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Abstract

The aim of this paper is to establish new results on the error bounds for a class of vector
equilibrium problems with partial order provided by a polyhedral cone generated by some
matrix. We first propose some regularized gap functions of this problem using the concept
of G4-convexity of a vector-valued function. Then, we derive error bounds for vector equi-
librium problems with partial order given by a polyhedral cone in terms of regularized gap
functions under some suitable conditions. Finally, a real-world application to a vector network
equilibrium problem is given to illustrate the derived theoretical results.

Keywords Vector equilibrium problem - Vector network equilibrium problem - Regularized
gap function - Error bound - Polyhedral cone
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1 Introduction

It is well known that the theory of equilibrium problems is a generalization of various prob-
lems related to optimization such as variational inequalities, complementarity problems and
optimization problems, etc. Equilibrium problems have remarkable applications in the fields
of mechanics, network analysis, transportation, finance, economics, operations research and
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optimization. For details, we refer the readers to works [9,13,18,20,25,26] and the references
therein.
A scalar equilibrium problem is defined as follows:

(EP): find x* € K such that F(x*,y) >0, forall y € K,

where K isagiven set, F: K x K — Ris abifunction satisfying F(x, x) = 0forallx € K.
The problem (EP) is also known under the name of equilibrium problem in the works of
Blum and Oettli [4], Muu and Oettli [30], or Ky Fan equilibrium problem in [11].

The error bound of a certain problem is known as an upper estimate of the distance between
an arbitrary feasible point and the solution set. It has played a crucial role from the point
of view of theoretical analysis as well as to study the convergence of iterative algorithms
for solving optimization problems, complementarity problems, variational inequalities and
equilibrium problems. In 2003, based on the study of gap functions of (EP), Mastroeni [29]
established global error bounds for (EP) under the assumption of strong monotonicity of F.
The theory of gap functions in [29] is a generalization of the gap functions for variational
inequalities considered in the literature. The notion of gap functions was first introduced by
Auslender (1976) [2] to reformulate the variational inequality into an equivalent optimization
problem:

Y (x) = sup(h(x), x —y)
yek
subject to x € K C R”", where h: R* — R", and (-, -) is the scalar product in R”.
However, in general, the Auslender gap functions are not differentiable. To overcome this
non-differentiability, Fukushima [12], Yamashita and Fukushima [39] proposed the notion
of regularized gap functions for variational inequalities:

Yo (x) = sup{{h(x), x = y) —alx = y[?),
yek
where « is a nonnegative parameter. Moreover, Yamashita and Fukushima [39] also estab-
lished the regularized function of Moreau-Yosida type as follows:

T, 5 (x) = inf { Ty (2) + Allx — z]1%},
zeK

where 1 is a positive parameter. Using gap functions in forms of the Fukushima regularization
and the Moreau-Yosida regularization, Yamashita and Fukushima [39] established global
error bounds for general variational inequalities. Thereafter, many regularized gap functions
and error bounds have been studied for various kinds of equilibrium problems and variational
inequalities, see e.g., [1,3,19,21-24,27,35] and the references therein for a more detailed
discussion of interesting topics. In particular, Khan and Chen [27] established regularized
gap functions and error bounds for generalized mixed vector equilibrium problems under the
partial order introduced by the usual positive cone in finite dimensional spaces. Anh et al. [1]
and Hung et al. [23] developed the results in [27] for generalized mixed vector equilibrium
problems of strong types and mixed vector variational inequalities, respectively, whose final
space is partially ordered by a infinite dimensional cone.

On the other hand, the study of linear inequalities has been applied to mathematical
programming and econometrics (see Stoer and Witzgall [34]). This study has led to investigate
a special class of cones, the polyhedral cones (cf. Definition 2.1). The theory of polyhedral
cones is considered extensively. For more details, we refer the interested readers to [5,14,34].
Using properties of polyhedral convex cones associated to the matrices, Chegancas and Burgat
[6] established sufficient conditions for asymptotic stability of a linear discrete-time-varing
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system. A class of linear complementarity problems over a polyhedral cone was considered by
Zhang et al. [40]. They also designed a Newton-type algorithm for solving it. Very recently,
Gutiérrez et al. [15,16] characterized the several kind of exact and approximate efficient
solutions of a class of multiobjective optimization problems with partial order provided by a
polyhedral cone. From a computational point of view, they showed that the results in [15,16]
based on the ordering cone generated by some matrix are attractive. Using the partial order
considered in [16], Hai et al. [17] continued to investigating vector equilibrium problems with
a polyhedral ordering cone. In [17], variants of the Ekeland variational principle for a type
of approximate proper solutions of those vector equilibrium problems were also provided.
However, to the best of our knowledge, up to now, there is no paper devoted to error bounds
for vector equilibrium problems and vector network equilibrium problems, whose final space
is finite dimensional partially ordered by a polyhedral cone generated by some matrix.

Inspired by the works above, in this paper, we establish some new results on the error
bounds for a class of vector equilibrium problems with a partial order defined by a polyhedral
cone generated by some matrix based on regularized gap functions in forms of the Fukushima
regularization and the Moreau- Yosida regularization introduced in [39] by using the concept
of G4-convexity. Finally, we illustrate the main results by an application to a vector network
equilibrium problem for which we establish analysing error bounds.

The paper is structured as follows. In Sect. 2 we introduce the framework, notations
and definitions which are needed along the paper. Based on a partial order provided by a
polyhedral cone, in Sect. 3 we propose some regularized gap functions for a class of vector
equilibrium problems under some suitable conditions. Then, the error bound analysis for
these problems in terms of regularized gap functions is studied. An application to a vector
network equilibrium problem is given to illustrate our main theoretical results in Sect. 4.
Finally, some conclusions are stated in Sect. 5.

2 Preliminaries and notations

We first introduce a class of vector equilibrium problems with partial order provided by a
polyhedral cone generated by some matrix A as follows:
VEP(C, F, G4): Find x* € C such that

F(x*,y) ¢ —int(Ga), 1)

for all y € C, where C is a nonempty closed and convex subset of a real normed space X,
A = (a;;) is a real matrix with p rows and m columns with the positive integers p, m such
that p > m and rank(A) = m, G4 is a polyhedral cone generated by A (cf. Definition 2.1)
such that G4 has non-empty interior, F': C x C — R™ is a vector-valued function such that
F(x,x) =0forall x € C. In case of C = X being X is a nontrivial complete metric space,
the problem VEP(C, F, G4) was mentioned in [17].

Next, we recall some basic concepts and their properties. Throughout the paper, let R” be
the p-dimensional Euclidean space and

RY ={(a,...,ap) €R’ :q; >0, Vi=1,...,ph
For any two vectors a = (ay, ..., ap)—r and b = (by, ..., bp)T, a,b € R?, we define the
relationships between vectors as follows:
a <bifandonlyifa; <b; foralli € {1, ..., p}, 2)
a < bifandonlyifa; < b; foralli € {1,..., p}. 3)
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A nonempty set G C R” isa cone if Ax € G forall x € G and A > 0. A cone G is said to
be pointed if G N —G = {0}, where 0 = (0, ...,0)T € R”.

As usual, a hyperplane in R? is a set associated with some (a, b) € R? x R, a # 0, and
defined as {x € R” : (a, x) = b}. The closed half-space of R? is a set associated with some
(a,b) e R? xR, a # 0, and defined as {x € R? : (a, x) < b}. Aset P C R” is said to be a
polyhedral set if it can be expressed as the intersection of a finite family of closed half-spaces
or hyperplanes.

Proposition 2.1 (see [32]) The following statements are equivalent for a set G C R™:

(i) G is a polyhedral cone;
(ii) G has a representation of the form

G={xeR":{a,x)<0,Vi=1,...,p},

for some positive integer p and some a; € R™, i =1,..., p.

Denote the set of all real matrices with p rows and m columns by R”*"™.
Definition 2.1 (see [10]) Let A € RP*™_ Then

Ga={x e R": Ax > 0}, (©))

which is called a cone generated by A.

The cone G4 is polyhedral, and so it is also convex and closed.
Proposition 2.2 (see [31], Proposition 4 and Proposition 5) Let A € RP*™, Then

(1) The cone G4 defined by (4) is pointed if and only if rank(A) = m (p > m).
(ii) If the matrix A has no zero rows, then

int(G4) = {x e R" : Ax > 0}, %)
Lemma 2.1 (see[38], Lemma 1) Let A € RP*™, [fG4 = {0}, thenrank(A) = m and p > m.

Let A € R”*™ be a given matrix. The mapping defined by the matrix A is also denoted
by A, where A : R — R? defined by x > Ax (or A(x)) is a bounded linear mapping.

Proposition 2.3 (see [33], Proposition 4.1) Let A be a mapping defined by a matrix A €
RP>™_ Assume that the set {x € R™ : Ax > 0} is a pointed cone, or, equivalently, that
rank(A) = m and p > m. Then, the following statements hold:

(i) the mapping A is injective,
(ii) the image of the set {x € R™ : Ax > 0} under the mapping A is a convex cone included
in Ri,
(iii) if p = m, then the image of the space R™ under the mapping A is R? and the image of
the cone {x € R™ : Ax > 0} is R,
@iv) if p > m, then the image of the space R™ under the mapping A is a proper subset of
R? and the image of the cone {x € R™ : Ax > 0} is a proper subset of]Rﬁ.

To end this section, we derive a useful remark to convert the problem VEP(C, F, G4) into

a usual vector equilibrium problem, which is easier to handle from a computational point
of view.
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Remark 2.1 Suppose that the function F': C x C — R is defined by
F(x,y) = (Fi(x,y), ..., Fu(x,y)" € R™

forall x, y € C. Let A o F denote the composition of the mapping defined by the matrix A
with the function F. Hence, A o F : C x C — R? is defined by

AoF=(AoF),...,(AoF),)| and (Ao F)(x,y) = A(F(x,y)), Vx,yeC.

Then, thanks to Proposition 2.2(ii), Proposition 2.3(ii) and the linearity of mapping A, we
can show that (1) is equivalent to

(Ao F)(x*,y) ¢ —int(RY).

3 Main results

In this section, we shall introduce the notion of the G 4-convexity of a vector-valued function
based on the partial order provided by a polyhedral cone. Then regularized gap functions and
error bounds for the problem VEP(C, F, G4) will be investigated by using the property of
the G4-convexity and some suitable assumptions.

Throughout the paper, unless other specified, let X be a real normed space with norm
|| - || and C be a nonempty closed and convex subset of X. For a fixed subset D C X and
a € X, the distance between the point a and the set D is d(a, D) = infyep{lla — d||}.
Denote the solution set of the problem VEP(C, F, G4) by S(C, F, G4). We always assume
that S(C, F, G4) is a nonempty set.

Definition 3.1 A real function p: C — R is said to be a gap function for the problem
VEP(C, F, G,) if the following properties hold:

(a) p(x) >0forallx € C;
(b) forany x* € C, p(x*) = 0 if and only if x* is a solution of the problem VEP(C, F, G4).

For each fixed constant y > 0, we now consider the following function Q5 : ¢ — R
defined by

Q) (x) = sup <— max {(A o F);(x, y)} —yo(x, y))

yeC <i<p

m
=sup | — max { Y aFi(x.y) t —yo(x.y |. 6)
yeC 1<i<p =1

where o : C xC — R} is acontinuously differentiable function, which satisfies the following
property with the associated constants 8 > 2« > 0.

(Ho): Forallx,y e C,allx —y|* <ox,y) < (B —a)lx — yl|*

Definition 3.2 For each k € {1,...,m}, let ¢;: C — R be a function. A function ¢ :=
(@1, ..., ¢n) defined by p(x) = (¢1(x), ..., @n(x)) is said to be G4-convex if, for all
x,y €Cand X € [0, 1],

Ap(x) + (I =2e(y) —9(x + (1 = 1)y) € Ga. @)
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Remark 3.1 (i) The condition (7) is equivalent to
AQp(x) + (1 = Ve(y) —eOx 4+ (1 —1)y)) € RY

that is, forany i € {1, ..., p},

m

D ainlgr(x) + (1 = e (y) — (x4 (1= )y)] = 0. ®)
k=1

(i) Moreover, if a;r > 0 and ¢y is a convex function for all i € {1,..., p} and k €
{1,...,m}, then it is easy to see that the above inequality holds and so ¢ is G4-convex.
However, the reverse implication does not hold, that is, assume that ¢ is G4-convex. Then it
is not necessary that the function ¢y is convex for all k € {1, ..., m}. The following example
shows the converse is not true.

Example3.1 Let X = R, C = [0,2], p = m = 2 and the matrix A € RP*™ be defined by

A= <i ?)) . Then, rank(A) = 2 and we have

Ga=1{x=(x1,x)" €R*: Ax > 0}

={x = (x1,x)" €R*:x; +2x > 0and x; > 0}.
Let ¢ = (91, 92) | : C — R? be defined as follows:
9(x) = (@1(x), 2N T = GBx? +1, —x*) T

For each i € {1, 2}, it is easy to check that the inequality (8) holds for all x, y € C and
A € [0, 1]. Thus, it follows from Remark 3.1(i) that ¢ is G4-convex on C. However, the
function ¢, defined by ¢ (x) = —x2 is not convex on C.

Proposition 3.1 Let F be G4-convex in the second component and o satisfy the condition
(Ho). Then for any y > 0, the function Qﬁ defined by (0) is finite-valued on C.

Proof For each y > 0, it follows from (6) that

2 (x) = sup (— max 1> " aiFi(x. ) — yo(x, y))

1<i<
yec S P

=—inf<max Zaika(X,y) +VQ(X,Y)>

yeC \1<i<p =
m
< —;22 <11£1l_ag<p ;aika(x, )+ vallx — y||2>
(o satisfies the condition (H,)).
Since F is G4-convex in the second component, for all i € {1,..., p}, y1,y2 € C and

A € [0, 1], by Remark 3.1(i), we have

D ainlhFi(x, y1) + (1 = M Fe(x, y2) — Fi(x, kyr + (1= 2)y2)] = 0,
k=1
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that is,

m m m

D auFi(x, oy + (1= My2) <A aiuFi(x, y) + (1= 2) Y aiFi(x, y2).

k=1 k=1 k=1
This implies that for all i € {1, ..., p}, the function y — ZZLI aii Fr(x, y) is convex and
so the function

m
y lrggp:k la,-ka(x,w}+yoc||x—y||2 ©

is strongly convex. Since C is a closed and convex set, the function (9) has a unique minimizer
over C. Thus Q§ is finite-valued on C. O

Theorem 3.1 Suppose that F is Ga-convex in the second component and ¢ satisfies the
condition (Hy). Then the function ng, defined by (6) for any y > 0 is a gap function for
VEP(C, F, Ga).

Proof (a) For each y > 0 fixed, since Fj(x,x) = 0and o(x,x) =0forallk € {1,...,m}
and u € C, we have

Q}%(x) > — max {Za;ka(x,x)} —yo(x,x) =0

I=i=p |

(b) Suppose x* € C such that Qﬁ (x*) = 0, namely,

m
sup (— max { ;am(x*, y)} — yo(x*, y)) =0.

yeC

This implies

m
— max :Zaika(x*, Yt <yo(x*, y),VyeC.
k=1

I<i<p
Equivalently,
m
min [— Zaika(x*, V)¢ <veox*, y),VyeC.
I<i<p
k=1
Then there exits ig € {1, ..., p} such that

m
= aigk Fe(x*. y) < vo(x*. y)
k=1

forall y € C. Forany x € Cand A € (0, 1), we set y; := Ax* + (1 — A)x € C, and so

m
— Y aigk Fu(x*, 1) < vo(x*, ). (10)
k=1

It follows from the condition (H,,) that

o(x*, y2) < (@ — B)lIx* — yall* = (1 = W) — PlIx* — x|%. (11)
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By the G4-convexity of y — F(x*, y) and Fy(x*,x*) =0 forall k € {1,...,m}, we
have

D @ik AF(x*, x*) + (1= M F(x*, x) = Fr(x*, y,)] = 0.
k=1

The above inequality becomes

m m
=Y i Fex*, 3) = —(1 = 1) ) aigk Fie (x*, x). (12)
k=1 k=1

Having in mind relations (10)—(12), it gives

—(1 =1 Y aig Fe(x*, x) < (1= 1)@ = B)llx* — x|
k=1

Hence, we obtain

— D aigkFe(x*, x) < (1= M(e = B)llx* — x| (13)

k=1

for all x € C. In (13), letting A — 17, it implies

> aigr Fr(x*, x) = 0, Vx € C = (Ao F)(x*, x) ¢ —int(R}), Vx e C
k=1
< F(x*,x) ¢ —int(G4), Vx € C,

that is, x* € S(C, F, Ga).
Conversely, suppose that x* is a solution of VEP(C, F, G4), that is, x* € C and

F(x*,y) ¢ —int(Ga), Yy € C &= (Ao F)(x*, y) ¢ —int(RY), Vy € C.

Hence, for every y € C, there exists ip(y) € {1, ..., p} such that

m

(Ao Fiy(x*,y) = 0,ie., Y aixFr(x*,y) > 0.
k=1

Therefore,
m
sup [ — max 13 auFi(x*, y)t —ye(*, y) | <0.
yeC 1<i<p h—1
It follows from the above inequality that Qi (x*) < 0. Since Qg (x*) > 0, one has

Qf, (x*) = 0. The proof is completed. O

Remark 3.2 Recently, several regularized gap functions for various kinds of vector equilib-
rium problems with partial order provided by the cone R’} have been studied. For instance,
we reconsider a special case of the vector equilibrium problem in Khan and Chen [27], which
consists in finding x* € C such that

F(x*,y) = (Fi(x*, ), ..., Fu ()T ¢ —int@®RY), VyeC. (14)
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Then, to establish the regularized gap function for problem (14), all component functions
vy Fi(x,y),y+— F(x,y),...,y — F,(x,y) are imposed to be convex on C (see [27,
Theorem 3.2]).

Meanwhile, our Theorem 3.1 used the characteristic of the G4-convexity in terms of a
perturbation of the matrix A, that is, the convexity assumption of all component functions
F1, Fa, ..., F,, in the gap function is not required.

Lemma 3.1 Assume that all assumptions of Theorem 3.1 hold and, further, that C is a compact
set, Fy is continuous forallk € {1, ..., m} and g satisfies the condition (H,). Then, for each
y > 0, the gap function Qﬁ is continuous on C.

Proof Since Fy is continuous for each k € {1, ..., m}, and @ is continuous, we have that the
function z: C x C — R defined by

h(x,y) = - max

{ aika(&y)} —yolx, y)}
X

=1
is continuous in C x C. Moreover, C is a compact set, so the function in defined by

QJ(x) = suph(x,y)
yeC

is continuous on C. This completes the proof. O

Now, we propose a gap function based on the Moreau-Yosida regularization of Q§ as
follows:

A%, s = inf {22 +sv(rw}. (1)

where ¥ : CxC — Ry isacontinuously differentiable function, which satisfies the following
property with the associated constants 6 > 2n > 0.

(Hy) Forall x,y € C, nllx — y|[> < ¥(x,y) < (6 — n)llx — yl*.

Agg s defined by (15) is rewritten as follows:
&l

vy _ " —
Age 5 = inf] [sup< féliasxp[;“”‘F"(”’y)] )/Q(u,y)>+8w(x,u)]. (16)

yeC

Theorem 3.2 Suppose that all conditions of Lemma 3.1 hold, and assume further that
satisfies the condition (Hy ). Then the function Agg s defined by (15) for any y,8 > O is a
R

gap function for VEP(C, F, G).

Proof (a) Forany 6, t > 0, it is easy to show that Ag@ a(x) > (O forall x € C.
5.
(b) Assume that x* € S(C, F, G4). It follows from Theorem 3.1 that Q]‘; (x*) =0 and so

b, o = inf [ Q0w + sy (" )]

QO (x*) + 8y (*, x*) = 0.

IA

Since Agéy,’a(x*) > 0, we get Ag‘;,a(x*) =0.
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Conversely, if Awg x*) =0, 1i.e,
Q2.8
inf{Qf,(u) + 8y (x*,u)} =0.
ueC
Then, for each n, there is a u,, € C such that
. 1
QY (un) + 8P (x™, up) < - (17)
Since v satisfies the condition (Hy ), it follows from (17) that
1
0 < Q8 (up) + Snllx™ — unl® < —.
n

This implies that 3 (u,) — 0 and ||x* —u, | — 0,asn — +o0, i.e., 3 (u,) — 0and
u, — x*,as n — +o00. Thanks to Lemma 3.1, the continuity of §2§ holds, and so

0 (y*) — i 0 _
Qy(x )= nEToo Qy(u,,) =0.
Therefore, we get x* € S(C, F, G4). This completes the proof. O

Now, we give the following example to illustrate all the assumptions of Theorems 3.1 and
3.2 are satisfied.

Example3.2 Let X = R,C =[O0, e, p = m = 2 and the matrix A € R”*" be defined by
1 0
A=1|1 1].
2 2

Ga={x=(x1,x) eR*:Ax >0}

={x=(x1,x2)T e R? :x1 > 0and x; +xp > 0}.

Then, rank(A) = 2 and we have

Leto, ¥ :CxC— Ry and F = (F|, F>) " : C x C — R? be defined as follows:

1 ) 1 2
ox,y) =v¥(x,y) = Ellx -yl = E(x -7,
F(x,y) = (Fi(x.y), F(x, )",
Fi(x,y) = y* +2xy — 322,
Fr(x,y)= y2 + 3xy — 4x2,
This implies that

(Ao F)(x,y) = A(F(x, y))

1 1 T
= <F1(X, y)a EFl(xv Y)+ EFZ(x!y)>

2 2 2,3 7 5 !
=y +2xy—3x",y 4+ —xy — =x .
2 2
By Remark 2.1, the problem VEP(C, F, G4) is equivalent to finding x € C such that

(Ao F)(x,y) ¢ —int(R2), Vy e C,

@ Springer



Journal of Global Optimization (2022) 82:139-159 149

that is, finding x € [0, 2] such that

-
<y2 +2xy —3x%, y2 + %xy - %ﬁ) ¢ —int(R2), Vy € [0, &*].
Hence, it is easy to see that x = 0 is the solution of the problem VEP(C, F, G4). Thus, we
have S(C, F, Ga) = {0}.

By the convexity of R 5 y = Fi(x,y) and R 5 y = F>(x,y) for all x € R, we can
show thatR 5 y — F(x, y)is Ga-convex [by Remark 3.1(ii)]. Moreover, g is a continuously
differentiable function and satisfies condition (H,) with = 1, o = % Therefore, all the
assumptions of Theorem 3.1 hold. Then for any y > 0, the function in defined by (6) is a
gap function for VEP(C, F, G4). For example, we take y = 1, and we obtain

Q2 (x) = sup (— [nax {(Ao F)i(x, y)} —vo(x, y))

yeC
5 7 1
= max (— max {y2 + 2xy — 3x2, y2 + —xy — fxz} ——(x - y)2>
vel0,e?] 2 2 2

3
= max (7(2x2 — Xy — y2)>
yel0,e2] \ 2
= 3x2.
Hence, Q§ is a gap function for VEP(C, F, G4).

By a similar argument, all the assumptions of Theorem 3.2 are satisfied with 6 = 1 and
n = % Then for any y, 8 > 0, the function Agg s defined by (15) is a gap function for
PR

VEP(C, F, G4). For example, we take y = 6 = 1, and we have

A%, 50 = int {Q0 @) + 8w ()

: 2, 1 2 3
uer?()l,relzj{3u + 2(x u) } = 7x .
Remark 3.3 As mentioned before there is no result concerning regularized gap functions
for the problem VEP(C, F, G4). Thus, our results Theorems 3.1 and 3.2 are new in estab-
lishing regularized gap functions for vector equilibrium problems, whose final space is
finite dimensional and partially ordered by a polyhedral cone generated by some matrix.
However, if m = p =1, A = (1), X = R", F(x,y) = Fi(x,y) = (H(x),y — x),
o(x,y) = ¥(x,y) = |lx — y|*> forall x, y € C, H: C — R", then the functions Q} and

Agg s reduce to gap functions in forms of the Fukushima regularization and the Moreau—
V&l

Yosida regularization introduced in [39], respectively for variational inequalities. Hence, in
this sense, Theorems 3.1 and 3.2 extend the corresponding known results in [39].

To establish error bounds for the problem VEP(C, F, G4), we now impose the following
hypotheses:

(He): = Kio = {x € C: 3L auFi(x, y) = 0,Vy € C} # 0
(HF)2: There exists & > 0 such that, for each (x, y) € C x C,

F(x,y)+ F(y,x) +&|lx — ylI*e € —Ga,

wheree = (1,1,..., )T e R™;
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(Ha): The matrix A € RP*™ with A = (a;;) satisfies that

m
min Zaik > 0.
I<i<p

k=1

Next, we establish error bounds for vector equilibrium problems with partial order pro-
vided by a polyhedral cone based on the regularized gap functions studied above.

Theorem 3.3 Suppose that all assumptions of Theorem 3.1 are satisfied and the conditions
(HF)1, (HF)2 and (Ha) hold. Then, for each x € C and y > 0 satisfying

1221,, {;aik} §—y(B—a)>0,

we have
d(x.S(C. F.G) < 2 ) (18)
'xﬁ 9 9 A f— . .
minj<i<p {4, aix} & — (B — @)
Proof Let x* € S(C, F, Ga). For each x € C, we have
m
4 (x) = sup (— max iZaika, y)} - o, y))
ye == k=1
m
> — ik Fie(e, x) ¢ — , X%). 19
z - max {];azk ke (x, x )} yo(x,x™) 19)
Without loss of generality, we assume that there exists i* € {1, ..., p} such that
m m
O F ; * _ o F , *
lgaéﬂp{k;azk ke (x, x )} ;az i Fie(x, x™)
and so, (19) gives that
m
Q2(x) = = > @i Fi(x, x*) — yo(x, x¥). (20)
k=1

It follows from the condition (H g); that
A(F(x,x*) + F(x*, x) + &|x — x*|%¢) € —RY,,
which implies
m
D ailFi(x, x*) + Fr(x*, x) + £llx —x*|°] <0,

k=1

and so

m

m m
=Y ai Fe(x, x) = Y ap Fo(x*,x) = Y apeé x — x|
k=1

k=1 k=1
m
: . %2
lrgilgp{g_lalk}éllx x| 2n

\

\%
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Since the condition (Hr); holds, without loss of generality, we assume that x* € K;=,
ie.,

m
D ainkFr(x*, x) = 0. (22)
k=1

Moreover, it follows from the property (H,) that
—o(x,x*) = —(B — @)|lx —x*|I*. (23)
Employing (20)-(23), we obtain

Q2 (x) > ( min :Zaik} E-v(p —a)) e — )12
k=1

I<i<p

This implies that

Q5 (x)
Ix = x*|l < [ — T :
minj<i<, {240, aik} € — v (B — @)
that is,
Q7 (x)
d(x,S(C. F,G) < [lx —x*| < [— z
minj<i<p {> 4 aix} € — y(B — @)
and the proof is completed. O

Theorem 3.4 Suppose that the assumptions of Theorems 3.2 and 3.3 hold. Then, for each
x € C, we have

14
2AQ§,5(X)
min {miny <<, {37 @i} § — y (B — ). dn}

Proof Let x* € S(C, F, G4). According to Theorem 3.3 and thanks to the condition (Hy),
for each x € C, we obtain

d(x,8C, F,Gp)) < 24)

Ag%(x) = inf [Qg(u) 48U (x, u)]
-
> inf : <lglii3p {;aik}s —v(B —a)) = 2712 + 8nllx - u||2}
m
zmin{lgigpLzzlaik}s—y(ﬂ—a>,6n}5gg{||u—x*||2+||x—u||2}
| . “ %112
z2mm[lggp{;aik]s—y(ﬁ—a),ani lx — x*|1%.
Hence,

v
2450 5 )

min {minj<i<, {d 5 aix} € — v (B — ), 8n}

Therefore, the proof is completed. O

d(x7S(C5 Fa gA)) = ||x _X*” =<

@ Springer



152 Journal of Global Optimization (2022) 82:139-159

Finally, we give an illustrative example where it is shown that all assumptions of Theorem
3.3 and Theorem 3.4 hold.

Example 3.3 Let X,C, p,m, A, F,0,V¥,, B,y,8,0,n be as in Example 3.2. Then, the
solution set of VEP(C, F, Ga), S(C, F,G4) = {0} and the gap functions of the problem
VEP(C, F, G4) are defined by

Q0 =3x2 A", (x)="2
i 93,5( )

Now, we check that all conditions of Theorem 3.3 are fulfilled.
(HF)1 : We have

eC: Zalka(x y) > 0,Vy eC}

{xe[O ez] y +2xy—3x >0,Vy € [0, 62]}
= {0},

:x eC: Zaszk(x y) >0,Vy GC]

2 5 7
x €[0,e7]: y + xy—ix >0Vye[Oe]

= {0}.

This implies that 0 € (2, K, i.e., (7o, Ki # 0.
(HF) : Setting & = 2, for each (x, y) € C x C, we get

Y

Fa(x,y) + Fa(y, x) +2(x — y)?

B (—2<x — )2 +20x — y)2>
T\ =) 20 —y)?

(307)
= 1 2 ] € —Ga.
—E(x—)’)

(Ha) : The matrix A € R7”*™ with A = (a;;) satisfies that

min {Za,k} =min{l,1}=1> 0.

1

Furthermore, it follows from Example 3.2 that all assumptions of Theorems 3.1 and 3.2 hold.
Thus, we conclude that all the assumptions of Theorems 3.3 and 3.4 are satisfied and so, (18)
and (24) hold.

Indeed, for example, for all x € [0, 2] and for x* = 0 € S(C, F, G4), we have

d(x,S(C, F,Ga) < llx —x*[ =x
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and
Q 3x2
\/ - my(X) = %z«/ﬁxi}c,
minj<i<p {342 ain} € — (B — ) 3
ZAg%S(x)

min {minj <<, {d "}, aix} € — (B — @), 5n}

Hence, inequalities (18) and (24) hold.

Remark 3.4 Since the error bounds in Theorems 3.3 and 3.4 are established by using the
regularized gap functions Qg and Aég 5 it follows from Remark 3.3 that the results in
o

Theorems 3.3 and 3.4 are new and extend known error bounds in the literature.

4 Application to a vector network equilibrium problem

The network equilibrium model was introduced by Wardrop [36] for a transportation net-
work. This model has played a vital role in the traffic network planning and to optimize the
traffic control. Based on vector-valued cost functions or multicriteria consideration, many
network equilibrium models have been investigated, see e.g., [7,8,28,37] and the references
therein. In this section, we consider a formulation of vector network equilibrium problem
with partial order provided by a polyhedral cone generated by some matrix, which illustrates
the applicability of the abstract results.

Consider a transportation network G = (N, A), where N and A denote the set of nodes
and directed arcs, respectively. Let VW denote the set of origin-destination (O-D) pairs and
Pw, w € W denotes the set of available paths joining O-D pair w. Let d = (dy)weyy denote
the demand vector, where c?w denotes the demand of traffic flow on O-D pair w. For a given
path k € Py, let f; denote the traffic flow on this path and f = (f1, f>, ..., fN)T e RV,
where N = ), .14, |Pw] being | - | the cardinality of P,,. The path flow vector f induces a
flow v, on each arc e € A given by

Ve = Z Z ek fi,

weW kePy,

where [8.¢] € R"*N (v = | A|) is the arc path incidence matrix with

1 if arc e belongs to path k;
Ber = .
0  otherwise.

Letv = (vq,vo,..., UU)T € RV be the vector of arc flow. We say that a path flow f satisfies

demands if Zkepw fx = dy forall w € W. A flow f > 0 satisfying the demand is called a
feasible flow. Let

H={feR": >0, > fi=dy Ywew
kePy,
Assume that H # . Itis easy to check that the set H is compact and convex. Letc, : RY — R™

be a vector-valued cost function for arc e which is in general a function of all the arc flows.

@ Springer



154 Journal of Global Optimization (2022) 82:139-159

We assume that ¢, (v) = (cé v), cg(v), RPN v (V)T e R™ Let T4 : RN — R™ be a vector-
valued cost function along the path k. For each w € W and k € P,,, the vector cost 7y is
assumed to be the sum of all the arc cost of the flow f; through arcs, which belong to the
path k, i.e.,

DecA 5ek¢% )

Ze A Sekce (V)
i) =Y daccvy=| T
ee A .

Deea Bereg! (V)

Foreachw € W, k € Py, j € {1,2,...,m},ve R"andf € H, let

T/ €)= Y el (v) and T/ (£) = (7] (6), T/ (). ... Ty (£) T € RV,
ec A

Then, for each f € H, let
TE) = (T'®), T2®), ..., T"®) = (T(6), L), ..., v ) e RN,

Let G4 be the polyhedral cone considered in Sect. 2. We now introduce the notion of
Ga-equilibria of a flow f € H.

Definition 4.1 Aflowf € Hissaidtobein G4-equilibriumifforallw € W, k € Py, [ € Py,
Te(®) — 7;(F) € int(Ga) = fx =0. (25)

Remark 4.1 Let p = m. If A is the identity matrix of size m, then G4 = {x € R™ : Ax >
0} = R’!. We get that (25) becomes

T(f) — () € intRY) = fi =0,
Then the flow f is in weak vector equilibrium, see [7, Definition 3.2].

Proposition 4.1 The path flow £* € H is in G 4-equilibrium if £* solves the vector variational
inequality (for short, VVI(H, T, Ga)) :

(T(*),h —£*) ¢ —int(G4), Vh e H. (26)

Proof Let f* € H be the solution of problem VVI(H, 7, G4). Consider a path flow vector h
to be such that
£ ifg # k orl,
h, =10 ifg =k;
£+ ifg=1
Hence, Yw € W, qu?’w hg = qupw fq* = ﬁw, and so h € H. Then, we have

(TE), h—1*) = > 3" (hy — f)T(F)

weW gePy,
= (hx — [OTE) + (h — T
= fi (L") — T(£)) ¢ —int(Ga). (27)
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Equation (27) is equivalent to

.
£ (Z aj (T =7 @9). Y ay (@) -7/ @), Y ap (T ) -7 <f*>))
j=1 j=1 j=1
x ¢ —int(RY). (28)

If To(F*) — T/(F%) € int(Ga), ie.,

.
(Z aj (@)= @). Yy (T -7/ @)Y ay (T @) -7/ (f*)))
j=1

j=1 j=1

X € —mt(]R ) 29)
then, it follows from (28) and (29) that f;* = 0. Thus, the path flow f* € H is in G-
equilibrium. O

We always assume that the solution set of the problem VVI(H, 7, G4), SH, 7, Ga),
is nonempty. Now, we impose the following hypotheses on the the data of the problem
VVIH, T, Ga):

(s Ny K= {t e B X 0 Yoy Yiep, O — fOT 020, Vh € H £0;
(H7)2: There exists E > 0 if, foreach (f,h) e H x H,

DD [k = fOT®) + (fk — h)T()] +E[If —h|e € —Ga

weW kePy,
wheree = (1,1, ..., DT e R™;
(H7)3: the function ’Z;(](-) is continuous for all w € W,k € Py and j € {1, ..., m}.

For each fixed constant y > 0, we consider the following function S~2§ : H — R defined
by

m
9§(f>=l§gg — max Zla,-jm(f),h—f) —yo(f.h)
]j=

= sup | — max Za,, 3o Y - 0T @ —yedt. )| (30)

1< <
heH EPST wewkep,

whereo: HxH — R isa contmuously differentiable function, which satisfies the condition
(Ho)-
Theorem 4.1 Under the hypotheses (H1)1, (H1)2, (Ha) and (H,), we have

(i) for eachy > 0, the function S~2§ : H — R defined by (30) is a regularized gap function
for VVIH, T,G4) .
(i) ify > 0 is such that

lrsnii;lp [;aikF— y(B—a) >0,

then, for each t € H, it holds

o9
d€,SH,T,G)) < 2y ()

minj<;<p {Z?:l aij}g —y(B - Ol).
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Proof Foreach j € {1,2,...,m}, we consider the functions F;: H x H — Rand F: H x
H — R™ defined by

Fi€. ) = (T/®).h—) = Y > (e — fOT ().

weW kePy,
F(f,h) = (Fi(f, h), F»(f,h), ..., F,(f,h)" € R™ Vf heH.

Then, the problem VVI(H, 7, G4) is equivalent to the problem VEP(H, F, G4), i.e., the
function EZ§ is equivalent to the function Qf,. Since H 5 h — F;(f, h) is an affine function
forall j € {1,2,...,m}, it is easily seen that F' is G4-convex in the second component.
Moreover, an easy computatlon shows that conditions (Hg); and (H ), are satisfied with
C=H,K; =K, foralli € {1,2,..., p}and & = £. Therefore, by applying Theorems 3.1
and 3.3, we conclude that Theorem 4.1 holds. O

Remark 4.2 1t follows from the condition (7{7)3 that F; is continuous on H x H for all
] € {1,2, ..., m}. Thus,if conditions (H7)3 and (H,) hold, then by Lemma 3.1 the function
Qﬁ is continuous.

Next, we consider a gap function based on the Moreau-Yosida regularization of §§ :H—
R as follows:

B, ,® = inf @@ + oyt 0)]. 3D

where ¥ : H x H — R is a continuously differentiable function, which satisfies the condi-
tion (Hy ). From (30) and (31), we can rewrite the function Agg 538 follows:
Vo

AV
Age 5@

= inf {sup [ — max §) a;; Y- Z(hk—gk)'fj(g) —veo(gh) | +y(f, g)

j=1 weW kePy,
(32)

From Theorems 3.2, 3.4 and 4.1, we directly obtain the following error estimates based
on the Moreau-Yosida regularized gap function for VVI(H, 7, G4).

Theorem 4.2 Under the hypotheses (H1)1—(H1)3, (Ha), (H) and (Hy), we have

(i) for any n, ¢ > 0, the function Qg: H — R defined by (32) is the Moreau—Yosida
regularized gap function for VVIH, T, G,) .
(i) foranyn > 0, if y > 0 is such that

1r5nii£p {kg}aik}g— y(B—a) >0,

then, for each t € H, it holds

U
2485, ,®

df,SH,T,g < : p m = )
OSELTG0)= (| i [mim 2y [0y ] £ — 7B — ). 81)
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Remark 4.3 (i) To the best of our knowledge, up to now, there is no paper concerning reg-
ularized gap functions and error bounds for vector network equilibrium problem with
partial order provided by a polyhedral cone generated by some matrix. Thus, Theorems
4.1 and 4.2 are new.

(ii) In the case of Remark 4.1, G4 = {x € R™ : Ax > 0} = R. Then, our formulated
vector network equilibrium problem reduces to the vector network equilibrium problem
with the ordering cone ]Rﬁ considered in [7,8]. In this special case, our main results in
this section are still new.

5 Conclusions

In this work, we have studied a class of vector equilibrium problems with partial order pro-
vided by a polyhedral cone generated by some matrix A. Using the concept of G 4-convexity
of a vector-valued function, we have proposed some gap functions in forms of the Fukushima
regularization and the Moreau-Yosida regularization to the problem VEP(C, F, G4) (Theo-
rems 3.1 and 3.2). We have also provided some error bounds for the problem VEP(C, F, G4)
by virtue of these regularized gap functions (Theorems 3.3 and 3.4). Especially, to illustrate
our main theoretical findings in a real-world application, we have derived a vector network
equilibrium problem in Sect. 4. Our results in this section are new even in the case where the
ordering cone in R}".
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