne + 1),..., (nog, nar. + 1) be a complete list of couples of

consecutive nodes of the same color so that n; < --- < ngy,

— (s1,81 + 1),(s2,80 + 1),...,(sg, Sk + 1) be a complete list of couples of

consecutive black nodes so that s; < --- < s, and

— (ug,uy + 1), (ug,ug + 1),..., (ug,ur + 1) be a complete list of couples of

consecutive white nodes so that u; < -+ < uy.
Note that we could have n;.1 =n; + 1, s;01 =s; + 1, or u;p 1 = u; + 1.

Since we are allowing arbitrary node colorings, many of our results contain
a global sign that depends on the order in which the couples of consecutive nodes
appear. For example, suppose a node set N has two couples of consecutive nodes: a
couple of consecutive black nodes (s, s + 1) and a couple of consecutive white nodes
(u,u + 1). Then the global sign will be 1 if u < s and —1 if s < u. To emphasize
that this sign only depends on the relative ordering of the couples of consecutive

nodes of the same color, we use the notation sign, (N).
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Definition 3.1.8. Using the notation from Remark 3.1.7, if node 1 is black, define

the map ¢ : {ny,na,...,noxt — {1,2,...,2k} by

p(n;) =
21 if n; =s;
Then the image of {ny,ns, ..., no} under the map ¢ can be considered as a
permutation in one-line notation:
ON = (@(nl) p(ng) -+ So(nzk))‘

Define sign,(N) to be the sign of this permutation. Note that if u; < s7 < up <
Sy < --- < u < S then on = (1 2 ... 2kr>, so sign,(N) = 1.

If node 1 is white, define the map ¢ : {ny,ng, ..., nox} — {1,2,...,2k} by

2t —1 if n; = s
p(n;) =
As above, the image of {nq,ns, ..., ng} under the map ¢ can be considered as

a permutation in one-line notation and we define sign,(N) to be the sign of this

permutation. Note that if s; < up < s9 < ug < --+ < 8 < uy, sign.(N) = 1.

In Definition 3.1.8, if node 1 is black, it is possible that s, = 2n. Similarly, if

node 1 is white, it is possible that u; = 2n.

Definition 3.1.9. Since the image of {ny,ns, ..., ne} under the map ¢ can be

considered a permutation in one-line notation, we say that a pair (uy, s,,) is an
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inversion with respect to the node coloring of N if (¢(uy), ¢(S,,)) is an inversion of

ON-
Example 3.1.10. Let N be a set of nodes where node 1 is black.

— If N has four couples of consecutive nodes of the same color with u; < s1 <
Sy < ug, then on = (1 2 4 3), so sign,(N) = —1. The pair (s2,us) is an

inversion with respect to the node coloring.

— If instead s1 < u; < 89 < uo, then on = (2 1 4 3), so sign.(N) = 1. The

pairs (s1,u;) and (s, us) are inversions.

Example 3.1.11. Let N be a set of nodes where node 1 is white. If N has six
couples of consecutive nodes of the same color with s1 < s < u; < us < uz < 83,

then on = <1 3246 5). The pairs (s2,u1) and (us, s3) are inversions.

Remark 3.1.12. If node 1 is black, (uy, $,,,) is an inversion with respect to the
node coloring when u, < s,, and £ > m. The pair (s,,, uy) is an inversion when
Sm < ug and m > (. If node 1 is white, (uy, s,,) is an inversion with respect to the
node coloring when u, < s,, and ¢ > m. The pair (s,,, u¢) is an inversion when

Sm < up and m > /.

We have now established the definitions needed to state our version of Kenyon

and Wilson’s lemma.

Lemma 3.1.13 (analogue of Lemma 3.4 from [13]). If p is a black-white pairing,

SZgTI, ( SzgnBW H SZgTL b w ( )# crosses ofp
(byw)ep

Before proving Lemma 3.1.13, we will prove the following:
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Lemma 3.1.14. There exists a planar black-white pairing p such that

signgy (p H sign(b, w) = sign,(IN).
(byw)ep

3.1.1. Proof of Lemma 3.1.14

We will prove Lemma 3.1.14 by induction on k, where N has 2k couples of

consecutive nodes of the same color. The following lemma is the base case k = 1.

Lemma 3.1.15 (Base case of Lemma 3.1.14). For any node coloring such that
there are exactly two couples of consecutive nodes of the same color, there is a

planar black-white pairing p such that

signgw (p) [ sign(i, i) = sign(N).
(i.4)€p
Proof. Let (ny,n; + 1), (n2,ny + 1) be the list of the couples of consecutive nodes
of the same color so that n; < ny. There are two cases to consider: Either ny and 1
are opposite colors, or n; and 1 are the same color.

If n; and 1 are opposite colors, the pairing p = ((1,2),(3,4),...,(2n — 1,2n))
is black-white. To see this, note that since n; and 1 are opposite colors, ny is even,
so the only pairs of adjacent nodes that are both the same color are of the form
(x,x + 1), where z is even, or (2n, 1). Since all pairs of p are of the form (i,7 + 1)
where i is odd and ¢ 4 1 is even, p is a black-white pairing. Since signgy (p) = 1,

[] sign(é,j) =1 and sign,(N) = 1, the claim holds.
e If n; and 1 are the same color, the pairing p = ((2n,1),(2,3),...,(2n —
2,2n — 1)) is black-white. The reasoning is analogous to the previous case: n; is

odd, so the only pairs of adjacent nodes that are both the same color are of the
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n—1

form (z,x + 1), where z is odd. In this case, signgy (p) = (—1)""" and

[T sign(ing) = (~1)@rtremm /2 = (cay=t (s

(i.5)€p

so signgy (p) [] sign(i,j) = (—=1)®2n1/2 = —1. Since sign.(N) = —1, the claim
(i.5)€p

holds. [

Definition 3.1.16. Suppose p is a black-white pairing. Then recall that we can

write p = ((by,wy), (be, wa), ..., (bp,wy)), where by < by < --- < b,. We say that

(w;, w;) is an inversion of p if ¢ < j and w; > w;. Note that (w;, w;) is an inversion

of p if and only if (r(w;),r(w,)) is an inversion of o, (see Definition 3.1.2).

Remark 3.1.17. An inversion of a planar pairing p corresponds to a nesting in
the diagram constructed by placing the nodes in order on a line and linking pairs in
the upper half-plane (see Figure 3.1). This follows immediately from the four node

case, where the only planar pairings are ((1,2),(3,4)) and ((1,4),(3,2)).

§ v 4y ¢«

1 2 3 4 1 2 3 4

FIGURE 3.1. An inversion of a planar pairing p corresponds to a nesting. The
pairing ((1,2), (3,4)) has no inversions and its diagram has no nestings. The
pairing ((1,4), (3,2)) has one inversion and its diagram has one nesting.

Proof of Lemma 3.1.14. The proof of the lemma is long and technical, so we first
identify a few easy cases.

Easy Case 1. If

— node 1 is black and v < §1 < Uy < §o < + -+ < ug < S, Or
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— node 1 is white and 1 < u; < §o < Ug < -+ < S < Uy,

then the pairing ((1,2),(3,4),...,(2n — 1,2n)) is a black-white pairing and
sign.(N) = 1, so the claim holds.

Easy Case 2. If
— node 1 is black and s1 < w1 < 89 < Uy < - -+ < S < Uy, OF
— node 1 is white and u; < 51 < ug < So < -+ < U < S,
then the pairing p = ((2n, 1), (2,3),...,(2n — 2,2n — 1)) is black-white. In this case,

— signgy (p) = (-1)"7', and

= I sign(i,j) = (1)@ treem=b2 = (—1)rot(— 1) 2 = (1) (= 1)F,

(i,.9)€p
s0 signn (p) T1 sign(i, ) = (=" = sign.(N),

General casgv.j)le?l())r the general case, we proceed by induction on the number of
couples of consecutive nodes of the same color. The base case is when there are two
couples of consecutive nodes of the same color, which is Lemma 3.1.15. Assume the
claim holds when we have a set of nodes that has 2(k — 1) couples of consecutive
nodes of the same color and let N be a set of nodes with 2k couples of consecutive
nodes of the same color.

Using the notation from Remark 3.1.7, let A be the smallest integer so that
np—1 and ny, are different colors. Then p; = ((np—1 + 1,041 +2), ..., (np — 1,np)) is
a black-white pairing that contains at least one pair.

Throughout this proof, we will illustrate the main ideas with the example

where N is a set of 12 nodes colored so that nodes 1, 3, 4, 5, 7, and 10 are black, as

shown in Figure 3.2. In this example, the couples of consecutive nodes of the same
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FIGURE 3.2. The pairing p; when the nodes are colored as shown.

color are (3,4),(4,5),(8,9), and (11,12). Since n; = 3 and ny = 4 are black and
ns = 8 is white, h = 3. So the pairing p; is ((5,6), (7,8)).

Consider N" = {1,...,|N| = (ny —np_1)}. Define v : N—{np_1+1,...,n,} —
N’ by

14 if ¢ S np—1
(b)) = (3.1.1)

{— (nh — nh_l) if £ > np

That is, ¢ defines a relabeling of the nodes of N —{n,_1+1,...,n,} so that node 1
is labeled 1,..., node n,_; is labeled n,_1, node n;, +1 is labeled n,_1+1,..., node
2n is labeled 2n — (ny, — nj_1). Since N’ has 2k — 2 couples of consecutive nodes of
the same color, by the induction hypothesis there is a black-white planar pairing p,

of the nodes of N’ such that

signpy (p2) [] sign(i, j) = sign (N').
(i,5)€p2
Let ¢~ !(p2) denote the pairing that results from applying 1 ~! to each node in
p2. That is, ¥~ 1(ps) is the pairing obtained by returning the nodes of p, to their
original labels in N. Let p = p; U 1(py). Observe that p is a planar black-white
pairing of N.
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FIGURE 3.3. Left: The pairing ps of N’ guaranteed by the induction hypothesis.
Right: The pairing p of N. The pairing p; is shown with solid red lines and the
pairing 17! (py) is shown with dotted blue lines.

In our example, the map 1 defines a relabeling of N — {5,6,7,8} so that
node 9 is labeled 5, ..., node 12 is labeled 8. The node set N’ has two couples
of consecutive pairs of the same color. By Lemma 3.1.15, the pairing py is
((1,8),(3,2),(5,4),(7,6)), so the pairing 1)1 (py) is ((1,12),(3,2),(9,4), (11,10))
and thus p = ((1,12), (3,2),(5,6),(7,8),(9,4), (11, 10)), as shown in Figure 3.3.

We will next

(1) Compare [] sign(i,7) to [] sign(i,y),
(i,5)€p2 (i.4)€p

(2) Compare signgy (p2) to signgy (p), and

(3) Compare sign,(N’) to sign,(N).

(1) Comparing [] sign(i,j) to ][] sign(s,j).
(i:7)€p2 (i.j)ep
If (i,7) is a pair in p that is a pair of py, then sign(i,j) = 1. If (¢, 7) is a pair
in p that is a pair of ¢!(ps), then consider ((i),1(j)) (the corresponding pair

of po). If i,5 < mp_y ori,j > ny + 1, then sign(i, j) = sign((7), (7)) because
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aij = Ay(i)w)- 1< np_y and j > ny + 1 then

sign(v(i), ¥ (5)) = (_1)(w(j)_d’(i)"’aw(i),w(j)_1)/2 — (_1)(j_(nh_nh—l)_i+ai,j—2—1)/2

= (=1t 50 (i, )

SO

I[ sieniy= I (=ptmm®2 I sign(i, ).

(,.9)€Ep2 (4,4)€p: (i.4)€p
min(z,j)<np_1 and
max(i,j) >np+1

In the example, there are two pairs (7, j) with ¢ < ny and j > ng + 1: the pairs
(1,12) and (4,9).

(2) Comparing signgy, (p2) to signgy (p).

Comparing signgy, (p2) to signgy, (p) requires comparing the number of
inversions of p to the number of inversions of py (see Definition 3.1.16). Since p;
contains only pairs of the form (i,7 + 1), p; contains no inversions. By Remark
3.1.17, inversions in p correspond to nestings in the corresponding diagram. Since

Np—Np_1

there are “2—"=1 pairs in py, p has additional inversions compared to p, for

each pair (7, j) such that min(é, j) < ny_; and max(i,j) > n, + 1. So,

sign gy (p2) = signgy (p) I1 (—1)(m=ma)/2

(i,5)€p:
min(z,j)<np_1 and
max(%,5)>np+1

In the example, since there are two pairs (7, j) with ¢ < ny and j > n3 + 1 and
the pairing p; consists of two pairs, there are four more inversions in p than in ps.

(3) Comparing sign (N’) to sign.(IN). We will show that

sign, (N') = (—1)"'sign (N)
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by comparing the number of inversions with respect to the node coloring of N to
the number of inversions in with respect to the node coloring of N’ (see Definition
3.1.9).

Recall the notation from Remark 3.1.7: s; is the first in a couple of
consecutive black nodes in N and w; is the first in a couple of consecutive white
nodes in N. Define s, and u} analogously for N". Recall also that we have the
map ¢ : N — {n,_1 + 1,...,n,} — N’ which defines a relabeling of the nodes
of N —{nn_1+1,...,n,} (see equation (3.1.1)).

First assume node 1 is black and that we have
ST < o< Spr<up < -
Inversions with respect to the node coloring of N. By Remark 3.1.12, there are two
types of inversions with respect to the node coloring of N.
(1) Nodes z and y in N such that z < y, x = s,, y = up, and a > b.
(2) Nodes z and y in N such that = < y, © = u,, y = s, and a > b.

Considering the first type of inversion, there are several cases:

a a< h—2 an > 1, then ¥(x) = s, an Y) =1u,_4. DIlnce a > b, a > b—1,
If h—2 and b > 1, then ¢ ! and 9 ;)IS' b b—1

so in this case there is a corresponding inversion in N’

(b) fa<h—2andb=1,theny ¢ N —{n,_1+1,...,n4}, so in this case there

is not a corresponding inversion in N

(c)Ifa=h—1landb<h—1,thenz ¢ N —{n_1 +1,...,n,}, so in this case

there is not a corresponding inversion in IN’.
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(d) Ifa>h—1and b < a, then b > 1 (since u; < s,). In this case, Y(z) = s/,

a

and ¥ (y) = uj_,, so there is a corresponding inversion in N'.

Note that (b) gives h—2 inversions in N that are not in N’ and (c) gives h—1
inversions in N that are not in N’.

Considering the second type of inversion, since s;_; < u; we must have a > h.
In this case, ¥(x) = u,,_; and ¥ (y) = s,_;, so there is a corresponding inversion in
N'.

In the example, the pairs (s1,u1), (S2,u1), and (S9, us) are inversions with
respect to the node coloring of N. Since h = 3, the inversion (s, u1) is in case (b)
of the first type and the inversions (sg,u;) and (sg,uz) are in case (c) of the first
type. So in this example, all of the inversions with respect to the node coloring of
N do not have corresponding inversions in IN'.

Inversions with respect to the node coloring of N’. Similarly, there are two types of

inversions in N'.
(1) Nodes w and z in N’ such that w < z, w = ¢, z = uj, and a > b.
(2) Nodes w and z in N’ such that w < z, w = u),, z = s, and a > b.
Considering the first type of inversion, there are two cases:
(a) If a < h —2, then v H(w) = s, and ¥v~(2) = ups 1.

(i) If a > b+ 1 then there is a corresponding inversion in N.

(ii) If @ = b there is not a corresponding inversion in N.

(b) Ifa > h — 1, then ¥ '(w) = su41 and ¥ 71(2) = wupy1, so there is a

corresponding inversion in N.
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We see that case (a)(ii) gives h — 2 inversions in N’ that are not in N.

Considering the second type of inversion, since s}, _, < ) the only possibility
is that @ > h — 1. In this case, ¥ ™' (w) = u,q1 and ¥71(2) = sp41, so there is a
corresponding inversion in N.

In the example, the only inversion with respect to the node coloring of N’
is (s}, 1)), which is an example of case (a)(ii), so there is not a corresponding
inversion in N.

We conclude that in the case where node 1 is black and we have s; < --- <
Sh_1 < uj < ---, the equation sign.(N’) = (—1)""!sign (N) holds.

Combining this with

- SignBW(pQ) H Sign(ivj) = Signc(N/)7

(ivj)epZ
= II sign(j)= I (—1)frnmme /2 T sign(i, j), and
(.3)€p2 min(@(j%;]g)f:;l . (i.j)€p
max(%,7)>np+1
— signgy (p2) = signgy (p) I1 (=1)(mn—nn1)/2,

(i,5)€p:
min(z,j)<np_1 and
max(%,j)>np+1

we have

signgy (p) [] sien(i,j) =sign.N) - (=1)"*- [  (=D.

(3.5)€p (4.9)€p:
min(z,j)<np_1 and
max(4,7)>np+1

So it remains to observe that the number of pairs (i,j) € p such that
min(7,7) < sp_1 and max(i,j) > wu; + 1 has the same parity as h — 1. There
are exactly h — 1 more black nodes than white nodes in the interval [1,. .., s,_1]
because there are h — 1 black nodes that are not followed by a white node in this

interval. So there are h — 1 black nodes that must all be paired with a white node
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with label > wu; + 1. Therefore there are at least h — 1 pairs (i,j) € p such that
min(z, j) < s,_1 and max(i,j) > u; + 1. There may be more than h — 1 such pairs,

but there must be h — 1 4+ 2m pairs for some m > 0.

There are three other cases: when node 1 is white and we have 51 < -+ <
Sp—1 < uy < ---, when node 1 is black and we have u; < -+ < wup_1 < s1 <---, and
when node 1 is white and we have u; < -+ < up_; < 81 < ---. These are omitted

because the analyses are nearly identical to the case we just considered.

O
3.1.2. Proof of Lemma 3.1.13
Recall that we want to show that if p is a black-white pairing on a graph G
with node set N,
sign, (N)sign gy (p H sign(b, w) = (—1)# crosses ofp, (3.1.2)

(byw)ep
By Lemma 3.1.14 there is a black-white planar pairing p such that
signgy (p) [ sign(i, j) = sign (N).
(i.5)€p

Since p is planar, (—1)#eossesofr = 1 5o equation (3.1.2) holds.
To prove equation (3.1.2) holds for all black-white pairings we consider
ways we can modify black-white pairings to obtain new black-white pairings and

determine how these modifications affect equation (3.1.2).

Definition 3.1.18. Let o be a (not necessarily black-white) pairing on {1,...,2n},

such that x is not paired with y. When we swap the locations of x and y in o
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we create a new pairing o’ that is identical to o except that it contains the pairs

(x,0(y)) and (y,o(x)) rather than (z,o(x)) and (y,o(y)).

Example 3.1.19. Suppose o is the pairing ((1,3),(2,4), (5,6)). If we swap the

locations of 3 and 4 in ¢ we obtain the pairing o’ = ((1,4), (2, 3), (5,6)).

Remark 3.1.20. If p is a black-white pairing and p’ is obtained from p by

swapping the locations of two nodes of the same color, signgy, (p) = —signgy (p).

Now we observe that we can obtain any black-white pairing on N from a

given black-white pairing p using the following types of swaps:

(1) Swapping the locations of u and u + 1 in p, where (u,u + 1) is a couple of

consecutive white nodes.

(2) Swapping the locations of x and y in p, where x < y are white nodes and all ¢

nodes appearing between x and y are black, where ¢ > 1.

To see that these swaps are sufficient, let wyq, ..., w, be the white nodes
in increasing order. The swaps described are the adjacent transpositions
(wy,ws), (we, ws), ..., (Wp_1,w,).

We will show that equation (3.1.2) holds after applying each type of swap.
This requires a few additional lemmas. Note that the proofs of Lemmas 3.1.21

through 3.1.23 follow immediately from Definition 3.1.6.

Lemma 3.1.21. Let b be a black node and let (u,u + 1) be a couple of consecutive

white nodes. Then sign(b,u) = —sign(b,u + 1).

Proof. If b < u, then ay 41 = ap,, + 1. So

sign(b, u) = (_1)(u—b+ab,u—1)/2 = _(_1)(u+1—b+ab,u+1—1)/2 = —sign(b,u + 1).
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If b>wu+1, then apys1 = ap, — 1. So

sign(b, u) = <_1)(b—u+ab,u—1)/2 — _(_1)(b_(u+1)+ab,u+l_1)/2 = —sign(b,u + 1).

Lemma 3.1.22. Assume the nodes x and y with x < y are white and all ¢ nodes
between x and y are black, where £ > 1. If b is a black node not in the interval

[z +1,...,y — 1], then sign(b,x) = (—1)*sign(b,y).
Proof. If b < x, then a3, = ap, + ¢ — 1. Then since y =z +( + 1,

sign(b, 56) _ (_1>(a:7b+ab,zfl)/2 — (_1)(y7(2+1)7b+ab7y7€+171)/2

_ (_1)5(_1)(y—b+ab,y—1)/2

= (=1)'sign(b, y).
If b >y, then apy = ap, — (¢ — 1). Then

Sign(b, $) _ (_1)(b—w+abw—1)/2 _ (_1)(b—(y—(f—&-l))-ﬁ-ab’y—i-(ﬁ—l)—1)/2

_ (_1)3(_1)(b—y+ab,y—1)/2

= (—1)'sign(b,y).

Lemma 3.1.23. Assume the nodes v and y with x < y are white and all ¢ nodes
between x and y are black, where £ > 1. If b is a black node in the interval [x +

1,...,y—1], sob=x +j for some j < {, then sign(b,x) = (—1)Lsign(b,y).
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Proof. Since b = x + j and a,, = j — 1, we see that

sign(b, ) = (—1)0rF /2 = (LU (i,

Using the fact that y —b=¢+1—j and a, = ¢ — j, we have

sign(b, y) _ (_1)(y—b+ab’y—1)/2 _ (_1)(€+1—j+€—j—1)/2 _ (_1)€—j.

So sign(b, ) = (—1)*tsign(b, y). O

Remark 3.1.24. The symmetric group Ss, acts on the set of pairings on
{1,...,2n}: the transposition (4,74 1) acts on a pairing p by swapping the locations
of i and i + 1. If ¢ is paired with ¢ + 1, acting with (i,7 + 1) leaves the pairing
fixed; otherwise, (7,7 + 1) acts nontrivially and changes the parity of the number of
crossings.

Let p be a (not necessarily black-white) pairing on {1,...,2n}. Let x and y
be two nodes such that z < y. Assume no node in the interval [z, y] is paired with

any other node in this interval. Then

(x,9)p=(z,2+1)---(y—1L,y) - (z+ 1,24+ 2)(z,z+ 1)p

where each transposition of the form (7,7 + 1) acts nontrivially.

Lemma 3.1.25. Let p be a (not necessarily black-white) pairing on {1,...,2n}. Let
x and y be two nodes such that x < y and x is not paired with y. Assume that no
node in the interval [x 4+ 1,...,y — 1] is paired with any other node in this interval.

Then when the locations of x and y in p are swapped,
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(1) if x and y were both paired with nodes in the interval [x + 1,...,y — 1], the

number of crossings of p changes parity,

(2) if exactly one of x and y was paired with a node in the interval (v +1,...,y —

1], then the number of crossings of p does not change parity, and

(3) if neither x nor y was paired with a node in the interval [z +1,...,y — 1] then

the number of crossings of p changes parity.

Proof. Let p be a pairing on {1,...,2n} and consider (z,y)p. There are several
cases. The strategy is to factor (z,y) into adjacent transpositions and determine
which transpositions act nontrivially.

Case 1. If the nodes p(z) and p(y) are both in the interval [z + 1,...,y — 1], then

(@,y)p = (p(x), p(y))p. Let a =min(p(z), p(y)) and let b = max(p(z), p(y)). Then

(pla), p(y))p = (a,a+1)--- (b= 1,b)--- (a+ L,a+2)(a,a+1)p

We have written (p(x), p(y)) as a product of an odd number of transpositions of the
form (é,7 + 1). Since no node in the interval [a, ..., b] is paired with any other node
in this interval, all these transpositions act nontrivially by Remark 3.1.24. Thus the
parity of the number of crossings changes.

Case 2. If exactly one of the nodes p(z) or p(y) is in the interval [x + 1,...,y — 1],
then

(v,y)p=(v,z+1)---(y—1Ly)---(zr+ Lz +2)(x,z+ 1)p

and exactly one of these transpositions acts trivially. For if x is paired with = + k,
then after applying the transposition (x,z + 1) to p, x + 1 and = + k are paired.
Similarly, after applying the transposition (z + 1,z + 2) to (z,z + 1)p, x + 2 and
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x + k are paired. It follows that the transposition (z + k — 1,z + k) acts trivially.
Since an even number of transpositions of the form (i,7 4+ 1) act nontrivially, the
parity of the number of crossings does not change.

Case 3. If neither of the nodes p(z) and p(y) are in the interval [x +1,...,y — 1],
then

(v,y)p=(r,2+1)---(y—1Ly)---(zr+Lz+2)(x,z+ 1)p

so we have written (p(z), p(y)) as a product of an odd number of transpositions of
the form (7,7 + 1). Since no node in the interval [z, y| is paired with any other node
in this interval, all of these transpositions act nontrivially. Thus the parity of the

number of crossings changes. O

Now that we have established Lemmas 3.1.21 through 3.1.25 we can show
that equation (3.1.2) holds after applying both types of swaps to p. By Remark
3.1.20, each swap changes signgy (p).

(1) Swapping the locations of v and u + 1.

Let by be the node paired with u and let by be the node paired with v + 1. By
Lemma 3.1.21, sign(by, u) = —sign(by,u + 1) and sign(by, u + 1) = —sign(bg, u). So
when we swap the locations of u and u+ 1, [] sign(b, w) does not change. Since
signpgy (p) changes, the sign of the LHS of (?ff)illj)Qe)pchanges. Swapping v and u + 1
changes (—1)# crosses ofr o swapping the locations of u and u + 1 does not affect
equation (3.1.2).

(2) Swapping the locations of = and y, where » < y are white nodes and

all / nodes between = and y are black.
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Case 1. If x and y are both paired with black nodes in the interval [x + 1,2 +

2,...,y — 1] then (—1)# @rosses ot changes sign by Lemma 3.1.25. By Lemma 3.1.23,

sign(p(z), z)sign(p(y), y) = ((—1)"")sign(p(x), y)sign(p(y), z)

so [] sign(b,w) does not change. Since signgy, (p) changes, the sign of the LHS
(byw)ep

of (3.1.2) changes.

Case 2. If exactly one of z and y is paired with a black node in the interval [z +

L,x+2,...,y— 1], then (=1)# cossesol» does not change sign by Lemma 3.1.25. By

Lemmas 3.1.22 and 3.1.23,

sign(p(x), z)sign(p(y), y) = (1) (=1)"sign(p(z), y)sign(p(y), x)

so ] sign(b,w) changes sign. Since signgy, (p) changes, the sign of the LHS of
(byw)ep

(3.1.2) does not change sign.

Case 3. If neither  nor y is paired with a black node in the interval [x + 1,z +

2,...,y — 1], then (—1)# cosses of» changes sign. By Lemma 3.1.22,

sign(p(x), z)sign(p(y), y) = ((—1)")’sign(p(x), y)sign(p(y), =)

so ] sign(b,w) does not change. Since signgy, (p) changes, the sign of the LHS
of (((Z)Swl)e;) changes.

This completes the proof of Lemma 3.1.13.

We conclude Section 3.1 by proving Lemma 3.1.3, which states that when a

black-white pairing p is also odd-even, signgg(p) = signgy (p).
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3.1.3. Proof of Lemma 3.1.3

Before we prove Lemma 3.1.3, we prove the lemma in the case where p is

planar.

Lemma 3.1.26. When p is a planar black-white pairing,

signog(p) = signpw (p)

Proof. Let p be a planar black-white pairing. Recall from Definition 3.1.16 that

all black-white pairings can be written p = ((by, p(b1)), (b2, p(b2)), - - -, (bn, p(by))),
where by < by < --- < by, and we say that (p(b;), p(b;)) is an inversion of p if i < j
and p(b) > p(by).

All planar pairings are odd-even, and an inversion of an odd-even pairing is

an inversion of the permutation (@ @ . 9(22_3) ”(27;_1)). In this proof,

will say (p(7), p(j)) is an inversion if i < j and p(i) > p(j), even though the
inversion is actually (@, @)

We will show that there is a one-to-one correspondence between inversions
of p when it is considered as a black-white pairing (which we will call black-white
inversions) and inversions of p when it is considered as an odd-even pairing (which
we will call odd-even inversions).

Consider a black-white inversion, that is, some b; < b; such that p(b;) > p(b;).
There are several cases to consider:
Case 1. b;,b; are both odd.

In this case, b; = 2k — 1 and b; = 2¢ — 1 for some k < ¢, so (p(b;), p(b;)) is an

odd-even inversion.

Case 2. b;,b; are both even.
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Since b; < b; and p(b;) > p(b;), (bj,b;) is an odd-even inversion.
Case 3. b; is odd and b; is even.

There are two subcases to consider. If p(b;) < b;, then it must be the case
that b; > p(b;). To see this, observe that if b; < p(b;), then p(b;) < b; < b; < p(b;),
but then we have a crossing, which contradicts the planarity of p. So (b;, p(b;)) is
an odd-even inversion.

If p(b;) > b;, then p(b;) > b; (otherwise b; < p(b;) < p(b;) < b;, so p has a
crossing). So (p(bi), b;) is an odd-even inversion.
Case 4. b; is even and b; is odd.

If p(b;) > b;, then p(b;) > b; (otherwise p(b;) < b; < b; < p(b;) is a crossing),
so (p(b)), ;) is an odd-even inversion. If p(b;) < b;, then b; > p(b;) (otherwise
b; < p(bj) < p(b;) < b; is a crossing), so (b;, p(b;)) is an odd-even inversion.

A similar argument shows that for each odd-even inversion, there is a black-
white inversion. Since there is a one-to-one correspondence between odd-even

inversions and black-white inversions, signgg(p) = signgy (p). O

Lemma 3.1.3. When p is a black-white pairing that is also odd-even,

signog(p) = signgw (p)-

Proof. One can get from an odd-even black-white pairing p; to any other odd-even
black white pairing p, by applying a series of moves, where each move swaps the
locations of two nodes of the same color and parity. Since each of these moves

changes sign,p and signgy,, the claim follows from Lemma 3.1.26. O
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3.2. Lemmas 3.1 and 3.2 From Kenyon and Wilson

Throughout this section, S denotes a balanced subset of nodes (a subset
containing an equal number of black and white nodes). The union of a dimer
configuration of G \ S and a dimer configuration of G \ S° is a double-dimer
configuration of (G,N) (see Figure 2.1 in Section 2.1). In [13], Kenyon and Wilson
show that ZP(G \ S)ZP(G \ S¢) is a sum of double-dimer partition functions
ZPDP (G N), where the sum is over all pairings 7 that do not connect nodes in S

to nodes in S€.

Lemma 3.2.1. [13, Lemma 3.1] If S is a balanced subset of nodes then ZP (G \
S)ZP(G \ 5°) is a sum of double-dimer configurations for all connection topologies

7 for which m connects no element of S to an element of S¢:= N\ S. That is,
ZP(G\ $)Z"(G\ 8°) = ZPP Y " M Pr(m),

where Mg is 0 or 1 according to whether ™ connects nodes in S to S¢ or not.

This lemma relates the quantity Z” (G \ S)ZP(G\ 5¢) to Pr(r). Next, Kenyon
ZP(G\ 8)ZP(G\ 59)

and Wilson show that (Z0(G))2

is a determinant in the quantities

Xi;.

Lemma 3.2.2. [13, Lemma 3.2/ Let S be a balanced subset of {1,...,2n}. Then

ZP(G\ S)ZP(G\ 59)
(Z2P(G))?

= det[(1; jes + Lijgs) x (=102, -2t

The combination of these results shows that f’\r(w) is a homogeneous
polynomial in the X; ;, since the matrix M from [13, Lemma 3.1] has full rank [13,

Lemma 3.3]. Our analogues of these lemmas have several differences (such as the
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additional global signs in our version of Lemma 3.2.2, see Lemma 3.2.5), but our
proofs are quite similar to their proofs.

We begin with Lemma 3.2.1. For a graph G with node set N that does not
necessarily have the property that all nodes are black and odd or white and even, a
statement very similar to Lemma 3.2.1 holds. Let 7" C N be the set of nodes that
are odd and white or even and black. Let G be G with an extra vertex and edge
of weight 1 added to each node in 7', so all of the nodes in G are black and odd or
white and even. Since Z2(G \ S) = ZP(G \ (SAT)), Lemma 3.2.1 implies the

following.

Corollary 3.2.3. Let S be a balanced subset of nodes. ZP(G \ (SAT))ZP(G \
(SAT)) is a sum of double-dimer configurations for all connection topologies m for

which © connects no element of S to an element of S¢. That is,
ZP(G\ (SAT)ZP (G \ (SAT)®) = ZPP(G) Z Mg, Pr(r),

where Mg is 0 or 1 according to whether ™ connects nodes in S to S¢ or not.
If V=SAT, then S = VAT, so we have:

Corollary 3.2.4. Let V' be a balanced subset of nodes. ZP(G \ V)ZP(G \ V°) is
a sum of all connection topologies w for which m connects no elements of VAT to

(VAT)C. That is,
ZP(G\V)ZP(G\ V) = ZPP(G) Y~ My Pr(n),
where My a1~ is 0 or 1 depending on whether m connects nodes in VAT to

(VAT
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Corollary 3.2.4 is the version of Lemma 3.2.1 that we will need to prove
Theorem 2.4.1.

Our version of [13, Lemma 3.2] is the following.

Lemma 3.2.5. Let S be a balanced subset of N = {1,...,2n}. Then

ZP(G\ 8)ZP(G\ 5°)
(Z2P(@))?

= sign (N)sign(S) det [(Lijes + i jgs) X sign(i, j)Yi]

where by, by, ..., b, are the black nodes of {1,2,...,2n} listed in ascending order,
Wy, Wy, . . ., Wy, are the white nodes of {1,2,...,2n} listed in ascending order,
sign(i, j) is defined in Definition 3.1.6 and sign(S) = (—1)# cossesefr where p is
a black-white pairing that does not bridge S to S¢ and is planar when restricted to

S and planar when restricted to S°.

Remark 3.2.6. The fact that such a pairing p always exists is a consequence of
Lemma 3.1.14, which states that for any node coloring there is a planar black-white
pairing p satisfying signgy (p) [[ sign(b, w) = sign,(N). Since S is balanced, the

(byw)ep
existence of a planar black-white pairing of S and a planar black-white pairing of

S¢ follows.

The proof of Lemma 3.2.5 requires some Kasteleyn theory. The reader

familiar with basic facts about Kasteleyn matrices can skip the following section.

3.2.1. Kasteleyn Matrices

Recall that G = (V1, Va, E) is a finite edge-weighted bipartite planar graph

embedded in the plane. Let w((i,7)) denote the weight of an edge (i,j) € E.
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Definition 3.2.7. A Kasteleyn (or flat) weighting of G is a choice of sign for each
edge with the property that each face with 0 mod 4 edges has an odd number of —

signs and each face with 2 mod 4 edges has an even number of — signs.

For the remainder of this section we will let o : E — +1 denote the Kasteleyn
weighting of G. A Kasteleyn matrix of G is a signed bipartite adjacency matrix of

G. More precisely, define a |V;] x |V3| matrix K by

o((i,7)w((@,5)) i (i,5) € B
Ki,j =

0 otherwise

Kasteleyn showed that every bipartite planar graph with an even number of
vertices has a Kasteleyn matrix. Moreover, | det K| is the weighted sum of all dimer
configurations of G [10].

The proof of Lemma 3.2.5 uses a few straightforward facts about Kasteleyn
weightings. First, we will show that if G = (Vi, V4, F) has a Kasteleyn weighting
o, and we add edges to G to obtain G’, we can choose weights for the added edges
to obtain a Kasteleyn weighting o’ of G’ with the property that o'(e) = o(e) for all

ec k.

Lemma 3.2.8. Let b and w be two vertices of opposite color on a face F' of G =
(Vi,Vo, E). Let E' = E U {e}, where e ¢ E is an edge connecting b and w that
separates F' into two faces and let G' = (Vi, Vo, E'). Define o' : E U {e} — %1 so
that o'(e) = o(e) for all e € E and choose o'(€) so that one of the faces bounded by
€ is flat (i.e., it has an odd number of — signs if it has 0 mod 4 edges, and an even

number of — signs otherwise). Then o' is a Kasteleyn weighting of G'.
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Proof. By assumption, the edge € separates F' into two faces: the face consisting of
the edges of a path Q and the edge €, and the face consisting of the edges of a path

P and the edge e. The path P consists of 1 mod 4 edges or 3 mod 4 edges. Define

[T o(e) if P has 1 mod 4 edges
Ul(a _ ) e€P

— [[ o(e) if P has 3 mod 4 edges
ecP

and define o’(e) = o(e) for all e € E. Now the face consisting of the path P and the
edge e is flat. Consider the edges of Q. By the assumption that o is a Kasteleyn
weighting,

I] o(e) if P and Q have the same number of edges mod 4

c€Q — [[ o(e) if P and Q have a different number of edges mod 4

2
( J(e)) =1 if P and Q have 1 mod 4 edges
ecP
2
(— a(e)) =1 if Q has 1 mod 4 edges and P has 3 mod 4 edges

2
- ( 0(6)) =—1 if P and Q have 3 mod 4 edges
ecP

2
— (H 0(6)) = —1 if Q has 3 mod 4 edges and P has 1 mod 4 edges

Noting that the face F” consisting of Q and € has 2 mod 4 edges if @ has 1 mod 4
edges and 0 mod 4 edges otherwise, we conclude that F” is flat, so ¢’ is a Kasteleyn

weighting of G'. O
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Lemma 3.2.9. Let W = {vy,...,va} be a set of vertices on the outer face of G =
(Vi, Vo, E). Pair the vertices of W so that we can add edges ey, ..., e, connecting
the pairs without introducing any edge crossings. Let B = E U {ey, ..., en}
and let G = (Vi,Vy, E™ w). Define o; : E U {e;} — %1 as in Lemma 3.2.8:
oi(e) = a(e) for alle € E and o;(e;) is chosen so that one of the faces bounded by
e; 15 flat. By Lemma 3.2.8, o; is a Kasteleyn weighting for all 1 < i < m. Then
T:EU{e,...,en} — £1 defined by 7(e) = o(e) for alle € E and 7(e;) = o;(e;)

for 1 <i < m is a Kasteleyn weighting of G™.

Proof. We prove the claim by induction on m. When m = 1, there is nothing to
show. Assume the claim holds when we add m — 1 edges to G. Now suppose we add
m edges e, ..., e,. Choose an “innermost” edge e;, i.e. an edge with the property
that one of its faces is bounded only by edges of G' and e;. By the induction
hypothesis, 7 : EU{e1,...,ej_1,€j41,...,en}t — 1 defined by 7(e) = o(e) for
alle € E and 7(e;) = oy(e;) fori = 1,2,...,5 — 1,5 + 1,...,m is a Kasteleyn
weighting of G™™Y = (V}, Vo, E U {e1,...,€;1,€j11,.--€m}). Since e; is an
innermost edge and o; : E'U {e;} — £1 was defined so that when e; is added to G,
one of the faces bounded by e; is flat, we may apply Lemma 3.2.8 to conclude that
T:EU{ey,...,en}t — £1 defined by 7(e) = o(e) for all e € E and 7(e;) = 0;(e;) for

1 <i < mis a Kasteleyn weighting of G = (V;, Vo, EU{ey,...,en}). O

We also need to show that if we delete rows and columns from a Kasteleyn
matrix of a graph, the resulting submatrix is a Kasteleyn matrix of the

corresponding graph.

Lemma 3.2.10. Let K be a Kasteleyn matriz of G. Let S be a balanced subset of
vertices on the outer face of G. Then K\g, the submatriz of K formed by deleting

the rows and columns from S, is a Kasteleyn matriz of G\ S.
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To prove this, we need the following lemma and corollary from [15].

Lemma 3.2.11. [15, Theorem 2.1] If G is a planar bipartite graph with an even

number of vertices, there are an even number of faces with 4k sides.

Proof. By Euler’s formula, f — e + v = 2, where f denotes the number of faces,

e denotes the number of edges, and v denotes the number of vertices of GG. Divide
the contribution to e from each edge evenly between the two incident faces. Then a
face with 4k sides contributes an odd integer to f — e and a face with 4k 4 2 sides
contributes an even integer to f —e. So there must be an even number of faces with

4k sides. O

Corollary 3.2.12. [15, Theorem 2.2] Every signed graph with an even number of

vertices has an even number of non-flat faces.

Proof. If each edge of a graph has sign +1, the faces which are not flat are exactly
the faces with 4k sides. By Lemma 3.2.11, there are an even number of faces with
4k sides. It remains to observe that every time we change the sign of an edge, we

change the flatness of exactly two faces. O]

Proof of Lemma 3.2.10. G \ S is flat at each internal face because G is flat at
each internal face, so it remains to show that it is also flat on the outer face. Since
G \ S has an even number of vertices, it has an even number of non-flat faces by

Corollary 3.2.12, so it must be flat on the outer face. O

3.2.2. Proof of Lemma 3.2.5

Proof of Lemma 3.2.5. Assume there are 2k couples of consecutive nodes of the
same color. As in Remark 3.1.7, we label the couples of consecutive white nodes

(u;, u; + 1) and the couples of consecutive black nodes (s;,s; + 1) for 1 <1i < k.
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Following the proof of [13, Lemma 3.2], we adjoin to the graph G 2n — 2k
edges connecting all adjacent nodes except nodes s; and s;+1 and nodes u; and u;+
1. The resulting graph is still bipartite by the assumption that the nodes alternate
between black and white except for the nodes s; and s; + 1 and the nodes u; and
u; + 1. Now add 4k more edges as follows. Since G is bipartite, there is a white
vertex t; on the outer face of G between nodes s; and s; + 1 and a black vertex v;
on the outer face of G between nodes u; and u; + 1. Add edges connecting nodes s;
and t; and ¢; and s; + 1, and edges connecting nodes u; and v; and v; and u; + 1.
Give the 2n — 2k 4+ 4k = 2n + 2k edges we have added weight e (and then take the
limit € — 0). Let G’ denote the resulting graph.

Given a Kasteleyn weighting of a graph, the signs of edges incident to a
vertex may be reversed, and each face will still have a correct number of minus
signs. Fix a Kasteleyn weighting of the graph G’. List the vertices from the set
N U {t;}F_, U{v;}¥, in counterclockwise order. For each vertex in this list, if the
edge from the vertex ¢ to the next vertex in the list 7 has a minus sign, reverse the
signs of all edges incident to vertex j. This ensures that the edges of weight € we
added to GG have positive sign, with the possible exception of the edge from node 2n
to 1, which must have sign —(—1)"** for the outer face to have a correct number of
minus signs (because if n + k is even, the outer face has 0 mod 4 edges, and if n + k
is odd, the outer face has 2 mod 4 edges).

Let S be a balanced subset of {1,...,2n}. Let (wy,b1), ..., (w;,b;) be any
noncrossing pairing of the nodes of S, where wy, ..., w; are the white nodes of S
and by,...,b; are the black nodes of S. Adjoin edges of weight W connecting w; to

b; for 1 < i < j. Because of the edges of weight € we adjoined to G, we let the sign
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of a new edge of weight W connecting black node b and white node w be

sign(b, w) = (_1)(\b—w|+ab,w—1)/27

where recall that a;,, is the number of couples of consecutive nodes of the same
color in the interval [min{b, w}, min{b, w} + 1,... max{b, w}|.

Observe that with this choice of signs, when we add any one of the edges
e; = (b, w;) to G’ so that it separates the outer face of G’ into two faces, one of the
faces bounded by e; is flat. So by Lemma 3.2.9, this is a Kasteleyn weighting.

Let Ky be the Kasteleyn matrix of the resulting graph, with rows and
columns ordered so that by,...,b; are the first j rows and wy, ..., w; are the first
J columns. Let K = K be the corresponding Kasteleyn matrix when W = 0. Then
ZP(G\ S) = £[W]det(Kyw) where [W7]det(Ky ) denotes the coefficient of 17
in the polynomial det(Ky). (Because [W7] det(Kyy) is, up to a sign, the weighted
sum of matchings that include all of the edges of weight W, which is exactly the
weighted sum of matchings of G \ S.) Since each term of det(Ky ) has the same

sign,
ZP(G\S) _ W] det(Kw)
ZP(G) (WO det(Kw)’

Next let K\g denote the submatrix of K formed by deleting the rows and columns
from S. By Lemma 3.2.10, K\g is a Kasteleyn matrix of G\S. The sign of det(K\ g)
and the sign of [IW7]det(Ky,) differ by the product of the signs of the edges of
weight 7. So, noting that [IW°)] det(Ky ) = det(K), we have

[W7] de d det(K\s)
—[W Id g81gn (be, wy) I t(K) .



By Jacobi’s determinant identity,

det K :
H51gn be, wy) detl(Kys) Hs1gn be, we) det| bw]z) L, w;

“det(K)
So we have .
ZP(G\S) _ T b=by,...b;
| |81gn be, we) det|[ Ky Lo—u 07, 3.2.2
ZD(G) e ) [ b, ] yeees Wy ( )

Letting S = {b, w} in equation (3.2.2), we get,

ZD
Yoo (Gh.)

w — ZD—(G'> = Sign(b, w)K,;i

From this and equation (3.2.2) we find that when p; = (wy,b1),..., (w;, b;) is
a noncrossing pairing of the nodes of S and p» = (wjt1,bj41), ..., (wy, by,) is a
noncrossing pairing of the nodes of 5S¢,

ZP(G\ S)ZP(G \ §°)
(ZP(G))?

- Hs1gn (b, we) det [sign(b, w)Yyu]o- bl’l ", det [sign(b, W)Yy Pt

W=Wj41,..-,Wn

n

=[] sign(be, wy) det [(1;jes + 1 jgs)sign(b, w) Yy, ) b

W=W1,...,Wn,
/=1

which is equation (3.2.1), except for the global sign and the order of the rows and
columns (since wy, ..., w, and by, ..., b, are not necessarily in ascending order).
Let p = p; U p2. Reorder the rows so that the black nodes are in ascending
order. For each row swap, make the corresponding column swap. Then p pairs the
node corresponding to row ¢ with the node corresponding to column 7. Since the

row swaps and column swaps we have made are in one-to-one correspondence, we
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have not changed the sign of the determinant. Finally, we need to put the columns
in ascending order. The number of swaps required to do this is exactly sign gy (p).
So after reordering the rows and columns so that they are listed in ascending

order, the global sign is:

[ [ sien(be, we)sign gy (o)
=1

which is equal to sign,(N)(—1)# crossesofr by Temma 3.1.13.

3.3. Defining QD)

Let Y be the vector of monomials Y indexed by black-white pairings, where

)/p/ — (_1)# crosses of p H }/i,j-
(i.j)ep
In this section, we define QPP), which is the matrix satisfying

Pro)= Y Qb

black-white pairings p
We begin with a few definitions.

Definition 3.3.1. If o and 7 are two pairings on a set of nodes {1,2,...,2n},
construct the undirected multigraph C' with vertex set {1,2,...,2n} by adding

an edge between vertices ¢ and j for each pair (i, j) of o, and similarly for 7. The
number of components in o U 7T is the number of connected components in C'. Note

that all connected components of C' are cycles.

Example 3.3.2. If 0 = ((1,2),(3,4),(5,6)) and 7 = ((1,5), (2,6),(3,4)) then there

are two components in o U 7, as shown in Figure 3.4.
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FIGURE 3.4. The multigraph C' from Definition 3.3.1 for the pairings
o =((1,2),(3,4),(5,6)) and 7 = ((1,5), (2,6), (3,4)).

Definition 3.3.3. If 7 is an odd-even pairing and p is a black-white pairing, let
sign(, p) 1= (—1)#n0des/2(—1)# components it TPsign o (7)sign gy ().

Definition 3.3.4. Define the matrix B; which has rows indexed by planar pairings

and columns indexed by black-white pairings by

2# components in pUm

(BQ)ﬂ,p = Sign(ﬂ-a p)

Let M be the matrix from Corollary 3.2.4 and let D be the vector indexed
ZP(G\ 8)ZP(G\ 59)
(ZP(G))?

Following Kenyon and Wilson, we will show that

by balanced sets S with entries Dg = (see Lemma 3.2.5).

MTD = B,Y’

(Theorem 3.3.5). This result is nontrivial, requiring several lemmas, but once it is

established it is nearly immediate that

MTMP = B,Y',
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where P is the vector indexed by planar pairings m with entries f’vr(ﬂ)
(Corollary 3.3.12). Kenyon and Wilson proved that MT M is invertible ([12,

Theorem 3.3]), so we conclude the section by defining QPP as (M* M)~ B,.
Theorem 3.3.5 (analogue of Lemma 3.5 from [13]). MTD = B,Y".

In the proof of [13, Lemma 3.5], Kenyon and Wilson use the fact that if the
nodes of G are all either black and odd or white and even and 7 and p are odd-
even pairings, then there are 2# ©mP " 7Y halanced sets S such that 7 and p do
not bridge S to S¢ (for each component, either put all of its nodes in S or all of its
nodes in S¢). Recall from Section 3.2 that 7" C N is the set of nodes that are odd
and white or even and black; under Kenyon and Wilson’s assumptions, 7' = ). It
turns out that after removing the requirement that the nodes be black and odd or
white and even, if 7 is an odd-even pairing and p is a black-white pairing there are
still 27 comp in Up gots S such that p does not bridge S to S¢ and 7 does not bridge

SAT to (SAT)e.

Lemma 3.3.6. Let m be an odd-even pairing and let p be a black-white pairing.
For each component of m U p there are exactly two ways to put the nodes in this
component into S and S° so that p does not bridge S to S¢ and 7w does not bridge
SAT to (SAT)°.

Proof. We start by placing an initial node a into S or S¢, and then apply the
algorithm below until all nodes in the component have been placed into S or S°¢.
Algorithm 3.3.7.

Step 1

(a) fae SNT¢orac S°NT:
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(i) f m(a) € T
Put 7(a) in S°.
(i) Else if w(a) ¢ T
Put 7(a) in S.
(b) Elseifae SNT ora e S°NT
(i) If m(a) € T
Put 7(a) in S.
(ii) Elseif w(a) ¢ T
Put 7(a) in S°.
Go to Step 2 with a := 7(a).
Step 2
Ifaes:
Put p(a) in S.
Else if a € S“
Put p(a) in S°.
Go to Step 1 with a := p(a).
Claim 3.3.8. The set S described in Algorithm 3.3.7 is well-defined and balanced.

Proof. We will prove this claim by induction on the number of nodes in a

component of 7 U p.
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Base Cases. First note that in the case where the nodes alternate between black
and white, T = () or T = N so the algorithm reduces to putting all of the nodes
in a component in S or all of the nodes of a component in 5S¢, so S is well-defined.
Since in this case both pairings are black-white, S is balanced as well.

If there are two nodes in a component, since p is a black-white pairing one
of the nodes is black and the other is white, so by the previous comment there is
nothing to show.

If there are four nodes in a component, since p is a black-white pairing two
nodes must be black and two nodes must be white. By symmetry, it is enough to
consider when nodes 1 and 2 are black and nodes 3 and 4 are white. There are two
odd-even pairings: ((1,2),(3,4)) and ((1,4),(3,2)) and two black-white pairings:
((1,4),(3,2)) and ((1,3), (2,4)).

For example, when 7 = ((1,2), (3,4)) and p = ((1,4),(2,3)) (see Figure 3.5),
we start by putting node 1 in S. (We could also start by putting node 1 in S°.)
Then we run the algorithm:

Step 1. Since 1 ¢ T and (1) =2 € T, we put 2 € S°.

Step 2. Since 2 € S¢ we put p(2) =3 € 5°.

Step 1. Since 3€ S, 3€ T and 4 ¢ T, we put 4 € S.

So we get S = {1,4}, which is balanced. To check that S is well-defined, it
suffices to show that if we continue the algorithm for one more step, we do not get
a contradiction. If we apply Step 2 starting at node 4, we find that we should put
p(4) =1in S, as desired.

In Table 3.1 we show the results of applying the algorithm for each possible

combination of odd-even pairings 7 and black-white pairings p that results in a
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FIGURE 3.5. The diagram of 7 U p when 7 = ((1,2),(3,4)) and p = ((1,4), (2, 3)).
The nodes in T are underlined. If we begin the algorithm by putting 1 € S, we get
S ={1,4}.

component of size 4. When m = p = ((1,4), (3,2)), there are two components that

each have size 2, so this is omitted from the table.

a p S start end | one more step
((1,2),(3,4) [ ((1,4),(2,3)) | {14} |1eS[4e5s 1es
((1,2),(3,4)) | ((1,3),(2,4) | {1,3} |1€5|3€esS 1es
((1,4),(3,2)) | ((1,3),(2,4)) | {1,2,3,4} |1€S|3¢€S l1es

TABLE 3.1. The base case for the proof of Claim 3.3.8. This table shows the set
S obtained after applying the algorithm to each possible combination of odd-even
pairings 7 and black-white pairings p that result in a component of size 4.

In each case, S is balanced, and continuing the algorithm for one more step
does not create a contradiction.

Now suppose that a component of 7 U p has 2n nodes, where 2n > 4.
Assume that if a component has fewer than 2n nodes, the set S is well-defined and
balanced. Let N denote the set of nodes in this component. There are two cases to
consider based on whether or not 7|n has a black-white pair.

Case 1. (Illustrated in Figure 3.6). Assume 7|n has at least one black-white pair
(a,m(a)). Since p is a black-white pairing, p(a) and p(7(a)) are opposite color.
Consider the black-white pairing p on N — {a, m(a)} obtained from p by removing
the pairs (a, p(a)) and (7(a), p(7(a))) and adding the pair (p(a), p(7(a))). Let

T = T|N—{ar(a)}- Now T U p is a single component with 2n — 2 nodes. Start the

algorithm by putting p(7(a)) € S. By the induction hypothesis, the set S produced
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by the algorithm is well-defined and balanced. Note that the fact that S is well-
defined means that p(a) € S.

Considering the original component of m U p, when we start the algorithm at
p(m(a)) it proceeds identically as it did with 7 U p until we reach the node p(a).
Since p(a) € S, applying Step 2 of the algorithm we add a to S. (Note that we are
guaranteed to be on Step 2 here by the fact that p(a) is paired with p(7(a)) in p,
and the algorithm starts with Step 1.) Since 7 is odd-even, black-white pairs of 7
have the property that either both nodes are in T" or both are not in 7'. So after
the next step of the algorithm (Step 1) we add m(a) to S. Since we added a and
m(a) to S, S is still balanced. Since 7(a) € S, continuing the algorithm for one

more step would put p(m(a)) € S, which is consistent.

FIGURE 3.6. Illustration of case 1 of Claim 3.3.8. On the left we have the odd-
even pairing 7 (top) and the black-white pairing p (bottom). On the right we have
replaced p with p, the black white pairing on N — {a, 7(a)} obtained by pairing
p(r(a)) with p(a)

Case 2. (Illustrated in Figure 3.7). If 7|n does not have a black-white pair, then
consider a white pair of 7|n: (a,7(a)). Let b = p(a). Since a is white, p(a) must
be black, and (b, m(b)) is a black pair of 7| by the assumption that 7|n does not
have a black-white pair. Consider the black-white pairing p on N — {a, 7(a), b, 7(b)}
obtained from p by removing the pairs (a,b), (7(a), p(7(a))), and (7(b), p(7(b))) and
adding the pair (p(7(a)), p(7(b))). Let T = T|N_{a,n(a)bir(v)}- NOW T U p is a single

component with 2n — 4 nodes. Start the algorithm by putting p(7(a)) € S. By
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the induction hypothesis, the set S produced by the algorithm is well-defined and
balanced. Note that the fact that S is well defined means that p(7(b)) € S.
Considering the original component of m U p, when we start the algorithm by
putting p(m(a)) € S it proceeds identically as it did with 7 U p until we reach the
node p(m(b)). Since p(mw(b)) € S, applying Step 2 of the algorithm we add 7 (b) to S.
Since 7 is odd-even and contains no black-white pairs, exactly one of {b,7(b)} is in
T'. This means that after applying Step 1 we put b € S¢. Then we put a € S° (since
p(a) =b) and w(a) € S (since exactly one of {a,7(a)} is in T). Since we added 7(b)
and 7(a) to S, S is still balanced. Since 7(a) € S, continuing the algorithm for one

more step puts p(m(a)) € S, which is consistent.

FIGURE 3.7. Illustration of case 2 of Claim 3.3.8. The left image shows the odd-
even pairing 7 (top) and the black-white pairing p (bottom). On the right we have
replaced p with p, the black white pairing on N — {a, 7 (a),b, 7(b)} obtained by
pairing p(m(a)) with p(7(b)).

]

Claim 3.3.9. After applying Algorithm 3.3.7, p does not bridge S to S¢ and 7 does
not bridge SAT to (SAT)C.

Proof. By Step 2, for each node a, a and p(a) will either both be in S or S¢ so p
does not bridge S to S¢. To show that a and 7(a) are either both in SAT or both

in (SAT)¢, there are several cases to consider.
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— If @ and 7(a) are both not in 7', then they are both placed into S by Step
1(a)(ii) or both placed into S¢ by Step 1(b)(ii). In the first case, a and 7 (a)

are both in SAT, and in the second case a and 7(a) are both in (SAT)°.

—Ifa € T and 7(a) ¢ T, then one of a,m(a) is placed into S and one is
placed into S°¢ by Step 1(a)(ii) or Step 1(b)(ii). If a is placed into S and
m(a) is placed into S¢, then a and m(a) are both in (SAT)°. The other case

is similar.

— If a € T and 7(a) € T, then they are both placed into S¢ by Step 1(a)(i) or

both placed into S by Step 1(b)(i).

— Ifa ¢ T and 7(a) € T, then one is placed in S and one is placed in S¢ by
Step 1(a)(i) or Step 1(b)(i).

We have shown that the algorithm produces a well-defined balanced set S
with the desired properties. We conclude that for each component of 7 U p there are

exactly two ways to put the nodes in this component into S and S¢ so that p does

not bridge S to S¢ and 7 does not bridge SAT to (SAT)®.

We need two more facts to prove Theorem 3.3.5.

Lemma 3.3.10. Let S be a balanced subset of nodes and let sign(S) be defined as

in Lemma 3.2.5. Then

% (_1># comp in wUpSZ'gnOE(ﬂ')SigTLBw(p)a

sign(S) = (1)
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where w is an odd-even pairing such that © does not bridge SAT to (SAT)¢ and p

s a black-white pairing such that p does not bridge S to S¢.

The proof of Lemma 3.3.10 is long and technical so we postpone it to
Section 3.5 for ease of exposition. The following is an immediate consequence of

this lemma.

Corollary 3.3.11. Let w be an odd-even pairing and let p be a black-white pairing.
If S1 and Sy are sets such that w does not bridge S;AT to (S;AT)¢ and p does not

bridge S; to S¢ fori = 1,2, then sign(Sy) = sign(Ss).

Proof of Theorem 3.3.5. Recall from Lemma 3.2.5 that

o ZP(G\S)ZP(G\ 5
S pr—
(ZP(G))?
= sign (N)sign(S) det [(1; jes + Lijgs) X sign(i, j)Vi om0
where by, b, ..., b, are the black nodes listed in ascending order and wy, wo, ..., w,

are the white nodes listed in ascending order.

When we expand the determinant, we get

Dg = sign, (N)sign(5) E sign gy (p) H sign (7, )Y ;-
BW pairings p: (4,7)€p
p does not bridge
S to S¢

By Lemma 3.1.13,

Ds = sign,(N)sign($) > sign (N)(=1)# o=t TT v,

BW pairings p: (i,5)€p
p does not bridge
S to S¢
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and thus by definition,

Dg = sign(59) > Y/, (3.3.1)

BW pairings p:
p does not bridge
S to S¢

Let 7 be a planar pairing and let M be the matrix from Corollary 3.2.4. The

wth row of MTD is

> Ds.

SC{1,2,....2n}
7 does not bridge
SAT to (SAT)®

We see that

Z Ds = Z sign(.9) Z Y,

SC{1,2,...,.2n}: SC{1,2,...,.2n}: BW pairings p:
7 does not bridge 7 does not bridge p does not bridge
SAT to (SAT)® SAT to (SAT)® S to S°¢

= Z Z sign(S)Y.

BW pairings p  S: p does not
bridge S to S¢ and
7 does not bridge
SAT to (SAT)®

By Lemma 3.3.6 and Corollary 3.3.11,

g E sign(S)Y, = E sign(m, p)27% comp i Ty
BW pairings p S: p does not BW pairings p
bridge S to S¢ and
7 does not bridge

SAT to (SAT)®

Since this sum is the 7wth row of B>Y”, we have proven the claim.

Corollary 3.3.12 (analogue of Theorem 3.6 from [13]). MTMP = ByY’
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Proof. Noting that Pr(r) = Pr(n)ZPP(G)/(ZP(G))?, we see that by
Corollary 3.2.4, MP = D. Then, applying Theorem 3.3.5 we get MTMP =

MTD = ByY'. [l

It remains to show that M7 M is invertible. In fact, M* M is equal to the

meander matrizc M, evaluated at ¢ = 2.

Lemma 3.3.13. [13, Lemma 3.3] Let M be the matriz from Lemma 3.2.1. Then
MTM = M,, where My is a matriz with rows and columns indexed by planar
pairings, with entries

(-M2>O'T — 2# comp in oUT

Since the only difference between the matrix from Lemma 3.2.1 and the
matrix from Corollary 3.2.4 is the ordering of the rows, Lemma 3.3.13 applies to

the matrix M from Corollary 3.2.4 as well.

Definition 3.3.14. Since M is invertible (see [3]), define
Q(DD) — M;lBQ

Since P = QWPP)Y’ QPD) is the matrix of the Y’ polynomials: for a given

planar pairing 7, the 7th row of QPP) gives the polynomial Pr(r).

We will next prove that QPP) is integer-valued, which will complete the proof

of Theorem 2.4.1.
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3.4. Proof That QPP) Is Integer-Valued

To show that QPP) is integer-valued, we prove that we can compute
the columns combinatorially using a transformation rule closely related to the
transformation rule for groves.

Recall that Kenyon and Wilson’s proof of Theorem 2.3.7 in Section 2.3
established the following transformation rule:

If a pairing p is nonplanar, then there will exist items a < b < ¢ < d such that

a and c are paired, and b and d are paired. Then the transformation rule is

ac|bd|rest — —ab|cd|rest — ad|bc|rest (3.4.1)

Rule 3.4.1. For a black-white pairing p, repeatedly apply (3.4.1) until we have
written p as a linear combination of planar pairings. Then multiply each planar

pairing o in this sum by sign,z(o)signgy (p).

The fact that Rule 3.4.1 is well-defined follows from Theorem 2.3.5.
Let O be the matrix obtained by the procedure from Rule 3.4.1, so the
(0, p)th entry of Q is the product of signg, (o )sign gy (p) with the coefficient of &

when p is written as a linear combination of planar pairings using (3.4.1). That is,

Qoo = signop(0)sign gy (p) P (3.4.2)
We will show that

Mo éei = Bse;

for all i. This shows that MyQ = M, QD) which proves that Q0 = 0PD) gince
M, is invertible.
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Let p be a black-white pairing. Recall from Definition 3.3.4 that (Bs)

e T
sign(m, p)2# compin P Qo to show that My éei = Bye; we need to show that for

each planar pairing 7,

Sign(w, ,0)2# comp in mUp __ Z chf;SignOE(0->SignBW (p)2# comp in Uo

planar pairings o

By Definition 3.3.3,
sign(m, p) = (—1)Fre0/2 (1) F omp I Tlsign o (m)sign s (p)-

So, it suffices to prove the following.

Lemma 3.4.2. Let p be a pairing (not necessarily black-white). Then for any

planar pairing ,

signep(m)(—1)% (—1)#nodes/29C — > PY signop(0)2°7. (3.4.3)

a,p
planar pairings o

Here, C, denotes the number of components in w U p and C, denotes the number of

components in mUo.
Lemma 3.4.2 requires one additional lemma.

Lemma 3.4.3. Let ™ be a pairing and let p be a pairing with nodes a < b < ¢ < d
that form a crossing in p. Let p; be the pairing obtained from p by replacing the
pairs (a,c) and (b,d) with (a,b) and (c,d) and let py be the pairing obtained from p

by replacing the pairs (a,c) and (b, d) with (a,d) and (b,c). Then either

(1) mU p has one more component than both m U p; and m U pa,
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(2) mUpy has one more component than wUp, and wUps and wU p have the same

number of components, or

(3) mUpy has one more component than wUp, and mUp; and wUp have the same

number of components.

Proof. Observe that either a, b, c, and d are all in the same component of 7 U p or
a and c¢ are in the same component and b and d are in a different component. If a
and c¢ are in the same component and b and d are in a different component, then
pairing a with b and ¢ with d merges these two components. Similarly, pairing a
with d and b with ¢ merges these two components.

If a,b,c and d are in the same component, then we consider the following
path in 7 U p:

c—a—m(a)— p(m(a)) —--- (3.4.4)

This path reaches b or d before it reaches ¢ since by assumption a, b, ¢, d are all in
the same component. If it reaches b before d, then in p;, a and b are in a different

component than ¢ and d. This is because path (3.4.4) is replaced with

b—a—m(a) — plr(@) — -~ b

so mUp; has one more component than wUp. In ps, a, b, ¢, and d are all in the same

component, because path (3.4.4) is replaced with

so ™ U py and m U p have the same number of components. If the path reaches d

before b, then in ps, @ and d are in a different component than b and ¢, so ™ U ps
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has one more component than 7Up. In py, a,b, c, and d are in the same component,

so m U p; and 7 U p have the same number of components. O]

Proof of Lemma 3.4.2. We will prove the claim by induction on the number of
crossings in p.

Base Case. When p has 0 crossings, equation (3.4.3) becomes
signop(m)(—1) (=) /22% = Plsienop ()27

Recall from Section 2.3 that when p is planar, 73,(;?, = 1. So the above equation is
equivalent to

signop(m)(—1) % (1) %signo s (p) = 1. (3.4.5)

First suppose p = 7. Since (—1)# compinmr — (_1)#nodes/2 oqyation (3.4.5)
holds. We can obtain any planar pairing from any other planar pairing by a
sequence of moves, where each move consists of swapping the locations of two
nodes of the same parity. So we will show that when p is a planar pairing,
and y are two nodes of the same parity, and p’ is the pairing obtained from p by
swapping the locations of z and y, replacing p with p’ does not change the left
hand side of equation (3.4.5). Since signyg(p) = —signgyp(p’), we must show that
(_1)# comp in wUp __ _(_1)# comp in 7rUp"

If x and p(z) are in a different component than y and p(y) in 7 U p, then
mUp' has one fewer component than 7 Up. If x, p(z),y, and p(y) are all in the same
component in 7 U p, then without loss of generality assume that x and y are both

even, so p(z) and p(y) are both odd, and consider the following path in 7 U p:

p<x) — T — 71'(.113) — p(ﬂ(x)) ..
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Since p and 7 are both odd-even, segments n —~ p(n) go from an odd node to an
even node. Since p(y) is odd and y is even, this means that we must reach the node

p(y) before the node y. Therefore we have the path

p(x) =z —m(x) = p(r(x) = = ply) =y — -

When we replace the pairs (z, p(z)), (v, p(y)) with (z, p(y)) and (y, p(z)), this path

is replaced with

p(y) —x —m(x) — p(r(x)) — - — p(y)

so (z, p(y)) and (y, p(x)) are in different components of 7 U p'. We conclude that
equation (3.4.5) holds for all planar pairings p.

Now assume that equation (3.4.3) holds for pairings p with < k crossings.

Let p be a pairing with k 4 1 crossings. Let a < b < ¢ < d be nodes that form
a crossing in p. Let p; be the pairing obtained by replacing the pairs (a, c) and
(b,d) with (a,b) and (c,d) and let py be the pairing obtained by replacing the pairs
(a,c) and (b, d) with (a,d) and (b, c). We claim that both p; and p, have fewer than
k + 1 crossings. Observe that if a chord connecting two nodes n; and ns crosses the
chord connecting a and b in p;, it also crosses the chord connecting a and ¢ or the
chord connecting b and d in p. Similarly, if a chord connecting two nodes crosses
the chord connecting ¢ and d in pq, it also crosses the chord connecting a and ¢ or
the chord connecting b and d in p. It follows that p; has at least one less crossing
than p. A similar argument shows that ps has at least one less crossing than p.

By the induction hypothesis,

signop(m)(—1) % (=1)#Fr22% = ¥ T P signop(0)2

planar pairings o
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and

signop (m)(—1) %2 (—1)#rode220% = % 1 Pl signop()2%.
planar pairings o
By the transformation rule (3.4.1), 725:21 + 77(512;2 =— éf}, so we have

> PUsigne ()29 = —signgp(m)(—1)#100/2 ((=1)%1 2% 4 (—1)%22%2) |

planar
pairings o

By Lemma 3.4.3 there are three cases to consider:
(1) mU p has one more component than both 7 U p; and 7 U py,

(2) mUp; has one more component than 7Up, and 7Ups and wUp have the same

number of components, and

(3) U pe has one more component than 7Up, and 7Up; and wUp have the same

number of components.

Case (1). Since C,, — C, = —1 for i = 1,2,

1
(_1)Cp120p1 + (_1)CP220P2 = _(_1>CP . 5 .90 + _(_1>Cp Z.90
1 1
— -1 CP2CP - —
(-2 (-5 -5)
= —(=1)%2%.
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Cases (2) and (3). We will only include the proof for case (2), since case (3) is

completely analogous. Since C,, —C, =1 and C,, — C, =0,

(_1)0;71 2001 + (_1)01122092 — _<_1)CP2 . QCP + (_1)Cp20p
= (—1)%2%(—2+1)

= —(=1)%2%.
So in all cases,

—signop(m) (~ 1)#P00 (—1)%1 2% 4 (—1)C22%2) = signep(m)(—1)#Po4/2(~1) %2,

and thus
signg g () (—1)Cr (—1)#nedes/29C, — > PWsign, ()25 .
a,p
planar pairings o
O
This proves that
Q) = signop(m)signpw (p)PL), (3.4.6)

which completes the proof of Theorem 2.4.1. Its full statement is below.

Theorem 2.4.1. Any black-white pairing p can be transformed into a formal
linear combination of planar pairings by repeated application of Rule 3.4.1, and

the resulting linear combination does not depend on the choices we made when
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applying Rule 3.4.1, so that we may write

p— Z ng?pD )o.

planar pairings o

For any planar pairing o, these same coefficients Q((LDpD) satisfy the equation

Do L chr)D(G7N> - DD)~y
PI‘(O’) = W = Z Q,(;,p )}/;)

black-white pairings p

Remark 3.4.4. The fact that the resulting linear combination does not depend
on the choices we made when applying Rule 3.4.1 is an immediate consequence of

Theorem 2.3.5.

3.5. Another Characterization of sign(.S)

In this section, we prove Lemma 3.3.10, which was key in establishing
Theorem 3.3.5.
Lemma 3.3.10. Let S be a balanced subset of nodes. Recall that sign(S) :=

(—1)# crosses of v wwhere p is a black-white pairing that does not bridge S to S¢, and

pls and p|ge are planar (see Lemma 3.2.5). Let m be an odd-even pairing such that

7 does not bridge SAT to (SAT)¢ and let p be a black-white pairing such that p

does not bridge S to S¢. Then

#nodes

sign(S) = (=1)" = (=1)7 ™ " Psignp(m)sign gy (p). (3.5.1)

Proving Lemma 3.3.10 requires

(1) proving that such pairings 7 and p always exist,
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(2) proving that equation (3.5.1) is well-defined, and

(3) proving that equation (3.5.1) holds.

We will postpone the proof of (1) because the fact that such pairings 7w and p

always exist will follow quickly from the proofs of (2) and (3).

3.5.1. Proof That Equation (3.5.1) is Well-Defined

The strategy of the proof is to define local moves that allow us to get from a
pair (7, p1) such that m; does not bridge SAT to (SAT)¢ and p; does not bridge
S to S€ to any other pair (7, p2) with this property, and to show that these moves
do not change the right hand side of equation (3.5.1).

Specifically, we will define two types of local moves. First, we define moves
that modify 7 by swapping the locations of two nodes of the same parity under
certain conditions but leave p fixed, called moves of type Apg. Next, we define
moves that modify p by swapping the locations of two nodes of the same color
under similar conditions but leave 7 fixed, called moves of type Agw .

In order to describe the conditions under which we can swap the locations of

two nodes, we need the following definition.

Definition 3.5.1. We call a pair of nodes (a,7(a)) a transition pair if exactly one

of the nodes a,7(a) is in T

Definition 3.5.2. Suppose 7 is an odd-even pairing and p is a black-white pairing.

Let a and b be two nodes of the same parity. If

— a and b are in different components,

— a and b are the same color and a path from a to b contains an even number of

transition pairs, or
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— a and b are different colors and a path from a to b contains an odd number of

transition pairs,

let " be the pairing obtained from 7 by swapping the locations of @ and b in 7.
We say that (7', p) and (7, p) differ by a move of type Apg. See Figure 3.8 for an

example.

If @ and b are two nodes in the same component of 7 U p, there are two
paths from a to b. We note that moves of type Apg are well-defined because the
algorithm in Lemma 3.3.6 is well-defined, so the parity of the number of transition

pairs is independent of the path.

FIGURE 3.8. Left: The diagram of = U p, where 7 = ((1,2), (3,4), (5,8),(7,6)) and
p=1((1,6),(2,8),(4,5),(7,3)). Nodes that are in T" are underlined and arcs between
transition pairs are red. Center: Since 1 and 7 are two nodes of the same parity
and color and a path from 1 to 7 contains an even number of transition pairs, if we
let @ = ((1,6),(3,4),(5,8),(7,2)) then (7, p) and (7', p) differ by a move of type
Aog. Right: Since 1 and 4 are two nodes of the same color and a path from 1 to 4
contains an even number of transition pairs, if we let p’ = ((1,5),(2,8), (4,6),(7,3))
then (m, p) and (7, p’) differ by a move of type Agw .

Definition 3.5.3. Let 7 be an odd-even pairing and let p be a black-white pairing.

Suppose a and b are the same color and either a and b are in different components,

or a path in m U p from a to b contains an even number of transition pairs.
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Suppose we swap the locations of @ and b in p to obtain the pairing p’. Then
we say that (m, p’) and (m, p) differ by a move of type Apw . See Figure 3.8 for an

example.

Lemma 3.5.4. Let w, 7" be odd-even pairings and let p be a black-white pairing
such that (7, p) and (7', p) differ by a move of type Aog. Then the number of

components in mU p and the number of components in ' U p differ by one.

Proof. 1f a and b are in different components of m U p, swapping the locations of a
and b in 7 merges these two components, so the number of components decreases
by one.

If @ and b are in the same component, without loss of generality assume that
node a is white. Consider the following path from a to b, which starts by traversing

the edge connecting a to 7(a):

a—m(a)—---—b.

We claim that we always reach b before 7(b). This follows from the observation
that because p is black-white and 7 is odd-even, a path in 7 U p alternates between
black and white nodes unless a pair (d, 7(d)) in the path is a transition pair. So
since our path starts at a white node by traversing the edge in m, if we consider an
edge d —~ m(d) of the path, d is white and 7(d) is black if and only if we traverse
this edge after passing through an even number of transition pairs. So, if we

were to reach m(b) before b, b is black if and only if there are an even number of
transition pairs between a and b, a contradiction since a is white. It follows that we

must reach b before 7(b).
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Thus we have the following path in 7 U p:

a—m(a)—---—b—m(b)

When we replace the pairs (a,7(a)) and (b, 7(b)) in 7 with (a, 7 (b)) and (b, 7(a))
to obtain 7’ the middle portion of the path above 7(a) — - -+ — b becomes a new

component, so the number of components increases by one. O

Corollary 3.5.5. A move of type Aog does not change the right hand side of

equation (3.5.1).

Proof. 1f (, p) and (7', p) differ by a move of type Apg, then (—1)# compinmp —
—(=1)# comp in 7'Up 1y Lemma 3.5.4 and signyp(7) = —signg ('), so replacing 7

with 7" does not change the right hand side of equation (3.5.1). O

Corollary 3.5.6. A move of type Apw does not change the right hand side of

equation (3.5.1).

Proof. The proof that a move of type Ay changes the number of components in
m U p by one is analogous to the proof of Lemma 3.5.4. The claim follows as it did

in the proof of Corollary 3.5.5. O

Proof that equation (3.5.1) is well-defined. By Corollaries 3.5.5 and 3.5.6, moves of
type Aog and type Agy do not change the right hand side of equation (3.5.1). So
to prove that the formula for sign(.S) is well-defined, it suffices to show that these
two types of moves are enough to get from a pair (71, p1) such that m; does not
bridge SAT to (SAT)¢ and p; does not bridge S to S¢ to any other pair (73, p2)

with this property.
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We can get from any pairing of nodes in S to any other pairing of nodes in
S using moves of type Agy because type Ay moves allow us to exchange any
nodes of the same color in .S. By the same reasoning, we can get from any pairing
of nodes in S° to any other pairing of nodes in S°. So, if p and p’ are two pairings
that both do not bridge S to S¢ then we can get from p to p’ using a sequence of
moves of type Agw .

Similarly, we can get from any odd-even pairing of nodes in SAT to any
other odd-even pairing of nodes in SAT by swapping nodes of the same parity in
SAT. We can also get from any odd-even pairing of nodes in (SAT)¢ to any other
odd-even pairing of nodes in (SAT)¢. So if 7 and 7" are two odd-even pairings that
both do not bridge SAT to (SAT)¢, then we can get from 7 to 7’ using a sequence
of moves of type Apg.

We have thus shown if we have two pairs of pairings (71, p1) and (ma, p2) such
that m; is odd-even and does not bridge SAT to (SAT)® and p; is black-white and
does not bridge S to S¢, that the right hand side of equation (3.5.1) is unchanged

when we replace (71, p1) with (g, p2).

3.5.2. Proof That Equation (3.5.1) Holds

The argument that equation (3.5.1) holds is relatively long, so we break it
into three sections: an introduction, where we explain the proof strategy, several

lemmas, and the proof itself.
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3.5.2.1. Overview of Proof

First assume that S is a balanced set of size 25 such that there is a planar
black-white pairing p that does not bridge S to S¢. Although it may not be obvious
that such a set always exists, recall from Lemma 3.1.14 that regardless of the node
coloring of N, there exists a planar black-white pairing p of N. So we choose S to
be 2j of the arcs of p.

Then by definition, sign(S) = (—1)# <ossesofr = 1 Let 1 = p. Since 7
is odd-even and black-white, for all pairs in 7, either both nodes of the pair are
in T or both are not in 7', so 7 does not bridge SAT to (SAT). Since 71 = p,
(—l)w = (—1)# compinmUp - Algo signg, (7)) = signgy, (p) by Lemma 3.1.26, so
equation (3.5.1) holds.

We can obtain any balanced set of size 25 from S by making a sequence of the

following types of replacements:

(1) Replace z € S with z + 1 € S¢ where (z,z + 1) is a couple of consecutive

nodes of the same color. (Or replace x + 1 € S with x € S°).

(2) Replace z € S with y € S, where x < y are the same color and all ¢ nodes in
the interval [z + 1,2 + 2, ...,y — 1] are the opposite color of z and y (¢ > 1).

(Or replace y € S with x € S°).

Therefore it suffices to show the following. Assume we’re given a balanced

set S, an odd-even pairing 7 that does not bridge SAT to (SAT)¢, and a black-

white pairing p that does not bridge S to S¢ such that p|s and p|se are planar.
After making either of the above two types of replacements to obtain S’, we can
construct an odd-even pairing 7’ that does not bridge S’AT to (S’AT)¢ and a

black-white pairing p’ that does not bridge S’ to S such that p'|s and p/|g. are
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planar. After replacing S, 7, p in equation (3.5.1) with S’, 7’ and p/, equation

(3.5.1) still holds.

3.5.2.2. Lemmas

Lemma 3.5.7. Let S be a balanced subset of nodes. Let x and y be two nodes of
the same color and opposite parity with x < y such that x € S and y ¢ S. Let p be
a black-white pairing such that p does not bridge S to S and let w be an odd-even
pairing such that m does not bridge SAT to (SAT). Let 8" = S\ {z} U{y} and let

P be the pairing obtained by swapping the locations of x and y in p. Then

(a) if m(x) =y,
(i) m does not bridge S'AT to (S'AT)¢, and

(i) when p is replaced with p', the right hand side of equation (3.5.1)

changes sign.

(b) if m(x) # y, let @ be the pairing obtained from w by pairing x with y, 7(z)

with 7(y), and leaving the remaining pairs the same. Then

(i) © does not bridge S'AT to (S'AT)e.
(ii) when p is replaced with p' and 7 is replaced with @', the right hand side

of equation (3.5.1) changes sign.

Proof. We will first prove part (a). The fact that = does not bridge S’AT to
(S'AT)¢ follows from the observation that since m(x) = y, both x and y are in
SAT or both are in (SAT)¢. If both x,y are in SAT then since we assumed z € S
and y ¢ S, y must be in T, so both x,y are in (S’AT)°. So 7 does not bridge S’AT
to (S'AT).
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Since we obtained p’ from p by swapping the locations of x and vy,
signgy (p) = —signgy (p). The number of components in 7 U p is the same as
the number of components in 7 U p’ because when we replace p with p’ the path
m(p(x)) — p(x) — 2z —y — p(y) is replaced with 7(p(x)) — p(x) —y — 2 — p(y). So the
right hand side of equation (3.5.1) changes sign.

Next, we prove part (b). The proof of (i) relies on the observation that since
x and y are the same color but opposite parity, exactly one of the nodes x,y is in
T. This implies that  and y are both in SAT or both in (SAT)¢ and that = and y
are both in S’AT or both in (S'AT).

Since x and y are both in SAT or both in (SAT)¢, m(x) and 7(y) are both in
SAT or both in (SAT)c. Since neither 7(z) nor 7(y) is z or y, m(z) and 7(y) are
both in S’AT or both in (S’AT)¢. We conclude that 7’ does not bridge S’AT to
(S'AT)e.

For the proof of (ii), first note that pairing x and y and 7(x) with 7(y) is
the same as swapping the locations of y and 7(z). It follows that sign,g(7') =
—signg (), and since signgy, (p) = —signgy (p), it remains to show that the
number of components in 7’ U p’ and the number of components in © U p differ
by 1.

By letting a = 7(z) and b = y in Definition 3.5.2, we see that (7', p) and
(7, p) differ by a move of type App. If 7(x) and y are in different components,
this is clear, since 7(z) and y have the same parity. If 7(z) and y are in the same
component, we must show that they are the same color if and only if there are an

even number of transition pairs between them. This is because

— y and z are the same color,
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— a path from y to z contains an odd number of transition pairs (since z € §

and y ¢ S), and
— x and 7(x) are the same color if and only if (z,7(z)) is a transition pair.

So, by Lemma 3.5.4, the number of components in 7’ U p and the number of
components in m U p differ by one. Then, since 7'(x) = y, by the proof of part
(a), the number of components in 7’ U p’ is the same as the number of components
in 7’ U p.

We conclude that when p is replaced with p’ and 7 is replaced with 7" the

right hand side of equation (3.5.1) changes sign. O

Lemma 3.5.8. Let S C N be a balanced set. Let x,y be nodes of the same color
such that x € S, y € S¢, © <y and all ¢ nodes in the interval [x+1,24+2,...,y—1]
are the opposite color of x andy (¢ > 1).

Let p be a black-white pairing such that p does not bridge S to S¢ and p|s and

plse are planar.

(1) If p(x) is not in the interval [x + 1,...,y — 1] and there is a node in this
interval that is in S, let k be the smallest integer such that x + k is in S and
let p' be the pairing obtained from p by replacing the pairs (x, p(x)) and (x +

k,p(x + k)) with the pairs (x,x + k) and (p(x), p(xz + k)). Then p'|s and p

Sc
are planar. Also, replacing p with p' does not change the right hand side of

equation (3.5.1).

(2) If p(y) is not in the interval [x + 1,...,y — 1] and there is a node in this
interval that is in S¢, let k be the smallest integer such that y — k is in S°¢

and let p' be the pairing obtained from p by replacing the pairs (y, p(y)) and

90



(y =k, ply — k)) with the pairs (y,y — k) and (p(y), p(y — k)). Then p'|s and
p'|se are planar. Also, replacing p with p' does not change the right hand side

of equation (3.5.1).

Proof. Since the proofs of (1) and (2) are completely analogous, we will only prove
(1).

We first show that p'|s is planar. Since we chose the smallest integer & such
that © 4+ k is in S, there are no chords connecting two nodes in .S that cross the
chord  —~ (x + k). We need to check that there are no chords connecting two nodes
in S that cross the chord p(z) —~ p(x + k). If there was such a crossing, that means

that there is a node a € S such that one of the following holds:
(1) a < p(z+k) <pla) < px),
(2) plz+k) <a<plz) <pla),
(3) a < p(x) < pla) < plz+ k), or

(4) p(x) <a<plz+k)<pla)

We use the facts that if @ > 2z then a > z + k (since otherwise a € 5S¢, a
contradiction) or, similarly, if p(a) > x then p(a) > = + k, to show that if any of the
inequalities in (1), (2), (3), or (4) hold, then p|s is not planar.

For example, in case (1), if a >  then a > z + k. So we have

r+k<a<plx+k)<pla),

which contradicts that p|g is planar. If a < = then there are two cases. If p(a) < z,
we have a < p(z + k) < p(a) < z + k. If instead p(a) > z, we have a < z < p(a) <

p(z). In both cases, we have a contradiction.
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In case (2), if @ > z, then we have = < a < p(x) < p(a). If a < x and p(a) < =z,
then a < p(x) < p(a) < z. If a <z and p(a) > x, then p(x + k) <a <z +k < p(a).
In all cases, we have a contradiction.

Case (3) is similar to case (2), and case (4) is similar to case (1).

We conclude that p'|g is planar. Since p|sc was planar and the nodes =, x +

k,p(z), p(x + k) are all in S, p

se is also planar.

Next, we observe that the number of components in 7 U p and the number
of components in 7w U p’ differ by 1. This is because to obtain the pairing p’ from
p, we swapped the locations of x and p(x + k). Since x and p(x + k) are both in
S and both the same color, (m, p') and (7, p) differ by a move of type Apw. So by
Corollary 3.5.6, the number of components in 7 U p and the number of components
in 7 U p' differ by 1. Since sign(p’) = —sign(p), replacing p with p’ does not change

the right hand side of equation (3.5.1). O
The following useful observation is immediate from the definitions.

Remark 3.5.9. Let o be a pairing such that z and y are two nodes that are not
paired in o, and let ¢’ be the pairing obtained by swapping the locations of z and
y in 0. Suppose S is a balanced subset of nodes such that x € S and y € S°¢. Let
S" = (S\{z})U{y}. If o does not bridge S to S, then ¢’ does not bridge S’ to S™.

3.5.2.3. Proof That Equation (3.5.1) Holds

Throughout this proof, we assume that we are given a balanced set S, an
odd-even pairing 7 that does not bridge SAT to (SAT)¢, and a black-white
pairing p that does not bridge S to S¢ and is planar when restricted to S and when

restricted to S°.
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For both types of replacements described in the overview of the proof, we will
make the replacement to obtain S’, and then construct a black-white pairing p’

that does not bridge S” to S" such that p|ss and p

gre are planar and an odd-even
pairing 7’ that does not bridge S’AT to (S'AT)¢. We will show that after replacing
S, m, p in equation (3.5.1) with S’, 7’ and p', equation (3.5.1) still holds.

(1) Replace z € S with z +1 € S°.

Suppose we replace z € S with z + 1 € S¢ to obtain S’. There are two cases
to consider based on whether or not 7(z) = x + 1. In both cases, we let p’ be the
pairing obtained by swapping the locations of z and x + 1 in p. By Remark 3.5.9, o'
is a black-white pairing that does not bridge S’ to S’. Also note that since p|s and
plse are planar, p'|sr and p'|s are planar.

Case 1. If 7(z) =  + 1, m does not bridge S’AT to (S’AT)¢ and when we replace
p with p'; the right hand side of equation (3.5.1) changes sign by Lemma 3.5.7.
Since we swapped the locations of x and x + 1 in p to obtain p/, (—1)# cf crossesofp —
—(—1)# of erosses of ' G5 equation (3.5.1) holds.

Case 2. If 7(x) # z + 1, let 7’ be the pairing obtained from 7 by pairing =

with  + 1, w(z) with 7(z + 1), and leaving the remaining pairs the same. By
Lemma 3.5.7, 7’ does not bridge S’AT to (S’AT)¢ and when we replace m with 7’
and p with p’, the right hand side of equation (3.5.1) changes sign. As in Case 1,
(—1)# of crosses of p — _(_1)# of crosses of o' ") equation (3.5.1) holds.

(2) Replace = with y, where = < y are the same color and all ¢ nodes in
the interval [x + 1,2+ 2,...,y — 1] are the opposite color of z and y (¢ > 1).

Suppose we replace x € S with y € S¢ to obtain S’. There are several cases to
consider based on whether x and y are paired with nodes in the interval [z + 1,z +

2.,y —1].
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Case 1. We first consider the case when both x and y are paired with a node in
the interval [z + 1,2+ 2,...,y — 1].

Construction of p'. Let p™ be the pairing obtained by swapping the locations of z
and y. By Remark 3.5.9, p( does not bridge S’ to S’.

We observe that if £ > 2, at least one of the pairings p™"|g/, p™|g is not

planar. To see this, observe that since p|s and p|se are planar, the nodes in the
interval [x+1,..., p(x)—1] are in S¢ and the nodes in the interval [p(y)+1,...,y—1]
are in S (see Figure 3.9).

Suppose towards a contradiction that p()|¢ and

pW|ge are planar. Since p(V|g. is planar, all nodes in
the interval [z + 1,...,p(y) — 1] are in S’. This means

that either

(1) ply) =x+1, or

(2) p(x) =2+ 1 and p(y) =z + 2.
FIGURE 3.9. A possible

configuration of the
[p(y) +1,...,y — 1] other than p(z). By the observation nodes in Case 1.

If (1) holds, there is at least one node in the interval

in the previous paragraph, this node is in S’. If it is in
the interval [p(z) + 1,...,y — 1] its chord crosses the p(z) ~y chord, contradicting
the assumption that p|s is planar. If it is in the interval [z + 1,...,p(x) — 1] it
crossed the p(x) ~ z chord, contradicting the planarity of p|s. If (2) holds, there is
at least one node in the interval [p(y)+1,...,y—1], this node is in S’, and its chord
crosses the p(z) ~y chord, contradicting the assumption that p™|g is planar.
Observe that since p pairs x and y with nodes in the interval [z + 1,z +
2,...,y — 1], any crossings in p*|s must involve nodes in the interval [z + 1,z +

2.,y —1].
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We claim that we can undo the crossings in p*)|s one at a time without
changing the right hand side of equation (3.5.1). To prove the claim, we will
describe a procedure for constructing p™*Y from p(™ so that p™*V|s has one

fewer crossing than p(™|g.

Procedure 3.5.10. (Illustrated in Figure 3.10). Let p(!) be the pairing described

(m+1) a5 follows. Choose the

above, so p)(y) = p(z). For m > 1, we construct p
smallest numbered node i,, € S” with i,, > p(™(y) such that 4,, —~ p™(i,,) crosses

the chord y ~ p(™(y). Since 4,, and p™(y) are the same color and both in S’

(m m41

we can swap the locations of 7,, and p™(y) in p(™ to obtain p™*V and this is a

m+1) does not change

move of type Agy. By Corollary 3.5.6, replacing p™ with p
the right hand side of equation (3.5.1). We claim that p(™*V|g has exactly one
fewer crossing than p(™|g.

Swapping the locations of i,, and p™(y) undoes the crossing of the chords
i —~ p" (i,,) and y ~ p™(y). Next observe that since all the nodes = + 1,z +
2,...,y — 1 are the same color, any chord that crosses the chord 7,, —~y must have
also crossed the chord y —~ p{™(y). By the minimality of i,,, any chord that crossed
the chord y —~ p™(y) (other than the chord i,, ~ p"™(i,,)) must also cross the
chord 7,, ~y.

So we just need to check that pairing p™ (y) with p™(i,,) did not create
any crossings or undo any additional crossings. We claim that a black-white chord
a~ p™(a) with a, p™ (a) € S crosses p™(y) ~ p™ (i,,) if and only if it crossed
im — p™ (i,,). This follows from the observation that neither one of a, p™ (a) can

be in the interval [p™(y) +1,...,4,, — 1] by the minimality of ,,.
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Note that if p™ does not bridge S’ to S, then p(™*1) does not bridge S’

to S". We repeat Procedure 3.5.10 until we have a pairing p(™ such that p(™|g is

planar.
g €S’ ,es i €S’ iy e s in €S’ ies
y p(z) y p(z) y p(r)
X s X
p(iz) pli1) p(iz) p(i1) p(iz) p(i1)

FIGURE 3.10. Illustration of the procedure for undoing the crossings in p|g.
Left: Choose the smallest node i; in S’ greater than p(!)(y) = p(z) whose chord
crosses the chord y ~ p(x). Center: Swap the locations of i; and p(x) in p® to
obtain p®. Right: Repeat this procedure to obtain p(?.

Similarly, we can undo the crossings in p™|g. one at a time without changing

the right hand side of equation (3.5.1). The resulting pairing is p'.
Construction of @' and analysis of equation (3.5.1).

We break into subcases based on the parity of /.
Case la. (is odd
Analysis of LHS of (3.5.1). Since z and y are both paired with black nodes in the
interval [z + 1,2 + 2,...,y — 1], (—1)# crossesof P = —(—=1)# crosses of p 1y Temma
3.1.25. We will show that when we undo crossings to obtain p’ as described, we
apply Procedure 3.5.10 an odd number of times. Recall that every node between x
and p(x) is in S¢ and every node between p(y) and y is in S. It follows that p(z) <
p(y) or p(x) = p(y) + 1. Putting these facts together, we see that every node in 5
crosses the © —~ p(y) chord, and every node in S’ crosses the y ~ p(x) chord. Since

there are an odd number of nodes in {x+1,...,y —1}\ {p(z), p(v)}, we must apply
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Procedure 3.5.10 an odd number of times. We conclude that (—1)# crossesof ' —

(— 1) crosses of p,

Construction of @' and analysis of RHS of (3.5.1). Since /¢ is odd, x and y are the
same parity, so we let 7’ be the pairing obtained by swapping the locations of x and
y. We claim that 7" does not bridge S’AT to (S’AT)¢. Since z and y are the same
parity and the same color, either both of x,y are in T" or neither z nor y are in 7.
Since x,y are either both in 7" or both not in T, exactly one of z,y is in SAT. So
by Remark 3.5.9, 7’ does not bridge S’AT to (S'AT)e.

Also, 7' U p™M) has the same number of components as m U p because when we

replace 7 with 7’ and p with p(!), the path --- — 7(z) — 2 — p(x) —--- in T U p is
replaced with --- — 7w(y) — 2 — p(y) — -+ in 7' U p and the path --- — 7(y) —y —
p(y) — -+ in U p is replaced with - -+ — w(x) —y — p(z) — - - .

Since we applied Procedure 3.5.10 an odd number of times and each

application of Procedure 3.5.10 is a move of type Agy, by Lemma 3.5.4,

(_1)# comp in 7'Up" _ _(_1)# comp in 7'Up(H) _ _(_1)# comp in mUp
Since signgy (97) = —sign sy (p) and signgyy (") = —signgyy (o),
signgy (p) = signgy (p). Finally, since sign,z(n') = —signgyg(m), we conclude

that equation (3.5.1) holds when 7 is replaced with 7" and p is replaced with p'.
Case 1b. 7 is even

Analysis of LHS of (3.5.1). As in Case la, (—1)# crosses of P = —(—1)# crosses of p 1§
¢ = 2 then we let p’ = p™) and both p|s: and p'|ge are planar. If £ > 2, then we will
show that when we undo crossings in p(!) to obtain p’ we apply Procedure 3.5.10 an

even number of times. The reasoning is analogous to the ¢ is odd case: the claim
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follows from the fact that there are an even number of nodes in {x +1,...,y — 1} \
{p(x), p(y)}. We conclude that (—1)# crosses of o — _(_1)# crossesof p,

Construction of @' and analysis of RHS of (3.5.1). We break into cases based on
whether 7(z) = yor w(z) # y. lf 7(x) = y, welet 7/ = 7. If 7(x) # y, we let
7’ be the pairing obtained from 7 by pairing x with y, 7(z) with 7(y), and leaving
the remaining pairs the same. In both cases 7’ does not bridge S’AT to (S’AT)¢
and sign () (—1)# compinTUp — gign o (77)(—1)# comp in 70 1o T emma 3.5.7.
Since we applied Procedure 3.5.10 an even number of times and each application
of Procedure 3.5.10 is a move of type Agy, by Lemma 3.5.4, (—1)# comp inw'Upt)
(—1)# comp in 7'V Rinally, since signpgy, (p™M) = —signgy (p) and sign gy (p™*+0) =
—sign gy (p™), signgy (p') = —signgy (p). We conclude that when p is replaced
with p" and 7 is replaced with 7/, the right hand side of equation (3.5.1) changes
sign. Thus equation (3.5.1) holds.

Case 2. We next consider the case where exactly one of x or y is paired with a
black node in the interval [x + 1,z +2,...,y — 1].

Without loss of generality, suppose that x is the node that is paired with a
black node in the interval [x + 1, ...,y — 1]. There are two subcases to consider.
Case 2a. If one of the ¢ nodes between z and y is in S¢, then let k£ be the smallest
integer such that y — k is in S¢ and let p’ be the pairing obtained by pairing y
with y — k and p(y) with p(y — k). By Lemma 3.5.8, p’|s and p/|gc are planar, and
replacing p with p’ does not change the right hand side of equation (3.5.1).

To show that replacing p with p’ does not change the left hand side of
equation (3.5.1), we must show that (—1)# crosses of o — (_1)# crosses of p - Thjis follows

from the observations that:
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— since p|ge is planar, the chords (y — k) ~ p(y — k) and y —~ p(y) do not cross,

and

— a chord a—~ p(a) crosses exactly one of (y — k) ~p(y — k), y ~p(y) if and only

if it crosses exactly one of p(y — k) ~p(y), (y — k) ~y.

Thus we have reduced Case 2a to Case 1, where both z and y are paired with
nodes in the interval [z + 1,24+ 2,...,y — 1].
Case 2b. If all of the ¢ nodes between x and y are in S (this includes the case

where the only node between x and y is z + 1), then since p|g is planar, x is paired

with = + 1. When we swap the locations of z and y to obtain p("), p(I)|ge is planar
but pM|g is not planar. In fact, every node between z + 1 and y is in S (and
therefore in S’) and crosses the y —~ (2 4+ 1) chord. As in Case 1, we obtain p’ by
applying Procedure 3.5.10 to undo the crossings in p()|s, and this does not change
the right hand side of equation (3.5.1). We break into cases based on whether ¢ is
odd or / is even before constructing 7’.
Case 2bi. (is odd

Since exactly one of z and y is paired with a node in the interval [z + 1,2 +

2,y — 1], (=1)# crosses of ol (__1)# crosses of p [y [emma 3.1.25. We claim

that when we undo crossings to obtain p’, there are an even number of crossings to
undo. This is because every node between x + 1 and y crosses the (x + 1) ~y chord,
and since £ is odd there are an even number of such nodes. So (—1)# crosses of ' —
(—1)# crosses of p.

We let 7" be the pairing obtained by swapping the locations of x and .
By the type of arguments used in Case 1, 7’ does not bridge S’AT to (S'AT)¢,

(—1)# comp in 7'Up" — (_1)# compin7Up “and sign gy, (o) = —signgy,(p). We conclude

that equation (3.5.1) holds when 7 is replaced with 7" and p is replaced with p'.
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Case 2bii. /¢ is even
As in Case 2bi, (—1)# crosses of plV) — (_1)# crosses of p When we undo crossings
to obtain p/, there are an odd number of crossings to undo, so (—1)# crosses of o —
_(—1)# crosses of p,
We break into cases based on whether 7(z) = y or w(z) # y. lf n(z) = vy,
we let 7 = 7. If m(x) # y, we let 7’ be the pairing obtained from 7 by pairing
x with y, m(z) with 7(y), and leaving the remaining pairs the same. In both
cases ' does not bridge S’AT to (S’AT)¢, and signg () (—1)# compinmp —
signo (') (—1)# comp in @0 By the type of arguments used in Case 1,
(—1)# compin #'Up) — _(_1)# comp in 700" and sign () = signpgy (p). We conclude
that when when p is replaced with p’ and 7 is replaced with 7/, the right hand side
of equation (3.5.1) changes sign. Thus equation (3.5.1) holds.
Case 3. Finally, we observe that we can reduce the case where neither x nor y is
paired with a black node in the interval [z + 1,2 + 2,...,y — 1] to the case where
exactly one of x or y is paired with a black node in the interval [z +1,...,y — 1].
First assume that at least one of the £ nodes between x and y is in S. Choose
the smallest integer k& such that x+k is in S. Let p’ be the pairing that pairs z with

x + k and p(z) with p(x + k). By Lemma 3.5.8, p'|s is planar and p

ge are planar
and replacing p to p’ does not change the right hand side of equation (3.5.1). The
argument that (—1)# crosses of ' — (_1)# crosses of p jg the same as the argument in
Case 2a.

Finally, if all of the ¢ nodes between = and y are in S¢, pair y with 4+ ¢. The

argument then proceeds identically.
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3.5.3. Proof That (7, p) Exists

We conclude by proving the existence of an odd-even pairing m and a black-
white pairing p such that 7w does not bridge SAT to (SAT)¢ and p does not bridge
S to S°.

Recall that in Section 3.5.2.1 we showed that for all j there is a balanced set
S of size 25 with a planar black-white pairing p that does not bridge S to S¢, and
by choosing m = p we also have an odd-even pairing 7 that does not bridge SAT to
(SAT)e.

We also showed that any balanced set of size 2j can be obtained from S by
making a sequence of replacements of the form (1) and (2) from Section 3.5.2.1.
Additionally, we showed that given an odd-even pairing 7 and a black-white pairing
p such that 7 does not bridge SAT to (SAT)¢ and p does not bridge S to S¢, and
a set S’ obtained from S by making a replacement of the form (1) or (2), we can
modify 7 and p to obtain 7" and p’ so that 7" does not bridge S’AT to (S'AT)¢
and p’ does not bridge S’ to S™.

We conclude that for each balanced subset S, there is an odd-even pairing m

and a black-white pairing p with the desired properties.
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CHAPTER IV

PROOF OF DOUBLE-DIMER CONDENSATION

In this chapter we prove our condensation theorem (Theorem 2.4.3). We
begin by generalizing Kenyon and Wilson’s determinant formula. Next, we use our
determinant formula and the Desnanot-Jacobi identity to prove Theorem 2.4.3.

We conclude with a special case of this theorem where all signs are positive

(Theorem 2.1.1).

4.1. Kenyon and Wilson’s Determinant Formula

In this section, we prove our generalization of Kenyon and Wilson’s
determinant formula for tripartite pairings. Recall the statement of their theorem

from Section 2.2:

Theorem 2.2.1. [12, Theorem 6.1] Suppose that the nodes are contiguously
colored red, green, and blue (a color may occur zero times), and that o is the

(unique) planar pairing in which like colors are not paired together. We have

Pr(0) = signop(0) det[Lij cotored differently D %] VY
Recall from Section 2.3 that the proof of Theorem 2.2.1 requires two of
Kenyon and Wilson’s results from their study of groves. The first is the fact that
when o is a partition that is a tripartite pairing, Fif(a) can be expressed as a
Pfaffian (Theorem 2.3.6). The second is Theorem 2.3.7, which states that when
o is a pairing, the double-dimer polynomials are a specialization of the grove
polynomials.
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Theorem 2.3.7. [13, Theorem 4.2] If a planar partition o only contains pairs and

we make the following substitutions to the grove partition polynomial Pf(a):

0, if 2 and j have the same parity,
Li,j —

(=1)=3=D72x; . otherwise,

then the result is sign, (o) times the double-dimer pairing polynomial f’;(a), when

we interpret o as a pairing.

We prove Theorem 2.4.2 (our version of Theorem 2.2.1) similarly. We can use
Theorem 2.3.6 as stated, but we need an analogue of Theorem 2.3.7 that allows us

to obtain our polynomials 13;(0) from the grove polynomials.

Theorem 4.1.1. If a planar partition o only contains pairs and we make the

following substitutions to the grove partition polynomial Pr(a)

0, if © and j are the same color,
Li,j —

sign(i, j)Yi;,  otherwise,

then the result is sign,(N)sign, (o) Pr(c).

Proof. We proved in Section 3.4 that Q%) = sign,p(m)signgy (p)PL) (see

equation (3.4.6)). Recall that the matrix QPP gives coefficients for the monomials

Y,= [l Yi; weighted by (—1)# crosss of» and by Lemma 3.1.13,
(i.5)ep

sign ( SlgnBW H Slgn 7 ] 1)# crosses Ofp'

(i,5)€p

The theorem follows. O]
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In addition to Theorems 2.3.6 and 4.1.1, we need the following lemma.

Lemma 4.1.2. Let N be a set of 2n nodes and let (ny,ny + 1), ..., (nog, nox + 1) be
a complete list of couples of consecutive nodes of the same color. Define (—1)™7 to
be —1 if i > 7, and 1 otherwise, and let

M = [(—1)i>jsign(i,j)y;’j}hbl,bz,...,bn

J=w1,w2,...,wp?

where by < by < --- < b, are the black nodes listed in increasing order and
wy < we < --- < w, are the white nodes listed in increasing order. Then M is
a block matriz where within each block, the signs of the entries are staggered in a
checkerboard pattern.

Furthermore, let t be the total number of rows and columns of M that we need
to multiply by —1 to obtain a matrix with entries whose signs are staggered in a
checkerboard pattern where the upper left entry is positive. If node 1 is black,

2%
(—1)" = sign(N)(-1)5

and if node 1 is white,

Proof. We will first prove the claim that M is a block matrix where within each
block, the signs of the entries are staggered in a checkerboard pattern.
We begin with an example. Suppose we have 20 nodes colored so there
are four couples of consecutive nodes of the same color: (4,5),(8,9), (13,14),
and (17,18). Then M is the matrix shown below. We see that the blocks of M
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correspond to consecutive nodes of the same color. More precisely, the last column
in a block corresponds to a white node that precedes at least two consecutive black
nodes. The first column in the next block corresponds to the first white node after
these consecutive black nodes. Similarly, the nodes corresponding to the last row

in a block and the first row in the next block are separated by consecutive white

nodes.

Yieo Yia Yis —Yiz|—Yiio Yie Yiis —Yiir Yiis —Yi
Y30 Y34 Y35 Y3z Y510 Va2 | —Y315 Yazir —Yszis  Yzoo
Yo Yeu —Ye5 Yer Y0 —Yeu2|—Ys1s5 Yeir —Yeiz Yoo
Yo —Ysa Yss —Ys7|—Ysio Ysio Ysis  —Ysir Ysis —Ysao
Yoo You —Yo5 Yor Yoio —You2|—Yois Yoir —Yois Yooo

Yiie —Yius Yus —Yur| Yo Yie | Yinis —Yiar Yis —Yieo
—Yizo Yiza —Yizs Yizz | Yizio —Yisaio|—Yisus Yizar —Yisas Yizoo

Yiapo —Yuua Yus —Yur|—Yiio Yz | Yiais —Yiar Yisis —Yiao
—Yis2 Yiea —Yies Yier | Yiepo —VYien2|—Yiens Yiear —Yieis Yieao
Y92 Yigu —Yios Yier | Yoo —Yigu2|—Yiens Yiour —Yieois Yigoo

Since in the matrix above, row ¢ does not correspond to node i, we introduce
the following notation. We define the map B : {1,2,...,n} — {b1,...,b,}
by letting B(i) be the node corresponding to row 7. Similarly, we define W :
{1,2,...,n} = {w,...,w,} by letting W(j) be the node corresponding to column

j. In the example above, B(4) = 8 and W (8) = 17.
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We will show that M has the form

W(G)<s1 s1<W(j)<sz = sp_1<W(j)<sg
B(i)<u1 A1,1 A1,2 s Al,k
u1<B(i)<uz Az Az s Ao g
)
w1 <B@)<uy | Aga Apa " Ap ]

where the notation B(i) < u; and W(j) < s; means that the block A;; has rows
i such that B(i) < wu; and columns j such that W(j) < s;. In each block A4, ;,
the signs of the entries are staggered in a checkerboard pattern. Note that a block
could be empty.

We first show that within a block, rows ¢ and ¢ + 1 have opposite sign. There

are two cases to consider:
(1) B(i+1) — B(i) = 2, and
(2) Bi+1)—B(i) = 1.

These are the only cases because if B(i + 1) — B(i) > 2, then there is at least one
couple of consecutive white nodes between B(i) and B(i + 1), so rows ¢ and i + 1
are in different blocks.

In case (1), there is not a couple of consecutive nodes of the same color
between B(i) and B(i + 1), S0 ap@)w = aB@it1),w for all w. It follows immediately
from the definition sign(b,w) = (—1)b=®+aw=0/2 that sign(B(i + 1),w) =
—sign(B(i), w) unless B(i) < w < B(i + 1). But if B(i) < w < B(i + 1), the

b>w

sign (—1)*>* flips. So in case (1), rows ¢ and i + 1 have opposite sign.
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In case (2), (B(i), B(i + 1)) is a couple of consecutive black nodes, so

|CLB(2-+1)’w — CLB(i),wl =1.1If B(i + 1) > w,

sign(B(i 4+ 1), w) = (_1)(B(i+1)fw+a3<¢+1>,w*1)/2 — (_1)(B(i)+17w+aB(i),w+171)/2

= —sign(B(i),w).

The case where B(i + 1) < w is completely analogous.

We conclude that within a block, rows ¢ and ¢ 4+ 1 have opposite sign. The
proof that within a block columns j and j + 1 have opposite sign is identical. So,
within each block, the signs of the entries are staggered in a checkerboard pattern.

Since M is a block matrix where the signs of each block are staggered in a
checkerboard pattern, we can always choose rows and columns to multiply by —1 so
that the signs of the matrix entries are staggered in a checkerboard pattern and the
upper left entry is positive. Let ¢ be the total number of rows and columns we need

2%
to multiply by —1. We claim that if node 1 is black, (—1)" = signC(N)(—l)ElLTJ

2k
and if node 1 is white, (—1)" = (—1)"signC(N)(—1)i§1L%J.

We will prove the claim by induction on n, where 2n is the total number of
nodes. The base case is when there are 4 nodes. In this case, (—1)" = 1. We check
all possible node colorings in Table 4.1.

Now assume the claim holds when there are 2n — 2 nodes and suppose that

IN| = 2n. Choose the largest nodes z, z + 1 such that =,z + 1 are different colors.
Let N’ ={1,...,2n —2}. Define ¢ : N — {x, 2 + 1} — N’ by

0 if £ <
b(l) = :
(-2 ifl>z+1
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black nodes M t | sign (N) | (=1)=L%
1,2 < _Yi?) _Y;;z‘; ) 2] -1 ~1
1,3 < _Y;; _Y?f ) 0 1 1
v [ (wae) ] | -
3,4 ( _Ygl _Yif? ) 0 -1 -1
2, 4 ( _Yil _Y;;Zg ) 2 1 1
2,3 < _Y}il _YZ“ ) 1 1 —1

TABLE 4.1. The base case for the proof of Lemma 4.1.2. When a graph has 4

2k
nodes, (~1)" = sign, (N)(~1) 7 .

That is, ¢ defines a relabeling of the nodes of N — {z,z + 1} so that node 1 is
labeled 1, ..., node x — 1 is labeled x — 1, node x + 2 is labeled x, ..., node 2n is
labeled 2n — 2.

Recall that (ny,n; + 1),..., (nog, nog + 1) is a complete list of couples of
consecutive nodes of the same color in N. Let (nj,n} + 1),..., (n5;,ny; + 1) be a
complete list of couples of consecutive nodes of the same color in N

Let M’ denote the matrix corresponding to N’. Let ¢’ denote the total
number of rows and columns we need to multiply by —1 to get a matrix M (’1) with
entries whose signs are staggered in a checkerboard pattern so that the upper left
entry is positive. By the induction hypothesis,

(—1)" = sign, (N')(~ 1) 7
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if node 1 is black and

if node 1 is white.

There are several cases to consider based on whether or not N and IN’
have the same number of couples of consecutive nodes of the same color. In each
case, we will assume that node 2n is white. When 2n is black, the argument is
completely analogous.

Each case will involve two steps:
(i) comparing sign.(N’) to sign.(IN) and (—1)21%J to (—=1)ZL%) and
(ii) comparing ¢ to t'.

Case 1. In the first case, N’ has the same number of couples of consecutive nodes
of the same color as N. There are two ways this can occur: x +1 < 2n,or x +1 =
2n.
Case 1(a). v+ 1< 2n

We first assume that node 1 is black.
(i) Comparing sign (N) to sign,(IN') and (—1)23[717;J to (—1)2L3],

Since N’ has the same number of couples of consecutive nodes as N,
sign.(N) = sign (N’). Since we assumed that x and x + 1 are the largest nodes
such that x and x + 1 are different colors and N’ has the same number of couples of
consecutive nodes as N, node x — 1 and all nodes in the interval [x 4+ 1,...,2n] are
white. Since each node in the interval [x +1,...,2n| of N is white, each node in the

interval [x — 1,...,2n — 2] of N’ is white, and node 1 is black in both N and N’ we
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have

We conclude that

o 2
sign, (N')(=1)& 27 = (21)2 o Tgign (N)(=1)Z: 27 (4.1.1)
(ii) Comparing t to t'.

Comparing the parity of ¢t and ¢’ is a multi-step process. Recall that we
obtained M (’1) from M’ by multiplying ¢’ rows and columns of M’. We start by
returning the nodes of M(/1) to their original labels to obtain M(’Q). Then, we add
the row and column corresponding to nodes x and x + 1 to M(’Q) to get M(’3).
Finally, we let M be the matrix obtained from M by doing all the row and column
multiplications we did to M’ to get JM(’l)7 and consider the relationship between M
and M('g).

Previously we defined the map B : {1,2,...,n} — {b1,...,b,} by letting
B(i) be the node corresponding to row i of M and we defined W : {1,2,...,n} —
{wy, ..., w,} by letting W(3j) be the node corresponding to column j of M. It will
be convenient to let R := B~!and C' := W™ so for example R(6) is the row
corresponding to the black node 6, and C(7) is the column corresponding to the
white node 7.

We define B, W', R’ and C" analogously for M’.

Because this portion of the proof is long, we will illustrate the main ideas
with an example. Let G be a graph with 8 nodes where nodes 1, 3,4 and 6 are

colored black (see Figure 4.1). In this example, z = 6. So N’ = {1,2,3,4,5,6}
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where nodes 1, 3, and 4 are black. This means that

Yio Yis —Yig
M = —Y3,2 —Y§,5 Y3,6
Yio Yis —Yig

To obtain
Yio —Yis Yig

M(ll): _YES,Q Y3,5 —Y3,6
Yio —Yis Yig

we multiply the second and third columns of M by —1, so t' = 2.
In general, to get from M’ to M(’l), either we multiply all of the columns in a
block or none of the columns in a block, because within each block, the signs of the

entries are staggered in a checkerboard pattern. The same is true for the rows.

1

4

FIGURE 4.1. Shown left is an example of a possible node coloring N that could
occur in Case 1(a) of the proof of Lemma 4.1.2. Nodes 6 and 7 are deleted from N
and relabeled to obtain N’, which is shown right.

Return the nodes of M(’l) to their original labels. Next, we return the nodes
to their original labels (equivalently, we apply the map ~!) to get M(’Q). Note that
the only entries that are affected are the entries in the columns corresponding to

nodes ¥ (x + 2),...,9¥(2n).
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In the example, we return node 6 to its original label of 8, resulting in the

matrix
Yio —Yis Yig

M(/z): —Y32 Y35 Y3
Yio —Yis Yis

Add the row and column corresponding to nodes x and x + 1 to ]\/[(’2).
Now, add to M(’2) the column corresponding to node x + 1 (i.e. the column with
entries (—1)”*sign(i,z + 1)Y; ,41) in between the columns corresponding to nodes
xr — 1 and x + 2. Also add the row corresponding to node x as the last row. Change
the sign of the entries in the new column in the rows of M’ that we multiplied by
—1. Similarly, change the sign of the entries of the new row in the columns that we
multiplied by —1. Call the resulting matrix M (’3).

In the example, we get

Yio —Yis Y7z Yig

M — —Ys3s Y35 Y37 —Yig
3) — )
D Vi —vas —Yir Yis

—Ys2 Yo5  Yer —Yigs
where note that we changed the sign of entries Y5 15y = Y65 and Y5 y-16) = Yo8
because we multiplied the columns of M’ corresponding to nodes 5 and 6 by —1.
Since we changed the signs of entries in the row R(z) and the column C(z +

1) as described above, M (’3) is a block matrix with checkerboard blocks with the

following additional properties:

(1) All columns strictly to the left of column C'(z + 1) and all rows strictly above

row R(x) are in the same block.
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(2) The jth entry of C'(x — 1) and C(z + 2) have opposite sign because they were

adjacent in M’ which is checkerboard.
(3) All columns strictly to the right of C'(x 4 1) are in the same block(s).
(4) C(x + 1) is either in same block as C'(x 4 2) or in the same block as C(x — 1).
(5) R(z) is either in the same block as all other rows, or in its own block.

Compare M to M(’3) and conclusion. Observe that if i < x and 7 > x + 1, then

sign((i), ¥ (j)) = (=PI O @02 = (1)U = —sign(i, j),
(4.1.2)
so the entries in the columns C(z + 2),...,C(2n) in M are opposite in sign
compared to the entries in columns C'(¢¥(z + 2)),...,C'(¥(2n)) in M.

Returning to our example, we see that

Yip Yis Yz Yig
—Yzo —Y35 Y37 —Yig
Yio Yis —Yir Yig
—Ys2 —Ys5 Yer —Yegs

Yio Yis —Yig
and M’ = —Y3, —Ys35 Yag )
Yio Yis —Yig

M =

so indeed each entry in column C'(8) = 4 has sign opposite of the corresponding
entry of column C(6) = 3.
Now let M be the matrix M obtained by doing all of the ¢’ row and column

multiplications we did to M’ to obtain M(’l). In our example,

Yio —Yis —Yir —Yig

~ —Yso Y35 Ysr Yig
Yio —Yis —Yir —VYig

—Ys2 Ye5 Yo7  Yes
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Since we changed the signs of entries in the row R(x) and the column C(z+1)
as described in the previous step, by equation (4.1.2) M is identical to M(’g) except
for the columns C(z+2),...,C(2n). Combining this fact with observations (1), (2),
and (3) about M, above, we conclude that that M is checkerboard except possibly
for the row R(z) and column C(z + 1). Both the entries in R(z) and the entries in
C(z 4 1) alternate in signs, so it remains to determine whether or not we need to
multiply R(z) and/or C(z + 1) by —1.

Since (—1)™>*+ = 1 and sign(z + 1, ) = 1, the entry (R(z), C(z + 1)) of M is
positive. Also, since in a matrix with checkerboard entries, the entry (R(x),C(2n))
has positive sign, and all nodes x + 1,...,2n are white, the entry (R(x),C(z + 1))
of the final checkerboard matrix we get after multiplying R(z) and/or C(z + 1) by
—1 has positive sign if and only if z is odd.

This means that x is odd if and only if we must multiply both R(z) and
C(z 4+ 1) by —1 or neither by —1 to achieve a checkerboard matrix. We conclude
that = is odd if and only if the parity of ¢ is the same as the parity of ¢'. Since x is

odd if and only if (—=1)>*~*~! = 1, by equation (4.1.1), ¢ has the same parity as

as desired.

When node 1 is white, the argument is very similar, but we have
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since (8, 1) is a couple of consecutive nodes of the same color. It follows that

NS

2 2
(1) tsign (N (- )E 7 = (1 (12 tsign (N) (-5,

The rest of the argument is identical.
Case 1(b). z + 1 = 2n.

If N’ has the same number of couples of consecutive nodes as N and z + 1 =
2n, there are two possibilities: either nodes 2n — 2 and 1 are black, or nodes 2n — 2
and 1 are white.

We first assume that node 1 is black.
(i) Comparing sign (N) to sign.(N’) and (—1)ZL%;J to (—1)=L% ),

Since N’ has the same number of couples of consecutive nodes as N and = +

1 = 2n, sign (N) = sign.(N’) and

SO

(ii) Comparing t to t'.

In this case 1 is the identity map, so M(/1) = M(lz)' We obtain M(lg) as
described in Case 1(a). By the same reasoning as in Case 1(a), all columns to the
left of column C'(2n) and all rows above row R(2n—1) are in the same block. C(2n)
is either in the same block as the other columns or in its own block, and similarly

for row R(2n —1).
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Let M be the matrix M obtained by doing all of the ¢’ multiplications we
did to M’ to obtain M(,s)' Since 9 is the identity map, M = M(’3). It remains to
determine whether or not we need to multiply R(2n — 1) and/or C(2n) by —1.

Since (—1)?"71>?" = 1 and sign(2n — 1,2n) = 1, we need to multiply both
C(2n) and R(2n — 1) or neither in order for M to be checkerboard. So t has the

same parity as t' and therefore the same parity as

This proves the claim when node 1 is black. If node 1 is white, the only difference

is that

because node 2n was the first in a couple of consecutive white nodes in N, and in

N’, node 2n — 2 is the first in a couple of consecutive white nodes. It follows that

2k
signg (N') = (—1)"(~1)&- 7

2k

(1 (1)

ﬁ
SEN
—

sign (N).

The rest of the proof is the same.
Case 2. In the second case, N’ has two fewer couples of consecutive nodes of the
same color compared to N. Again, there are two ways this can occur: z + 1 < 2n,
or x + 1 = 2n.
Case 2(a). v+ 1< 2n

We first assume that node 1 is black. As in Case 1(a), we illustrate the main

ideas with an example. Let G be a graph with 8 nodes where nodes 1,2,5 and 6 are
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colored black (see Figure 4.2). In this example, z = 6, so N’ = {1,2,3,4,5,6} where
nodes 1,2, and 5 are black.
(i) Comparing sign (N) to sign.(IN') and (—1)EL%J to (—1)2L3],

Since we assumed N’ has two fewer couples of consecutive nodes of the same

color compared to N, nodes x — 1 and x are both black.

4

FIGURE 4.2. Shown left is an example of a possible node coloring N that could
occur in Case 2(a) of the proof of Lemma 4.1.2. Nodes 6 and 7 are deleted from N
and relabeled to obtain N’, which is shown right.

Recall that (s;,s; + 1) denotes a couple of consecutive black nodes of the same
color and (u;,u; + 1) denotes a couple of consecutive white nodes of the same color.

By our assumptions, we have

s <8k < Up—(2n—z—2) < 0 < Up—1 < Ug.

When we remove nodes x and x + 1, there is a one-to-one correspondence between
the inversions with respect to the node coloring of N and the inversions with
respect to the node coloring of N’ except for the inversions in N of the form (sy, u;)

for kK — (2n — x — 2) <i < k. Thus we have that

sign, (N) = (=1)*"""'sign (N).
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In our example, s; < u; < $3 < up in N and s} < u} in N’. There is one fewer
inversion in N’ compared to 1:1 and so sign, (IN) = —sign,(N’).
2k=2 1 2%
Next we compare (—1) =t o (—1)1':1L71 . We begin with our example.
Nodes 5 and 7 (nodes x — 1 and = + 1, respectively) are in {nq,...,ng}. In N’,
the black node 9 (5) = 5 is adjacent to the white node ¥ (8) = 6 and the couple of

consecutive white nodes (7, 8) is not replaced by a new couple of consecutive nodes,

SO N
(_1);L%J = (- (=Bl (—)lE =1
22
while (—1) &l (—D)lzl(=1)l3) = =1
In general, since the nodes x +1,...,2n are white and x — 1 is black, the node
x — 1 and all nodes in the interval [z + 1,...,2n — 1] are equal to n; for some i. In

N’, all nodes in the interval [¢)(z + 2),...,1(2n — 1)] are equal to n} for some i.

From the observations that

— to obtain N’ we deleted nodes = and x + 1 from N,
— ¢(z — 1) is adjacent to the white node ¥ (x 4+ 2) in N’ and

—Y(y)=y—2fory>ax+1,

we get

It follows that

so we conclude that

sign (N)(~1) 5 = sign (N)(-1) 5



(ii) Comparing t to t'. This portion of the proof is similar in structure to part

(ii) of Case 1(a). In our example,

—Yi3 Yia —Yig
M= Y2,3 —Y2,4 Y2,6
Y5z —Ysu Ysg

We multiply all three columns and the last row of M’ by —1 to obtain M (’1) and

return node 6 to its original label of 8 to obtain M(’z), SO

Yis —Yia Yig Yis —Yia Yis
M(ll) =|-Yos You Y| and M(IZ) = | Y3 Yo, —Yag
Yss —Ysu Yse Yss —Ysu Yss

Add the column and row corresponding to nodes z+1 and x to M(’2). Now,
add the column corresponding to node x + 1 immediately to the left of the column
corresponding to the node x + 2 in M, (’2). Also add the row corresponding to node
x as the last row. Change the sign of the entries in the new column in rows R(a) if
R'(¢(a)) was a row we multiplied by —1. Similarly, change the sign of the entries
in the new row in columns C(b) if C’(¢(b)) was a column we multiplied by —1, and
call the resulting matrix M ('3), which is a block matrix with checkerboard blocks

with properties (1)-(5) from Case 1(a). In our example,

Yis —Yia Yiz Yis
—Yos You —Yor —Yos
Ys3 —Ysa Y57z Ysg
Y3 —Yeu Yeor Yigs
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Compare M to the entries of M(’g) and conclusion. Observe that if i < x and

j >z +1 then
sign(¢ (i), ¥(j)) = (=1) PO HOTe0u0 D2 = ()02 2D/ = sign(i, ),

so unlike in Case 1(a), the entries in the columns C(x 4 2),...,C(2n) are the same
sign in M as the entries in columns C'(¢¥(z + 2)),...,C"(¢¥(2n)) in M.
Returning to our example, we see that the entries in column C'(8) = 4 have

the same signs as the entries in column C(6) = 3, as

Y3 Vg Yz Vg
Yo —You —Yor Yog
Y53 —Ysa —Ys7 Yig
—Yo3 Yeu Yo7 —Yegs

—Yis Yia —Yig
and M' = Yoz —You Yaog
Yss —Ysa Ysg

M =

Let M be the matrix M obtained by doing all of the ¢ multiplications we did
to M’ to obtain M(’3). We see that M = M(’3), so M is checkerboard except for the
columns C'(x + 2),...,C(2n) and also possibly the row R(x) and/or the column
Clx+1).

There are two cases to consider. In the first case, C'(z + 1) is not in the same
block as the first column to its left, so we need to multiply C'(z + 1) by —1. Then,
since C'(z + 1) is in the same block as C(z + 2),...,C(2n), we need to multiply the
remaining 2n — x — 1 columns by —1 as well. So we have done ¢’ + 2n — z total
multiplications. It remains to consider whether or not we need to multiply row
R(z) by —1. Recall from Case 1(a) that after we are finished multiplying rows and

columns and have obtained a checkerboard matrix, the entry (R(z), C(z + 1)) must
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have positive sign if and only if z is odd. Since (—1)*>**1 = 1, sign(z + 1,7) = 1,
and we multiplied C'(x 4+ 1) by —1, we multiply R(x) by —1 if and only if x is odd.
Therefore if x is odd, we have done ¢’ + 2n — x + 1 multiplications, and if x is even,
we have done ¢ + 2n — x multiplications. We have thus shown that ¢ has the same
parity as t'.

If C(z + 1) is in the same block as the first column to its left, we do not need
to multiply C'(z 4+ 1) by —1 but we still need to multiply the remaining 2n — z — 1
columns by —1. So we have done ¢’ + 2n — = — 1 total multiplications. Since we
did not multiply C(z + 1) by —1, we multiply R(z) by —1 if and only if z is even.
Therefore, if x is even, we have done ¢’ + 2n — x total multiplications and if x is odd
we have done t' + 2n — x + 1 multiplications. Again, ¢ has 2tkhe same parity as t'.

In both cases, t has the same parity as signC(N)(—l);L%J, which completes

the proof when node 1 is black.

When node 1 is white, we have

crr Sk < Ug—(2n—a—1) < 1 < Ug—1 < U

but (s, ug) is not an inversion since node 1 is white. So we still have sign, (IN) =

(—1)*»~~1sign (N’). Since (2n,1) is a couple of consecutive white nodes,

2k—2 n;- 2k ng
(1) Z = (_1)2”_9”_1(_]_)“7_”(_1)LZT_HJ(_1)1'§1L7J

It follows that
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So

2k—2 n; 2%k n
sign (N')(~1) 5 7 = —sign (N)(~1)= -+
We conclude that
2k=2 f 2%k
> 1= _glL#J

(1) sign, (') (1) &

The rest of the argument is the same.
Case 2(b). z+1=2n
If N’ has two fewer couples of consecutive nodes of the same color and
compared to N and x + 1 = 2n, it must be the case that nodes 2n — 1 and 2n — 2
are both black and node 1 is white.
(i) Comparing sign.(N) to sign.(N’) and (—1)ZL%;J to (—=1)=L% ),
Removing nodes 2n and 2n — 1 does not remove any inversions with respect
to the node coloring of N (recall that (s, uy) is not an inversion when node 1 is
white). Thus sign,(N) = sign.(IN').

Next observe that

k=2 2k, 2k,
()& = )P E T = s
Since node 1 is white, we have
2 2
> 1%) 1%

(ii) Comparing t to t'.

This argument is identical to (ii) in Case 1(b), and we conclude that ¢t has the

2j .
S 1%
i=1 .

same parity as t', and therefore the same parity as (—1)"sign.(N)(—1) O
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Now that we have established Lemma 4.1.2, the proof of Theorem 2.4.2 is

very similar to Kenyon and Wilson’s proof of Theorem 2.2.1.

Theorem 2.4.2. Suppose that the nodes are contiguously colored red, green, and
blue (a color may occur zero times), and that o is the (unique) planar pairing in

which like colors are not paired together. We have

P 1 i=b 7b 7---7bn
Pr(o) = signgg(0) det[1; j RaB-colored differently Yi.j]i—ao, g wn 3
where by < by < ... < b, are the black nodes listed in increasing order and w; <

wy < ... < w, are the white nodes listed in increasing order.

Proof. Without loss of generality!, we may assume that when we list the nodes in
counterclockwise order starting with the red ones, they are in the order 1,2,...,2n.
Combining Theorems 4.1.1 and 2.3.6 immediately gives a Pfaffian formula for the
double-dimer model. For example, let G' be a graph with eight nodes where nodes
1, 3, 4, and 6 are black. Assume the nodes are colored red, green and blue as shown

in Figure 4.3, so 0 = ((1,8),(3,4), (5,6),(7,2)). Then by Theorem 2.3.6,

'We can renumber the nodes while preserving their cyclic order in without changing the global
sign of the Pfaffian in Theorem 2.3.6. This is because if we move the last row and column to
be the first row and column, the sign of the Pfaffian changes. But since the entries above the
diagonal must be non-negative, we negate the new first row and column and the Pfaffian changes
sign again.
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FIGURE 4.3. The example from the proof of Theorem 2.4.2. When G has eight
nodes colored red, green, and blue as shown, the corresponding tripartite pairing is

((1,8),(3,4), (5,6), (7, 2))-

0 0 0 Lia L1y Lig L1z Lig
0 0 0 Loy Loy Log Loy Log
0 0 0 Lss  Lizs Lze L3z Lsg
Brigsalse|r2) = | “Lat Thaz has 000 Lae Lag Lag
—Ls1 —Lsa —Lsgs 0 0 Lsg Lsy Lsg
—L¢1 —Leé2 —Les —Les —Les
—L7y —Lza —L73 —L7s —Lzs

(4.1.3)
So making the substitution in Theorem 4.1.1 expresses ﬁ(18|34|56|72) as a
Pfaffian, up to a global sign.
Presently, we explain how we can obtain a determinant formula from this
Pfaffian formula. We make the substitution L; ; — 0 when ¢ and j are both black or

both white and we reorder the rows and columns so the black nodes are listed first.
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In the example, the above matrix becomes

0 0 0 0 0 Lis Lz Lig

0 0 0 0 0 Lys Ls; Lsg

0 0 0 0 —Lyo 0 Ly; Lus
0 0 0 0 —Lgs —Les O 0
0 0 Loy Lyg O 0 0 0
—Ls; —Lss 0 Lsg 0 0 0 0
—Lzy —Lis —Lzy 0 0 0 0 0
0 0 0 0

—Lgy —Lgz —Lgs O

Simultaneous swaps of two different rows and corresponding columns changes
the sign of the Pfaffian. Assuming the graph has 2k couples of consecutive nodes of
the same color, we claim that the number of swaps needed so that the black nodes

are listed first has the same parity as

if node 1 is black. If node 1 is white, the number of swaps needed has the same

parity as
2k

To prove this, we will first show that the number of node swaps needed to get

from a node coloring with 2k couples of consecutive nodes of the same color to a

2k
node coloring that alternates black and white has the same parity as L%J .

=1
We will prove this by induction on k. When £ = 0, 0 swaps are needed, so
the claim holds trivially. Assume the claim holds when N has 2(k — 1) couples of

consecutive nodes of the same color and suppose we have a set of nodes that has

2k couples of consecutive nodes of the same color. Let A be the smallest integer so
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that nj,_q, and n,, are different colors. Then n;,_; and n; are the same parity and
there are an even number of nodes in the interval [n,_1 + 1,...,ny], which alternate
in color. If we swap nj, with n, —1, n, —2 with n, —3 ,..., np_1 +2 with np,_1 + 1,

we will have done “2==1 swaps and we will have a node coloring with 2(k — 1)

couples of consecutive nodes of the same color. If n, and n;,_; are both even then

Nh—Nh-1
2

then by writing === = "h_l_(;h‘l_l) we see that "= and | %] 4 | ™| have

clearly has the same parity as [%’J + ["hilj. If n;, and ny_; are both odd

the same parity. By the induction hypothesis, the number of swaps needed to get to

a node coloring that alternates black and white has the same parity as > L"—J .

The claim follows.
Assume node 1 is black. If there are no couples of consecutive nodes of the
same color, the number of swaps needed to put the black nodes first is

n(n —1)

I+24+3+---+(n—1)= 5

because the third node requires 1 swap, the fifth node requires 2 swaps, the seventh

node requires 3 swaps, . .., and the (2n — 1)st node requires n — 1 swaps. So if there
2k

are 2k couples of consecutive nodes of the same color, since | \_%J node swaps are
i=1

needed to get to a node coloring that alternates black and white, the number of

swaps needed so that the black nodes are listed first has the same parity as

2k

o sb S|z

=1

If node 1 is white, the number of swaps needed to put the black nodes first is

1
1+2+3+--~+n:@
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because the second node requires 1 swap, the fourth node requires 2 swaps, ..., and
the (2n)th node requires n swaps. So the number of swaps needed so that the black

nodes are listed first has the same parity as
2k
n(n+1) n;
2 _*Ejliﬁ‘

=1

Next, observe that after the rows and columns have been sorted, the matrix

0  +Lpw
FLwsp 0

where B represents the black nodes, W the white nodes, and the signs of the

has the form

entries in £Lp w are + if the black node has a smaller label than the white node

and — otherwise. The Pfaffian of this matrix is the determinant of the upper right

L n(n-1) : . o
submatrix times (—1)" 2 “ To summarize, after making the substitution Li; =0

when ¢ and j are both black or both white and sorting the rows and columns so the

black nodes are listed first,

0 Lre Lrs 2K
3

> 1=
Pt| —Lgr 0 Lop | = (=1)5 7 det (LB,W>7
~Lpr —Lpa O

when node 1 is black. When node 1 is white,

0  Lre Lgs 2

> L%
Pf _LG,R 0 LG,B = (—1)”'(—1)1:1 ? det <LB,W> .
—Lpr —Lpec O
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In the example, after this substitution and reordering, the Pfaffian of matrix

(4.1.3) is equal to

0 Lis Lz Lig

) )

0 L3s L3z L3g

—Lyo 0 Ly7 Lug
—L672 —L6’5 0 0

(—1)"*3 det

because n; = 3 and ny = 7.

Next we do the substitution L; ; — sign(i, 7)Y; ;. The result is the matrix

]i:blbea“'vbn
J=wW1,Ww2,...,Wn,

M = [1i,j RGB-colored differently (_1)i>jSign(i7 ])Y;,J

where b; < by < --- < b, are the black nodes listed in increasing order and w; <

wy < --- < w, are the white nodes listed in increasing order. By Theorem 4.1.1,

2k

Pr(0) = signop()sign (N) (—1)5 *” det(M)
if node 1 is black and
$ 1)
Pr(0) = signop()sign, (N) (—1)"(~1)Z " det(M)

is node 1 is white. By Lemma 4.1.2, M is a block matrix where within each block,
the signs of the entries are staggered in a checkerboard pattern. Next, we multiply
rows and columns of M by —1 so that the signs of the matrix entries are staggered

in a checkerboard pattern and the upper left entry is positive. Call the resulting
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matrix M. By Lemma 4.1.2,
Pr(o) = signy (o) det(M)

regardless of whether node 1 is black or white. Then, if we multiply every other
row by —1 and every other column by —1, the signs of all matrix entries are

positive and the determinant is unchanged. We conclude that

Pr(o) = signgp(0) det[1; j RGB-colored differently Y;,j]j-jifi; '''''' ’ .

Returning to our example, we find that

0 Yis Yizr Yig

Y5 Ysr Yis

Yio 0 Yir Yig
Yoo Yo5 O O

Pr(18]34/56|72) = signy(18]34]56]72) det

0 Y5 Yiz Yig

0 Y5 Y37 Yis
Yio 0 Yi7 Yig
Yoo Y5 O 0

Before proceeding to the proof of Theorem 2.4.3, we make several remarks

about the matrix from Theorem 2.4.2, which we will denote M.

Remark 4.1.3. Recall that from the proof of Lemma 3.2.5 that V; ; =
sign(i, j )K;jl, where K is the Kasteleyn matrix of G. Thus the entries of M are

either 0 or signed entries of the inverse Kasteleyn matrix of G.
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In Kenyon and Wilson’s matrix (see Theorem 2.2.1), X, ; = Sign(i,j)Kile,

GPW rather than the Kasteleyn matrix of G.

where K is the Kasteleyn matrix of

Although the nonzero entries of M are signed entries of XK', on a graph with
more than two vertices it is never the case that M = K~!. This is because M and
K are in general different sizes: M is a n x n matrix, where n is the number of

nodes, while K is a |V;j] x |V3| matrix, where V] is the number of black vertices and

V5 is the number of white vertices.

Remark 4.1.4. By Cramer’s rule, the entries of M ™! are ratios of double-dimer

partition functions.? More precisely, Cramer’s rule says

i=b1,b2,....bn

J=w1,we,...wn

N i
M = det (37 [det(M))]

Note that while the (¢, j)th entry of M is Y}, . the (i,7)th entry of M~ is
the determinant of the matrix M with row 7 and column i removed. Applying

Theorem 2.4.2,
. sign(o) Z0P (G N — {bj, wi})
det(M)) = (Z(G)y /

where 0j; denotes the unique tripartite pairing on the node set N — {b;,w;}. So,

M-l — sign(o

— W(J)I\I)[Sign(aﬁ)zg?(a N — {b;, wi})]i:bhbg,,,,’bn

J=w1,wa,...Wn "

4.2. Proof of Theorem 2.4.3

Now that we have proven Theorem 2.4.2, Theorem 2.4.3 follows quickly from

the proof method described in Section 2.4.

2We thank Gregg Musiker for making this observation.
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Theorem 2.4.3. Divide the nodes into three circularly contiguous sets R, G,
and B such that |R|, |G|, and | B| satisfy the triangle inequality and let o be the
corresponding tripartite pairing. Let x,w be black nodes and let y, v be white

nodes. Then

SignOE(U)SignOE(U;‘ywv)ZUDD(Gv N)ZUDmfwv (G? N — {[L’, Yy, w, 'U})

= SignOE(U;y)SignOE(o-{uv)Zagf(G’ NI {l‘, y})Zﬁf(G, N - {w7 U})

_SignOE(Ua/cv)SignOE(o-;uy)ZcZ?(G7 N — {.T, U})ZQQ(G7 N — {U), y})

where for i,j € {z,y,w,v}, 0;; is the unique planar pairing on N — {4, j} in which
like colors are not paired together, and o}; is the pairing after the the node set N —

{7, j} has been relabeled so that the nodes are numbered consecutively.

Proof. First we assume that all pairings in the theorem statement exist. Let

M = [1; j RGB-colored differently K;]i’ﬁf’fyzb"wn

and let r, and r,, denote the rows corresponding to nodes x and w, respectively.

We first move the columns corresponding to y and v (i.e. the columns with
entries Y;, and Y;,, respectively) to the columns r, and r,. We observe that we
can do this without exchanging the column with entries Y; , with the column with
entries Y; . For example, if r, < ¢, < r,, < ¢,, we swap column ¢, with column
¢y — 1, then column ¢, — 1 with column ¢, — 2,..., and column r, 4+ 1 with column
r.. Next, we swap column ¢, with column ¢, — 1,..., and column r,, + 1 with

column r,,. If instead ¢, < ¢, < r; <1y, we swap column ¢, with column ¢, +1, ...,
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and column 7, — 1 with column r,, before swapping ¢, with column ¢, +1,..., and
column r, — 1 with column 7.

Without loss of generality we assume that we move the column with entries
Y, to column 7, and the column with entries Y; ,, to column r,, to obtain the
matrix M. Let s, denote the number of column swaps we make in the process of
moving the column with entries Y;,. Let s, denote the number of column swaps we
make in the process of moving the column with entries Y;,. Note that s, and s, are
well-defined up to parity. Note also that after making these swaps, the columns are
still in ascending order, aside from the columns with entries Y;, and Y;,.

By the Desnanot-Jacobi identity,
det(M) det(M7=7) = det(M*) det(M*) — det(M!*) det(M[*), (4.2.1)

where recall that M! is the matrix M with row s and column ¢ removed.

We apply Theorem 2.4.2 to each term in equation (4.2.1). First consider
det(]\%;). In order to apply Theorem 2.4.2 we must reorder the columns. Since
we have removed the column 7, which had entries Y; ,, s, column swaps will put
the columns in the correct (ascending) order. This follows from the previous
observation that we moved the columns corresponding to y and v without
exchanging the column with entries Y; , with the column with entries Y; ,,.

We must also relabel the nodes N — {z,y} so that they are numbered
consecutively. Recall that o, denotes the unique planar pairing of N — {z,y} in
which like colors are not paired together. When we relabel N — {z,y} we relabel

04y as well. Call the resulting node set N’ and the resulting pairing o7, . Then by
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Theorem 2.4.2,
_ - | ZBP(G.N)
det<Mr5> = (_1) vSlgnOE(O-xy)Wv

and thus
. _ . ZPP(G,N - {z,y})
det(M;*) = (—1)*signop(oy,) (ZD(@G))2

Ty

Similarly, we have

ZPP(G,N — {w,v})

det(M]) = (—1)*signop(al,,)

()

det(VT™) = (=1)"signog(o’,,) 22 ((C;;\(I G_»{f’“}), and (4.2.2)
_ ZPP(G,N — {y,w
det(MrTi) = (_1>SvSign0E(ag/;w) e ((ZD(G)){Qy })
It follows that the right hand side of equation (4.2.1) is
ZPP(G N — {=x, DD N — {w,v
(—=1)%(=1)* (SigHoE(U;y)SigHoE(U;w) - ((ZD(G)){z v Zow. ((GZ;G);{Q 2
. ' Vsigng (0" ZpP(G N — {z,0}) Z5 (G N — {y,w}))
_SlgnOE(axv)SlgnOE Uyw) (ZD(G))Q (ZD(G))2

Applying Theorem 2.4.2 to the left hand side of equation (4.2.1), we have

— ZPD (G, N)

det(M) = (—1)*(—1)*signyp(0) —==——~, and
(ZP(G))?
ngm(G,N —{z,y,w,v}) (4.2.3)

det(M;=v) = signpp (U/zywv) (ZD(G))?
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We conclude that

SignOE(U)SignOE( mywv)ZaDD(G N)ZDD (G’ N - {:E7 Yy, w, U})

Ozywv

— signop(0l, )signop(0,) Z22(G,N — {2,y}) Z22(G,N — {w,v})

Oxy Twov

_SignOE( xv)SIgnOE( )ZDIUD<G7 N — {.T, U})ng;(G, N — {w7 y})

It is not necessarily the case that the pairings 0.y, Owe, Ozv; Owy, and Opyuy all
exist. First consider the case where one of the pairings oy, Oy, Ozv, Oy does not
exist. Without loss of generality, assume that o, does not exist. This means that
the number of nodes of different colors in N — {z,y} do not satisfy the triangle
inequality. Then det(]\/\/_if;") = 0 since every black-white pairing contains an RG B-
monochromatic pair. There are two possibilities in this case: either the theorem
statement holds trivially, or

z;P(GN)Z,), (GN = {z,y,w,v}) = Z,70(G,N = {z,0})Z,) (G, N — {w,y}).
(4.2.4)

Since the numbers of nodes of different colors in N — {z,y} do not satisfy
the triangle inequality, without loss of generality, we may assume there are more
red nodes than the combined number of blue and green nodes in N — {z, y}. Since
we assumed that in N, |R|, |G|, and | B| satisfy the triangle inequality, it follows
that |R| = |G| + |B| in N. Assuming without loss of generality that when we
list the nodes in counterclockwise order starting with the red ones, they are in the
order 1,2,...,2n, this means o is the pairing ((1,2n),(2,2n —1),...,(n,n+1)). It
must be the case that x and y are both green or blue, so if either w or v is green,

then 0y, does not exist and either o, or o,, does not exist, so the equality holds
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trivially. If both w and v are red, then 0y, 04, and oy, all exist. In this case, the
rest of the proof proceeds as above and we have

SignOE(O-)SignOE(UIyw’U)ZoPD<G7 N)ZDD (GJ N - {:C7 Yy, w, U})

Tzywv

= —signop(00)signo (0 Z0P (GN — {2,0}) 220 (G, N — {w. ).

Recall that inversions in a planar pairing correspond to nestings (see

Remark 3.1.17). Because o is the pairing ((1,2n),(2,2n — 1),...,(n,n + 1)),
sign(o,,) = sign(oy,) and sign(o,yw) = sign(o) - (=1)""! - (=1)""2. Equation
(4.2.4) follows.

If 04y does not exist, then this means that the numbers of nodes of different
colors in N — {x,y,w,v} do not satisfy the triangle inequality. Without loss of
generality, we may assume there are more red nodes than the combined number
of blue and green nodes in N — {z,y, w,v}. By the same reasoning as above,
det(m:’f;“) = 0. There are two possibilities. There are either four more red nodes
than the combined number of blue and green nodes in N — {z,y, w, v}, or there
are two more red nodes than the combined number of blue and green nodes in
N — {z,y,w,v}. If there are four more red nodes than the combined number of
blue and green nodes, the equation holds trivially. If there are two more red nodes
than the combined number of blue and green nodes, there are two possibilities. If
any one of x,y,w, or v is red, then the equation holds trivially. If all of x,y,w, and

v are green or blue, then in the original node set N, |R| 4+ 2 = |G| + | B|. So each of
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the pairings 0.y, Oww, Ouy, and oy, are ((1,2n — 2),(2,2n — 1),...). Then we have

SignOE(ny)SignOE(Uwv)Zasz(Ga N - {(/U, y})Zg,f(G> N - {wa U}>

= SignOE(Umv)SignOE(awy)ZDD(G7 N - {:L‘, U})ZDD(Gv N — {w, y}>

Ozv Cwy

Since inversions in a planar pairing correspond to nestings, all pairings have the

same sign. So in this case,
mef(G,N — {x,y})Zﬂfz(G,N —{w,v}) = ngf(G,N — {x,v})ZﬁE(G,N —{w,y}).

]

Remark 4.2.1. To simplify the expression in Theorem 2.4.3, it suffices to know the
RGB-coloring of the nodes z,y, w, v.

Without loss of generality, assume that when we list the nodes in
counterclockwise order starting with the red ones, they are in the order 1,2, ..., 2n.
Let |RG(0)| be the number of red-green pairs in o. Define |GB(0)| and |RB(0)|
similarly. Assume that |RG(0)|,|GB(0)|, and |RB(0)| are all nonzero.

If the set of nodes {z,y} contains one red node and one blue node, then o,
has one fewer red-blue pair than o, but the number of red-green and green-blue
pairs is the same (see Figure 4.4). By Remark 3.1.17, to determine the relationship
between signg (o) and signg (07, ) it suffices to count the number of nestings in
the diagram of ¢ that involve a red-blue pair (n,,n;). There is one nesting for
each red-blue pair other than (n,,n;), one nesting for each red-green pair, and one

nesting for each green-blue pair (see Figure 4.5). Therefore,

sign(o?,,) = sign(o) - (=D)IRG@I . (_)IEB@I . (_1)IRB@)-1
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9 1 16 o 1 15 2 1 16

3 15 3 15 3 15
4 14 14 4 14
5 13
6 5 6 13 5 13
7 11 7 11 6 12
8 ¢ 10 8 o 10 8 o 10

FIGURE 4.4. The tripartite pairing on N — {4, 12} (shown center) has one fewer
red-blue pair than the tripartite pairing on N (shown left). The tripartite pairing
on N — {7,11} (shown right) has one fewer red-green pair, one fewer green blue
pair, and one more red-blue pair compared to the pairing on N.

If the set of nodes {x,y} contains one red node and one green node, then o,
has one fewer red-green pair than o, but the number of red-blue and green-blue
pairs is the same. So we count the number of nestings in the diagram of o that
involve a red-green pair (n,,n,). There is one nesting for each red-green pair other
than (n,,ny), and one nesting for each red-blue pair. Therefore,

sigop (07,) = signop(o) - (1) (—1)RE@L
Similarly, if the set of nodes {x,y} contains one green node and one blue

node, then

signop(0h,) = signog (o) - (~1IFFEL. (_1)I6B@=L

If both o and y are green nodes, then o,, has one fewer red-green pair,
one fewer green-blue pair, and one more red-blue pair, as shown in Figure 4.4.
Removing a red-green pair from o removes |RB(0)| + |RG(0)| — 1 nestings. Then,
removing a green-blue pair removes |RB(o)| + |GB(0)| — 1 nestings. After these

pairs have been removed, adding a red-blue pair results in |[RB(0)| + |GB(o)| — 1 +
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

FIGURE 4.5. When a red-blue pair is removed from o, the number of nestings in
the diagram of o decreases by |[RB(c)| — 1+ |RG(0)| + |GB(0)|.

|RG(0)| — 1 additional nestings. Therefore,

Sign(gfvy) = Sjgn(g) . (_]_)|RB(U)‘

If both z and y are red nodes, o, has one fewer red-blue pair, one fewer red-
green pair, and one more green-blue pair. Removing a red-blue pair from o removes
|RG(0)|+|GB(0)|+|RB(0)| — 1 nestings. Then, removing a red-green pair removes
|[RB(0)| — 1+ |RG(0)| — 1 nestings. After these pairs have been removed, adding a

green-blue pair results in |[RB(o)| — 1 + |GB(0)| additional nestings. Thus
SigH(O';y) = Sjgn(g) . (_1)|RB(U)‘.

Similarly, if both x and y are blue,

SigH(O';y) = Sjgn(g) . (_1)|RB(U)‘.
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If we assume that the nodes z,y, w, v alternate black and white and the set
{z,y,w,v} contains at least one node of each RGB color, we can use Remark 4.2.1

to show that the all the signs in Theorem 2.4.3 are positive.

Theorem 2.1.1. Divide the nodes into three circularly contiguous sets R, G,

and B such that |R|, |G| and |B| satisfy the triangle inequality and let o be the
corresponding tripartite pairing. Let x,y,w,v be nodes appearing in a cyclic order
such that the set {z,y,w,v} contains at least one node of each RGB color. If z and

w are both black and y and v are both white, then

ZUDD(G, N)ZDD (G,N —{z,y,w,v}) = ch?wf(G,N - {$,y})ZDD(G,N —{w,v})

Ozrywv Twv

+ZP2P(G,N = {2,0}) Z2P(G,N — {w,y}).

Ozv

Proof. Without loss of generality, assume that when we list the nodes in
counterclockwise order starting with the red ones, they are in the order 1,2,...,2n.
Assume also that one of the nodes x,y, w, v is red, two are green, and one is blue.
The other cases are very similar. By the assumption that the nodes are in cyclic

order, there are two possibilities®:

(i) One of the sets {z,y}, {w, v} consists of a red node and a green node and
the other consists of a green node and a blue node. Also, one of the sets
{z,v},{y, w} consists consists of one red node and one blue node, and the

other consists of two green nodes.

(ii) One of the sets {z, v}, {y,w} consists of a red node and a green node and

the other consists of a green node and a blue node. Also, one of the sets

3The assumption that the nodes x, y, w, v are in cyclic order is required. Otherwise, it would
be possible for = to be red, y to be green, w to be blue, and v to be green. In this case, the sets
{z,y} and {z,v} consist of one red node and one green node, and the sets {w,v} and {y,w}
consists of one green node and one blue node.
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{z,y},{w,v} consists consists of one red node and one blue node, and the

other consists of two green nodes.

We only prove case (i),

sighop (0, )signog(0y,,)

SignOE (O-:,L"U ) SigHOE (O-:uy)

as case (ii) is essentially the same. By Remark 4.2.1,

(_1)IRB(0)| (_1)|RG(0)|71(_1)|RB(0)\ (_1)\GB(o)|fl
— (_1)IRG(U)I(_1)IGB(U)\7 and
= (=1)EC@N(_)IEB@I(_1)IRB@)I=1(_1)IRB()]

— _(_1)|RG(U)I(_1)IGB(U)I_

Since we can obtain o,y,, by first removing the nodes =,y (which removes a red-

green pair) and then removing the nodes w, v (which removes a green-blue pair),

signop(o a,ry)SignOE (To)

Thus by Theorem 2.4.3,

zPPa,N)zPP (G,N — {z,

Tzywv

(—1)EB@I (1) IRG@)I=1(_1)[EB(@)l(_1)IGB(o)I~1

— (_1)|RG(0)|<_1)IGB(U)\'

Owv

Yy, w, U}) = chcf(Gv N - {$a y})ZDD(Ga N - {w7 U})

+ZP2P(G,N = {2,0}) Z2P(G,N — {w,y}).

Ozv
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APPENDIX

ANOTHER PROOF OF KUO CONDENSATION

Recall Kuo’s recurrence from Section 1.1:

Theorem 1.1.1. [14, Theorem 5.1] Let G = (V4, V4, E) be a planar bipartite
graph with a given planar embedding in which |Vj| = |V3|. Let vertices a,b, ¢, and d

appear in a cyclic order on a face of G. If a,c € V] and b,d € V5, then

zP(@)zP (G —{a,b,¢,d}) = ZP (G —{a,b}) ZP(G —{¢c,d}) + ZP (G - {a,d}) ZP (G —{b, c}).

We give a non-bijective proof of Theorem 1.1.1 in the case where a, b, ¢, and
d are on the outer face of G using the Desnanot-Jacobi identity and the Kasteleyn

matrix. This proof uses ideas from the proof of [13, Lemma 3.2].

Proof. Fix a Kasteleyn weighting of the graph G and let K be the corresponding
Kasteleyn matrix, with rows and columns ordered so that the first two rows
correspond to vertices a and ¢ and the first two columns correspond to vertices b

and d. By the Desnanot-Jacobi identity (Theorem 1.1.2),

det(Ky3)  det(K})det(K3) — det(K?) det(K3) (A0.1)
t 0.

2
det(K) (det(K))?
where recall that Kij is the matrix obtained from K by deleting the ith row and the
7th column.
Let i € {a,c} and j € {b,d}. Adjoin an edge of weight W connecting i to
J so that it separates the outer face of G into two faces. Choose the sign of e; ; so

that one of the faces bounded by e; ; is flat. Let Ky denote the Kasteleyn matrix
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K with the additional entry corresponding to the edge e; ;. By Lemma 3.2.9, Ky is
a Kasteleyn matrix of the graph G U {e; ;}.

Observe that ZP(G—{i,j}) = £[W]det(Kw ), where [W]det(Ky ) denotes the
coefficient of W in the polynomial det(Kyy ). (This is because [W]det(Ky ) is, up to
a sign, the weighted sum of dimer configurations that include the edge of weight W,
which is exactly the weighted sum of dimer configurations of G — {i,j}.) Similarly,

ZP(G) = £[W° det(Kw). Since each term of det(Kyy) has the same sign,

Z0(G — {i,j}) (W] det(Ky)
Z00G) W det(Kw)’ (4.0.2)

Let r; denote the row corresponding to vertex ¢ and let ¢; denote the column
corresponding to vertex j. By Lemma 3.2.10, K, is a Kasteleyn matrix of G —
{i,j}. The sign of det(K,?) and the sign of [W7]det(Ky,) differ by the sign of the

edge e; ;. So, noting that [IW°] det(Ky ) = det(K), we have

(W] det(Kw)

det(K;7)
7] det (Ko )

det(K)

= sign(e; ;)

(A.0.3)

Combining equations (A.0.2) and (A.0.3), we have

(k) o 2P(G - {ab)
aaK) ) e
det(ky) - ZP(G—{ed)
det(k) S =7y
det(K3) ZP(G —{b,c})
k) )T zm@)
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By repeating the preceding argument with two edges of weight W connecting

vertices a to b and ¢ to d, we find that

det(Klly’g)
det(K)

ZP(G —{a,b,c,d})
ZP(G)

= Sign<6a,b)Sign(ecyd)

So by equation (A.0.1),

sign(eqp)sign(e.q) 2P (G — {a, b, c,d})
ZP(@)
_ sign(ews)sign(eca) 27(G — {a,b) Z°(G — {c,d})
(ZP(G))?
_sign(ead)sign(eb’c)ZD(G —{a,d})ZP(G - {b,c})
(ZP(G))? '

Next, we multiply each term in the equation above by sign(e,;)sign(e.q) so that
the first two terms have positive sign. Finally, we observe that when we adjoin
edges connecting a to b, b to ¢, ¢ to d, and d to a as previously described, the outer

face of the modified graph has 4 edges, so

sign(eqp)sign(ecq)sign(eq q4)sign(ep.) = —1,

which completes the proof.
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