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Crystal phases of charged interlayer excitons in van
der Waals heterostructures

Igor V. Bondarev = Oleg L. Berman?3, Roman Ya. Kezerashvili3 & Yurii E. Lozovik*®

Throughout the years, strongly correlated coherent states of excitons have been the subject
of intense theoretical and experimental studies. This topic has recently boomed due to new
emerging quantum materials such as van der Waals (vdW) bound atomically thin layers of
transition metal dichalcogenides (TMDs). We analyze the collective properties of charged
interlayer excitons observed recently in bilayer TMD heterostructures. We predict strongly
correlated phases—crystal and Wigner crystal—that can be selectively realized with TMD
bilayers of properly chosen electron-hole effective masses by just varying their interlayer
separation distance. Our results can be used for nonlinear coherent control, charge transport
and spinoptronics application development with quantum vdW heterostuctures.
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trongly correlated coherent states of excitons have been a

subject of intense theoretical and experimental studies over

the last decades!~10. The topic has gained momentum
recently due to new emerging materials of reduced dimensionality
such as atomically thin van der Waals (vdW) bound layers of
semiconducting transition metal dichalcogenides (TMDs)!1-18.
These layered quasi-two-dimensional (2D) semiconductors make
the exciton formation possible of electrons and holes located in
distinct layers!?-24. Due to the dimensionality reduction and
because of a greatly reduced electron-hole wavefunction overlap,
interlayer (or indirect) excitons thus formed have large binding
energies and long lifetimes. Being electrically neutral, they feature
a permanent electric dipole moment directed perpendicular to the
layers, offering tunability of their quantum states by an external
electric field. Similar to indirect excitons in conventional GaAs
based coupled quantum well systems?>2%, the interlayer excitons
(IE) in vdW heterostructures can be coupled to light to form
dipolar exciton-polaritons, allowing control of quantum phe-
nomena such as electromagnetically induced transparency, adia-
batic photon-to-electron transfer, room-temperature Bose-
Einstein condensation (BEC) and superconductivity27‘32.

For bilayer TMD heterostructures, controlled optical and
electrical generation of IEs and charged IEs (CIEs, also known as
trions formed by indirect excitons®3) has lately been
achieved?324, Their in-plane propagation through the sample was
adjusted by the excitation power and perpendicular electrostatic
field. These experiments exhibit a unique potential of TMD
bilayers for achieving precise control over compound quantum
particles of both bosonic (IE) and fermionic (CIE) nature. The
CIEs offer even more flexibility in this respect as they have both
net charge and permanent dipole moment as well as non-zero
spin (Fig. 1), to allow for electrical tunability and optical spin
manipulation in charge transport and spinoptronics experiments
with quasi-2D vdW heterostructures.

Here, we consider the collective properties of the negative and
positive CIEs starting with their binding energies in bilayer quasi-
2D semiconductor heterostructures. We derive the general ana-
Iytical expressions as functions of the electron-hole effective mass
ratio and interlayer separation distance to explain the
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Fig. 1 Charged interlayer exciton structure and interaction geometry. The
compound structure and the symmetry-promoted most likely pairwise
interaction geometry for the unlike-charge (a) and like-charge (b) interlayer
exciton (IE) complexes in a bilayer quasi-2D semiconductor of the
interlayer separation d. Here, Apy- and Ap,. indicate the center-of-mass-
to-center-of-mass distances for the two IEs sharing the same hole or the
same electron, respectively, to form the respective charged interlayer
excitons (CIEs, or interlayer trions), and R shows the center-of-mass-to-
center-of-mass distance for the two CIEs in the bilayer.

(b)

5 %

experimental evidence earlier reported for the negative CIE to
have a greater binding energy than that of the positive CIE23, Our
analysis of the pairwise interactions between the CIEs, as sketched
in Fig. 1, exhibits two scenarios for crystallization phase transi-
tions in the collective multiparticle CIE system. They are the
crystallization of the unlike-charge CIEs and the Wigner crys-
tallization of the like-charge CIEs, which can be selectively rea-
lized in practice by choosing bilayers with appropriate electron-
hole effective mass ratio and interlayer separation in addition to
the standard technique of electrostatic doping. We conclude that
this strongly correlated multiexciton phenomenon of CIE crys-
tallization can be realized in layered van der Waals hetero-
structures such as double bilayer graphene and bilayer TMD
systems?327, and can be used for nonlinear coherent optical
control and spinoptronics application development with charged
interlayer excitons.

Results

The binding energy. The compound structure of the CIE com-
plexes of interest is sketched in Fig. 1. We use the configuration
space approach3* to derive the binding energy expressions for
the CIEs as functions of their electron-hole effective mass ratio
o0=m,/my, and interlayer separation distance d. This approach
was recently proven to be efficient as applied to quasi-1D3>3¢ and
quasi-2D bilayer semiconductors3? where it offers easily tractable
analytical solutions to reveal universal relations between the
binding energy of the complex of interest and that of the 1D-
exciton or that of the indirect (interlayer) exciton3’, respectively.
The method itself was originally pioneered by Landau3$, Gor'’kov
and Pitaevski®®, Holstein and Herring?%4! in their studies of
molecular binding and magnetism.

The negative X~ (positive XT) trion complex in Fig. 1 can be
viewed as two equivalent IEs sharing the same hole (electron).
The CIE bound state then forms due to the exchange under-
barrier tunneling between the equivalent configurations of the
electron-hole system in the configuration space of the two
independent relative electron-hole motion coordinates represent-
ing the two equivalent IEs that are separated by the center-of-
mass-to-center-of-mass distance Ap. The binding strength is
controlled by the exchange tunneling rate integral Jy: (Ap). The
CIE binding energy is

Ex: (0,d) = —Jy- (Ap = Bpy-) (1)

with Apy- to be determined from an appropriate variational
procedure to maximize the tunneling rate, which corresponds to
the CIE ground state. This approach gives an upper bound for the
(negative) ground state binding energy of an exciton complex of
interest33-36, It captures essential kinematics of the formation of
the complex and helps understand the general physical principles
to underlie its stability.

Using the configuration space method for solving the CIE
ground state binding energy problem, we obtain (see Methods)

Jx=(Bp) = 2N*Ap* exp {720((\/&72 +4d* — 2dﬂ

AAp
1
@ . 1 70+{0}AP/A {Z}(aAp—l)
A + 4d* 2(70 + {;}Ap/l)(o&p— 1 To+ 4P
2

wherea=2/(1+2ﬁ)andN=4/\/1+4ﬁ+sd(1+ﬂ)
are the interlayer separation dependent constants coming from
the indirect (interlayer) exciton wave function3’, and the upper or
lower term should be taken in the curly brackets for the positive
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or negative CIE, respectively. Here the 3D “atomic units” are
used3’~41, with distance and energy measured in the units of
exciton Bohr radius aj = 0.529 A ¢/u and exciton Rydberg
energy Ry* =1’ /2u mya}?) = & /(2ea}) = 13.6 eV u/e?,
respectively, € represents the effective average dielectric constant
of the bilayer heterostructure and y = m,/(A m,) stands for the
exciton reduced effective mass (in the units of free electron mass
my) with A =1+ m./m, =1+ 0. The image-charge effects are
neglected?”. To properly take into account the screening effect for
the charges forming the CIEs as sketched in Fig. 1, we used the
Keldysh-Rytova (KR) interaction potential energy*>#3 approxi-
mated by elementary functions in the form (atomic units)

Vi(p) = Tio [m <1 + %0) +(In2 — p)e*/n (3)

proposed for atomically thin layers previously*4, to represent the
effective electrostatic potential energy for like charges in mono-
layers. Here, p is the in-plane intercharge distance and ry = 27y,p is
the screening length parameter with y,p being the in-plane
polarizability of 2D material*$*>. For unlike charges the interlayer
electrostatic potential energy is taken in the standard screened

Coulomb form V(r) = — 1/r with r = /p? + d* (atomic units).
The function Jy:(Ap) in Eq. (2) is clearly seen to have a

maximum. It tends to become a negative when aAp <1 in the

second term in the square brackets, which is always the case for

large enough d whereby a ~ 1/4/d ~ 0 and the first term in the
square brackets is negligible, whereas for aAp > 1 it is manifestly
positive and approaching zero as Ap increases. Extremum seeking
under the condition that Ap > 1 to only include the leading terms
in small 1/Ap, gives a compact result (see Methods)

Apy- =m_ (3“{12})%' (4)

202

Substituting this in Eq. (1), one obtains the positive and negative
CIE binding energies of interest.

Figure 2a shows the absolute values of the binding energies Ey-+
and Ey- calculated from Egs. (1), (2) and (4) with c=1 and 0.7
as functions of d and r,. For o= 1 they coincide33. For 0= 0.7 the
positive-negative CIE binding energy splitting is seen to occur in
the entire domain of parameters used. Figure 2b shows the
crosscuts of Fig. 2a for ry =0 and 0.1 to exhibit the remarkable
features of the screening and binding energy splitting effects. The
screening of like charges in the CIE complex is seen to increase its
binding energy. The X* trion energy splitting at short d is such
that |Ey-|>|Ex+|, which agrees with and thus explains the
measurements reported recently for (h-BN)-encapsulated
MoSe,-WSe, bilayer heterostructures?3. As d increases the
crossover occurs to give |Ey-| < |Exy+| with |Exy-| quickly going
down to zero, which is also seen in Fig. 2a. On closer inspection
of Egs. (2) and (4) it can be seen though that |Ey-| and |Ex+|
should interchange for o> 1, thereby offering an extra function-
ality for properly fabricated vdW heterostructures6:47,

Equation |Ey+(0,d)| = |Ex-(0,d)| links the electron-hole mass
ratio o and interlayer separation d at which the crossover occurs.
For 0=1 it turns into an identity?>. The three lines in Fig. 2c
present the nontrivial solution to this equation, o(d), for three
different r, values. The screening is seen to shrink the |Ey-| > [Ex+|
domain and expand the |Ex-| < |[Ex+| domain (above and below the
solution line, respectively). Since the greater binding energy
increases the formation probability, these domains are also those
to preferentially form the X~ and X7 trion, respectively, while the
constraint |Ey-| = |Ex+| defines the line of equal X* formation
probabilities. Thus by varying d for a properly chosen TMD bilayer

composition with known o, one can selectively control intrinsic
positive/negative CIE formation in an undoped heterostructure as
opposed to the electrostatic doping technique.

Unlike-charge trion crystallization. For undoped structures of
two monolayers with o= 1 as well as for those with o # 1 fabricated
to hit the |Ey-| = |Ex+| line, both X~ and X trions are equally
likely to form under intense external irradiation at not too high
temperatures T < |Ey- |/kg. This results in an overall neutral two-
component many-particle mixture of X~ and X' trions. The
aggregate state of a many-particle system is defined by its Helm-
holtz free energy consisting of the total energy term and the entropy
term. The entropy term becomes dominant at high T to favor
configurations with greater randomness. At not too high T the total
energy term—the sum of kinetic, potential and binding energies of
individual particles—overcomes the entropy term so that an
ordered state is favored, with the order-disorder transition being
predominantly determined by the interparticle pairwise interaction
potential energy*S.

The long-range Coulomb interaction of the pair of CIEs (trions)
is strengthened by their permanent dipole moments directed
perpendicular to the plane of the structure. Their actual exact
interaction potential depends on the relative orientation of the
triangles formed by the three charges in a trion complex. The exact
potential includes nine terms to couple electrons and holes in two
complexes by means of the V (R, Apy:,1y) and V(R, Apys,d)
potentials, where R is the trion center-to-center distance (see
Methods). Figure 3a shows the exact interaction potentials U and V/
as functions of R and d for unlike- and like-charge trion pairs
(shown for 0=1 and 0.5, respectively; no major change observed
with the variation of o) in their symmetry-promoted most likely
configurations presented in Fig. 1. The unlike-charge trion pairwise
interaction potential exhibits a deep attractive (negative) minimum
and a strongly repulsive (positive) core for all d in the range
presented, in contrast with the manifestly repulsive like-charge trion
pairwise potential. This is what makes the order-disorder transition
in the two-component unlike-charge trion system identical to that
in an AB type alloy with A and B components randomly mixed at
high T and ordered on the ionic-crystal-type superlattice of
interpenetrating a- and b-sublattices below TN = zv/2k;, the
Néel temperature?8. Here, z is the number of the nearest neighbors
on the superlattice and v = (va4 + vp)/2 — v45 > 0 is the combined
nearest-neighbor coupling constant written in terms of those of
respective sublattices. In our case here, the ordering below T™
creates 1D chains (z=2) of the two interpenetrating sublattices
with collinear CIE permanent dipole moments in each of the two.
In full analogy, taking the parameters R ;, and U, = U(R;,) of
the minimum of the potential U in Fig. 3a to represent the chain
period and the unlike-charge trion coupling constant, respectively,
one obtains T(CN) ~ [V(2R,;,) — UR 1/ kg = |U /K. Here,
V(2R,,;,) =~ 0 stands for the repulsive interaction coupling constant
of the like-charge trions whose sublattice period is twice greater
than the period of the chain.

The top and bottom panels in Fig. 3b present the exact d-
dependences of R, and U, -calculated for the U-potential
surface shown in Fig. 3a. Their approximate expressions can be
relatively easily found analytically by seeking the U-potential
minimum under the conditions 7o, d <1 and Apy.>1 consistent
with Eq. (4). This leads to R, ~(r,+1,)/2 and
Upin ~ —1/d+1/1,,+ 1/ry;,, where r, =(/0)Apy- and
i = AApy+ are the interelectron and interhole distances in the
negative and positive CIE, respectively. These expressions are
seen to reproduce the numerical calculations quite well, within
the approximations used, to demonstrate the fast drop of |U_; |
(and T,y for the unlike-charge trion crystallization transition,
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Fig. 2 Charged interlayer exciton binding energy. a Absolute values of the binding energies Ey: of the positive and negative charged interlayer excitons
(CIEs) as functions of the interlayer separation d and screening length parameter ry as given by Egs. (1), (2) and (4) for 6=1 and 0.7 (electron-hole
effective mass ratio). b Crosscuts of (a) for ro =0 and 0.1 (screening length parameter) to show the binding energy splitting for the positive and negative
CIEs with unequal electron-hole masses. ¢ Solutions to the equation |Ex+ (o, d)| = |Ex- (0, d)| for the three values of the screening length parameter ro,.

accordingly) with R, slowly rising as the interlayer separation d
in the heterostructure increases.

Like-charge trion Wigner crystallization. In heterostructures of
two monolayers with o # 1 separated by an interlayer distance not
to fulfill the |Ex-(0,d)| = |Ex+(0, d)| constraint, including elec-
trostatically doped heterostructures, either X~ or Xt trions are
most likely to form under intense irradiation. As can be seen from
Fig. 2, for 0< 1 the domains |Ey-|>|Ex+| and |Ey-| <|Ex+| are
located at smaller and greater d to form like-charge trions—
negative and positive, respectively, as long as their binding energy
absolute values exceed the thermal fluctuation energy at a given T.

An ensemble of repulsively interacting particles (or quasiparticles,
structureless or compound) forms a Wigner lattice when its
average potential interaction energy exceeds average kinetic energy,
(V)/(K) =T( > 1. This was previously shown for systems such as 2D
electron gas®, cold polar molecules®’, and indirect excitons*. For
like-charge trions in Fig. 1b, the Coulomb repulsion at large R is
strengthened at shorter R by the dipole-dipole repulsion of their
collinear permanent dipole moments (to result in the pairwise
interaction potential V illustrated in Fig. 3), while the total
kinetic energy is additionally contributed by the rotational term
K. = #2114 1)/2L,. with 1=0,1,2,...being the orbital quan-
tum number and Iy. = my, 1y, ,/2 representing the moment of

inertia for CIE rotation about its permanent dipole moment
direction. The low-T statistical averaging over [ leads to the

characteristic temperature ng = h?/kgly for rotational motion
“freezing™!. By direct analogy with the hydrogen molecular ion
problem®2 this can be rewritten as Tg?+ ~ 0|Ex+|/ky and

ng ~ |Ex-|/kgo, indicating the rotational degrees of freedom to
be frozen out (at least for the case of o being close to unity typical of
TMDs, in particular®®>4) as long as the CIEs are stable against
thermal fluctuations.

With no rotational term contribution, it is straightforward to get
a qualitative picture of the like-charge trion Wigner crystallization
by performing an analysis analogous to that reported for the 2D
electron gas previously*®. With slight modifications to include the
dipole repulsion in the interparticle interaction potential V and to
replace the electron mass by the CIE mass in the translational
kinetic energy K, the expressions for the zero-T critical density n,
and for the critical temperature T™) of the Wigner crystallization
phase transition take the form (see Methods)

2 (g.T\ 1/ 4d \* 4d \?
Mexs = — (&£ 1—-(—) —4/1- ,
nd 4d 2\g.T 2.1

_ ARy”
s

o= ({331

w
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Fig. 3 Interaction potentials and crystallization. a The exact unlike-charge attractive and like-charge repulsive electrostatic interaction potentials U and V
calculated for the pairs of charged interlayer excitons (CIEs) shown in Fig. 1 with electron-hole effective mass ratio 6 =1and 0.5, respectively, separated by
the center-of-mass-to-center-of-mass distance R in bilayers with the screening length parameter ro = 0.1 and interlayer separation d. b The approximate
analytical (dashed black lines) and computed d-dependences (interlayer separation) of the position R, (green line) and value U, (red dots) of the

minimum for the U-potential surface in (@). ¢ Wigner crystallization phase transition parameters calculated for the many-particle charged interlayer exciton
(CIE) system with the average potential-to-kinetic energy ratio I'o =10 and 20 (for comparison): critical densities n.x: as functions of the interlayer

separation d for the positive and negative CIEs with electron-hole effective mass ratio 6 = 0.5, and critical temperatures Tx/f as functions of the electron-

hole effective mass ratio o.

The quantities 7.+ and Tgﬂ

+ are shown on the top and bottom of
Fig. 3c as functions of d and o ( < 1), respectively, for moderate Iy
values?®. As d increases so does (V) once the dipole repulsion
becomes appreciable. With constant Iy this leads to the (K) increase
and n_y: rise, accordingly. The latter is slightly lower for the
negative CIE due to its smaller K because of the smaller mass than

that of the positive CIE. Lowering o generally lowers the CIE mass

w) .
) increases. These are the general

thus decreasing its K whereby T 2

trends featured in Fig. 3c.

Estimates for the effects discussed. We consider the case of the
CIE formation in TMD homobilayers (both monolayers of the
same material) encapsulated in bulk hexagonal boron nitride
(hBN), a popular practical realization one encounters in a wide
range of experiments?3-243255 Heterobilayers (two different
TMD monolayers) offer many more CIE formation possibilities

and therefore preferably should be analyzed on a case-by-case
basis. For the quantitative description of the effects predicted, our
model requires the knowledge of the exciton reduced effective
mass 4, the electron-hole effective masses m,, associated with it,
the effective average dielectric constant ¢ of the system, and the
screening length parameter ry = 2my,p with y,p being a spatially
dispersive (and so nonlocal, ie. in-plane distance-dependent)
polarizability function*°°. We use y, m, and m; reported
recently from the first-principles calculations of the TMD-
monolayer electronic structure?’. The effective dielectric permit-
tivity € can be evaluated by the Maxwell-Garnett method®”, which
in our case prescribes to use the weighted average of the hBN and
TMD static permittivities, whereby for the hBN-monolayer
number much greater than two we obtain &£ =5.87 (bulk hBN
permittivity averaged over all three directions®3). Finally, the r,
parameter can be obtained based on the fundamental energy
minimum principle>®, whereby the (negative) binding energy of a
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Fig. 4 Major characteristics of charged interlayer excitons in homobilayers. a An example of the MoSe, homobilayer embedded in bulk hBN (hexagonal
boron nitride) material to present the positive (XT) and negative (X~) charged interlayer exciton (CIE) binding energy surfaces |Ey: | as functions of the
interlayer separation d and the screening length parameter rq in physical units (eV for energy and A for distance, respectively). b The fixed-d crosscuts of
(a) as functions of ry with the vertical dashed lines indicating the points of maxima to give the actual X* and X~ binding energy absolute values for the
interlayer separations d fixed. € The data table to summarize the charged interlayer exciton (CIE) characteristics obtained for the four types of the hBN-
encapsulated homobilayers. The homobilayers analyzed are collected in the left column. The next two columns present their respective electron m,, hole
myp and reduced y = (mj + mf ! effective masses in units of the free electron mass mg (reported previously from the density functional calculations?7),
and the effective exciton Bohr radia aj; along with the effective exciton Rydberg energies Ry" we obtain and use in our analysis. The other columns (left to
right) are divided in three groups to show the screening length parameters rgt and the absolute values of the binding energies |Ey: | of the positive and
negative charged interlayer excitons (CIEs) for the three values of the interlayer separations d in the four bilayers presented.

CIE complex must contribute the most in order for the CIE
ensemble to be at a local minimum of its total energy in equili-
brium. The r, parameter can therefore be found as the maximum
point of the CIE binding energy absolute value |Ey:(0,d, 1)l
taken with both o= m./m; and d fixed. We note that by its
definition the KR potential screening length ry refers to in-plane
charges which are the like-charge carriers to form the CIE in our
case. These carriers are separated by distances at least of the order
of 2a3—much greater than those of the order of aj; one typically
encounters in the exciton case. Therefore, being determined by
greater distances, our ry due to its inherent nonlocality may very
well be different from the values previously reported theoretically
and experimentally for excitons in TMD monolayers*>>>.
Figure 4 presents and summarizes the data we have obtained
for the hBN-encapsulated homobilayers of MoS,, MoSe,, WS,
and WSe,. With y, m, ) and ¢ found as described above, we first
calculate the exciton Bohr radius af and Rydberg energy Ry" for
each case individually. Then, with known ¢ = m,/my, a and Ry"
we obtain the binding energy surfaces |Ey: (0, d, ry)| in physical
units (eV for energy and A for distance) from Egs. (1), (2) and
(4), determine their maximum points r§  for a particular fixed d,
and compute the CIE binding energy absolute values
|Ex:(0,d, rf)(t)|. We do this for the interlayer distances d =3,

4,5 and 6A (typical of van der Waals coupling) for each
homobilayer type in order to be able to see the tendencies for
the X* and X~ trion formation as d increases. As an example,
panels (a) and (b) show the X and X~ binding energy surfaces
and their fixed-d crosscuts, respectively, for CIEs in the MoSe,
homobilayer. The vertical dashed lines in panel (b) trace the |Ey |
maxima and their respective rffi distances. The CIE parameters
thus obtained are tabulated in panel (c) for all four homobilayers
selected. We note the general consistency of our |Ey: | obtained
both with numerical simulation data reported previously for the
MoS,/WS, heterobilayer embedded in hBN (18/28 meV for the
X*t/X~ trion!®) and with the latest experimental observations on
the MoSe,/WSe, heterobilayer system (10/15 meV for the X*/X~
trion?3 and 28 meV for the X~ trion%4, respectively). In the table,
the largest differences between the positive and negative trion
binding energies are those for MoSe,, due to a significant m, and
my, difference yielding 0= 0.8, which makes this homobilayer
energetically favorable for the positive CIE Wigner crystallization
for the interlayer distances d ranging between 3 and 5 A. As d
increases from 3 to 6 A, for all types of bilayers tabulated, both
|Ex+| and |Ex- | quickly decrease and get closer together while still
remaining significant in magnitude, to make the normal unlike-
charge trion crystallization energetically favorable. In the case of
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MoSe,, this implies a crossover from the Wigner crystal phase of
the positive trions to the normal crystal phase of the unlike-
charge trions. A similar crossover from the Wigner crystallization
of the negative trions to the normal crystallization of the unlike-
charge trions, although not as pronounced as for MoSe,, might
also be the case for WS, and WSe, according to our data
tabulated. For MoS,, on the contrary, only the normal unlike-
charge trion crystallization is energetically favorable as |Ey+| and
|Ex-| there are about the same over the entire range of the
interlayer distances d presented.

Using a; and Ry obtained as scaling units, it is quite
straightforward to estimate the critical parameters for many-
particle CIE systems in TMD homobilayers tabulated in Fig. 4c.
As our scaling units are very close for all homobilayers presented
(an immediate corollary of being embedded in bulk hBN), from
Fig. 3b, ¢ one can get k,T™ ~ |U_, .|~ 0.3eV at d=6A4A,
critical density neyg- ~ 102 +10%ecm 2 and kyT'y) ~ 6 meV
(to give Tg(v) ~ 70K). The fact of kzT™ being much greater
than our |Ey: | tabulated tells that the dipole-ordered normal 1D-
crystal phase is the actual ground state of the many-particle

W) are

unlike-charge trion system. The obtained n+ and T -
respectively, close to and exceed those reported experimentally
for IEs?3?7, suggesting that the Wigner crystallized CIE phase can
be realized in properly fabricated vdW heterostructures with the
twofold overbalance of negative (as in Fig. 1b) or positive charge
carriers. Crystallized CIE photoemission is expected to feature
properties similar to those previously reported for crystallized
IEs?, with a series of advantages to offer though such as being
tunable by external electro-/magneto-static fields and being
controllable by the interlayer separation adjustment for bilayer
systems.

Conclusion. In summary, we study the properties of charged
interlayer excitons in highly excited vdW heterostructures—a
compound fermion system with the permanent dipole moment
observed recently in TMD bilayers!%23, We predict the existence
of strongly correlated collective CIE states, the long-range ordered
phases of the excited heterostructure—the crystal phase and the
Wigner crystal phase. We evaluate the critical temperatures and
density for the formation of such many-particle cooperative
compound fermion states. We demonstrate that they can be
selectively realized with bilayers of properly chosen electron-hole
effective mass ratio by just varying their interlayer separation
distance. Compound fermion systems featuring permanent elec-
tric dipole moments are of both fundamental and practical
importance due to their inherently unique many-body correlation
effects between electric-dipole and spin degrees of freedom. The
spin in such systems could potentially be used for quantum
information processing and its correlation with the dipole
moment provides an opportunity for spin manipulation through
optical means. Fundamental cooperative crystallization phe-
nomena we predict herewith for bilayer vdW heterostructures can
be used for both experimental exploration and device technology
development to increase the potential capabilities of such quan-
tum systems.

Methods

The charged interlayer exciton binding energy. A sketch of a charged interlayer
exciton (CIE, or trion) in a TMD bilayer is presented in Fig. 5a for the negative
trion case (X™). The positive trion case (X™) can be obtained by the charge sign
inversion. The CIE we deal with here is a charged three-particle complex of an
interlayer (indirect) exciton (IE) and an extra hole (k) or electron (e), in which two
like charge carriers confined to the same layer share an unlike charge carrier on the
other layer. Such a CIE complex can be viewed as being formed by the two
equivalent indistinguishable symmetric IE configurations with an extra charge
carrier attached to the left or right IE, respectively, as shown in Fig. 5a for the

Fig. 5 Configuration space view. a The structure of a negatively charged
interlayer exciton (CIE) complex in a transition metal dichalcogenide
(TMD) bilayer of the interlayer separation d. The complex can be viewed as
a pair of equivalent interlayer excitons (IEs) sharing the same hole—both
represented by their relative electron-hole distance in-plane projections p;
and p, treated independently, with Ap,- being the interexciton center-of-
mass-to-center-of-mass distance. b The same structure in the orthogonal
configuration space (py,p,) of the two equivalent independent IEs separated
by the center-of-mass-to-center-of-mass distance Ap (= Apy- for the
negative CIE here). The diagonal crosscut illustrates the tunnel exchange
between the two equivalent IEs in (a). The system tunnels through the
potential barrier formed by the two single-exciton Coulomb interaction
potentials (bottom, yellow) given by the second line in Eq. (6), between the
equivalent states (top, green) represented by the isolated two-exciton wave
functions in Eqg. (13). Due to the IE ground-state splitting, this tunnel
exchange coupling lowers the ground-state energy of the system by the
amount of Jy-(Ap), the tunnel exchange integral given by Eq. (17), to form
the negative CIE complex.

negative trion case®%. For such a quantum system the effective configuration space
can be represented by the two independent in-plane projections p; and p, of the
relative e-h coordinates (relative to the center of mass) of each of the IEs, whereby
the X* ground-state Hamiltonian takes the following form33

N 1 9 9 1 0 9
H(py,py Mpd) == —o— pj5———=— py>—
PP BP P19 Py Plapl P29 p, pzaPz

+ Vc<\/p% +d2) + Ve (\/pé +d2> + Vc(y/(pliAp)z +d2)
+ Vc(\/(Pz FAp) + dz)

{ Vir(lo(p, = p,)/A+ Bpl) — X*
VKR(K.Dl - pz)//1 —Apl) = X™ '

()

The “atomic units” are used with distance and energy measured in the
units of exciton Bohr radius aj = 0.529 A ¢/u and Rydberg energy

Ry* = 1 /(2u myal?) = & /(2ealy) = 13.6 €V u/e, respectively’’-41,
u=m,l(A mg) with A =1+ o stands for the exciton reduced effective mass
(in the units of free electron mass my), 0 = m,/my, is the electron-to-hole
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effective mass ratio, and ¢ represents the effective average dielectric constant
of the entire bilayer structure3’. The image-charge effects are neglected.

The first two lines in Eq. (6) describe the kinetic and potential energy,
respectively, for the two non-interacting IEs. Their individual e-h attractive
Coulomb potentials screened, generically of the form

1 1

Vc(r’):—;:—ﬂ (7)

(atomic units) with p being the in-plane intercharge distance, are symmetrized to
account for the presence of the neighbor a distance Ap away as seen from the p;-
and p,-coordinate systems assigned to originate at the respective IE centers-of-
mass and treated independently; see Fig. 5a. The last line is the interexciton
exchange Coulomb interaction (or the like-charge Coulomb repulsion potential
inside the trion)—h-h for X* and e-e for X—, respectively. We use the repulsive KR
interaction potential to represent this interaction (atomic units)

- PY_N.(2
Viw(p) = (e, +€&)ry {HO (’o) No (70)]7 ®

in order to properly take into account the screening effect for the like charges
confined to the same monolayer4?43. Here, Ny and Hy, are the Oth order Neumann
and Struve functions, respectively, ry is the screening length defined in Eq. (3) for a
2D material®’, and ¢, , are the dielectric permittivities of its surroundings. To
facilitate the analytical calculations, we approximate Eq. (8) by its accurate
alternative (3) written in terms of elementary functions as discussed and proposed
for atomically thin layers previously*4.

For the CIE complex of two identical configurations with an extra charge
attached to the left or right IE, the total wave function must be either symmetric or
antisymmetric with respect to their interchange due to the conservation of parity.
This can generally be achieved with coordinate wave functions of the form

1 1
You ™ ﬁ [‘Pix(Plst) * ¢IX(P27PI)} = ﬁ [‘Plx(Plva) £¢x(py — Bpp, + AP)L
©)
where ¢1x(p1, p2) = Vix{p1, d) Vix(p2, d) with yx being the IE wave function. This
involves the two terms localized at p; = p, =0 and p; = — p, = Ap, respectively, to

represent the two equivalent configurations in terms of the two independent
relative e-h coordinates p; and p, as shown in Fig. 5a. Since the total wave function
of the quantum ground state must be nodeless3®, for large Ap >> 1 the ground-state
wave function of two IEs (two bosons) must be symmetric in coordinates to hold
with W, in Eq. (9). At shorter Ap 2 1 it can be multiplied by an even function of
coordinates to be found from the Hamiltonian (6) in the manner similar to that
developed in the past for the hydrogen molecule and molecular ion in seminal
works by Landau, Gor’kov, Pitaevski, Holstein and Herring3$-4! and more recently
by one of us for biexcitons and trions in quasi-1D/2D semiconductors33-3.
Assuming further that for both configurations their respective IEs are in the
spin-singlet states as dictated by the hyperfine interactions of their unlike-charge
spin-1/2 fermionic (electron and hole) constituents®2, one arrives at the CIE
complex featuring the ground state with two identical like-charge collinear-spin
fermions in the same layer, which are thereby forced both by the Coulomb
repulsion and by the Pauli exclusion principle to avoid each other at short Ap < 1.
Such a CIE complex is therefore only possible to form due to the asymptotic
Coulomb exchange coupling at Ap > 1, the domain our theory applies for.

Figure 5b shows a diagonal vertical crosscut of the potential energy surface
(bottom) as given for X~ by the second line of Eq. (6) in the two-coordinate
configuration space (p;, p). On the main diagonal, this surface has two
symmetrical minima separated by the potential barrier. The minima represent the
two equivalent isolated IE states (top) given by the solution to the ground-state
eigenvalue problem defined by the first two lines of the Hamiltonian (6). This
solution is the product of the two ground-state IE wave functions. The interlayer
(or indirect) exciton eigenvalue problem was previously studied by Leavitt and
Little>’. Their ground-state energy Ejx and the wave-function vy are as follows
(atomic units)

40+ 4a*d*E, 2ad) exp(2ad)
14 2ad ’
where E|(x) = [ dt e/t is the exponential integral, a = 2/(1 + 24/d ), and

Yix(p.d) = N exp [—a(\/pz - d)]

with N =4/ \/1 +4y/d +8d (1 + +/d) as per the normalization

fgo dp p lyx(p, A = 1.
We start the CIE binding energy calculation with the (p;, p,)-configuration
space transformation to the new coordinates as follows

_Je—p = dp)/V2 > X* yoPitp
(by =Py — Bp)/VZ — X~ NG

This transformation places the origin and both axes of the new coordinate system
(x, ) as shown in Fig. 5b—in the middle of the potential barrier that separates the

Ex(d) =o? (10)

an

(12)

two potential wells representing the two equivalent isolated IE states—to capture
the maximal tunnel flow Jy= (Ap) between the two indistinguishable IE
configurations®>34, An approximate solution to the Schrédinger equation with
Hamiltonian (6) can be constructed using Eq. (11). By converting Eq. (11) to the
(x, y)-space per Eq. (12), we define the product wave function

G (x, ) = yixlp1 (6, 9), d] yixlp (x, ), dl,

S OF0/V2FAp/2 > X
Pl,Z(’Q)’)*{ (ytx)/«/iiAp/Z%X"’

(13)

to describe the motion with the energy Ejy inside the potential well centered at p;
=p, =0 (or x = —Ap/~/2, y=0), while being exponentially damped outside. In
just the same way, the function ¢;x(—x, y) describes the motion with the same
energy inside the well centered at p; = —p, = Ap for the X~ case shown in Fig. 5b
and at p, = —p; = Ap for the X+ case (both corresponding to x = Ap/+/2, y = 0).
Both of these functions are properly normalized to unity within their respective
potential wells. Both of them are even in x and y with respect to their respective
well-center positions, whereby ¢, (FAp/~/2,y)/0x = d¢(x,0)/3y = 0.

When the small probability of the underbarrier tunneling is taken into account,
the energy level Ejx splits into Ejy — Jy= (Ap) and Ejy + Jx= (Ap). Then, the correct
zero-approximation wave functions corresponding to these levels are
[¢1x(x,9) £ ¢yx(—x, )] //2, and since ¢x(x, y)¢x(—x, y) is vanishingly small
everywhere, they are normalized so that the integrals of their squares over both
wells are unity. This suggests that the actual eigenfunctions of the eigenvalues E,,
can be written as

1
V/g‘u(xvy) :ﬁ[u’xi (Xa}’)ill’x: (7x7y)}7 (14)
where Y- (=Ap/~/2,y) = ¢ (—Ap/+/2,y), with the unknown function yy- (x, )
representing an approximate solution to the Schrodinger equation with the
Hamiltonian (6) brought to the (x, y)-space per Eq. (12) to take the form

H(x,y, Ap,d) = T(x,y, Ap) + U(x, y, Ap, d). (15)

Here the kinetic and potential energy terms are as follows

L+ 8p//2) 3/0x — y 33y
G+ =y

_ 5 e 8 2 VKR(\\/EGX—AM//\)—)X*
ufwzzovc{\/[u( D8p/VZ + (=] /2 +d }+ Z{VKR(\ﬁx—opr)»x*'

(16)

In general, the function .- (x,y) is supposed to preserve the parity and the
behavior of the function ¢x(x, ), to only depart noticeably from ¢x(x, y) in the
very tail area x ~ y ~ 0 under the potential barrier and to overlap with y: (—x,y) in
there; see Fig. 5b. The overlap enables the tunnel exchange between the two
indistinguishable configurations represented by ¢rx(x, y) pinned to the potential
well centered at p; = p, =0 (x = —Ap/+/2, y=0) and by ¢;x(—x, y) pinned to the
other potential well at p; = —p, = Ap or p, = —p, = Ap (x = Ap/~/2, y = 0) for X~
and X, respectively. Under these restrictive assumptions about ¥y (x,y) in
Eq. (14), it is possible to write down the two Schrédinger equations as follows

(T+ Uyy: (x,9) = 2By (x,9), (T + Uy, 9) = By (x,y),

where T and U are those of Eq. (16). We multiply from the left the former by
Ye(x, y) and the latter by - (x, y), subtract one from another, and integrate over
x from —co to 0 and over y from —oco to +-co. This includes the potential well
positioned at x = —Ap/~/2, y=0, so that

0 00 1 0 00
[ e[ B v () =5 [ [ v

1 0 S X )
%E/,xdx/foody%)((x’y):jj’

and we find

-0 o)
2By —E, =2 / dx / dy [wg(x’y)wa' (5, 9) = ¥y (6, )Ty (x, )| -

In here, with T of Eq. (16) it can be seen that its last term might only be significant
at or close to x = —Ap/+/2, y =0, but the partial derivatives of relevance are zero
there, and so this term can be dropped for smallness over the entire integration
domain. What remains can be integrated by parts. Bearing in mind that

v, (0,y) = V2 yy-(0,), 9Y,(0, y)/0x =0 and all the functions involved as well as
their derivatives must vanish at infinity, this after numerus cancelations gives

oYy (0;)’)‘

2Ey —E, =2 / dy yx-(0,y) e
J —00

From here, with just a tiny adjustment for practical application purposes, we obtain
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the tunnel exchange splitting integral in Eq. (1) of the following final form

Ap/N2

d (17)
Y

oYy (x,
e s, 2 00)

T oo = [

x=0

Here, we take into account the fast exponential drop-off of the integrand away
from the y = 0-plane, whereby the integration limits can be shrunken to only
include the physically significant cross-section region, see Fig. 5b, that controls the
under-barrier tunnel probability flow—a positive quantity we wish to stress by
taking the absolute value of. Such a tunnel exchange coupling binds the three-
particle system to form a stable CIE state.

The trion wave function. We seek the function vy - (x, y) of Eq. (17) in the following
form

(18)

Here, the unknown function Sy- (x, y) is to be chosen so that Sy (x=—Ap/+/2, y)=0
to fulfill the condition Y- (—Ap/+/2,y) = ¢ (—Ap/~/2,y) as per Eq. (14), while
also being smooth and slowly varying in the domain |x|, |y| < Ap/+/2 under the
barrier, whereby its second derivatives should be negligible. Additionally, as was
mentioned above, for our three-particle X* complexes the equivalency of the two
IEs sharing the same hole (or electron) implies their identity and leads to the fact of
the like-charge carriers having collinear spins. The Coulomb repulsion strength-
ened by the Pauli exclusion principle forces them to avoid each other at short
interexciton center-of-mass-to-center-of-mass distance Ap <1, making it possible
for a stable CIE complex to only form at Ap > 1, which is why 1/Ap can be used as a
smallness parameter in analytical calculations.

For the negative CIE, plugging Eq. (18) into the Schrodinger equation with the
Hamiltonian (15), (16), to the first non-vanishing order in 1/Ap one obtains

w (P2,

Yy (x,3) = @ (x, y) exp[—Sy= (x, y)].

B Lp
o J2(arp—1)

where the second-order derivatives of Sy- are neglected. To find the analytical
solution to this differential equation in the domain of interest |x|, [y| < Ap/~/2, we
use Vg of Eq. (3) to replce Vg in the right-hand side of Eq. (19). The solution to
fulfill the boundary condition Sy-(—Ap/~/2,y) = 0 is then given by

Ap /X W2 t— UApl) Ap
S-(y) =————— dt Vg =
x- (%, ) Va(atp—1) S eﬂ< ;) Va(abp— 1)

(19)

I(x, Ap).
(20)

To calculate the integral I(x, Ap) here, we first use the unit step function to write

() ) o))

followed by the change of variable 7 = (v/2 t — dAp)/A to obtain

B 2 UAp 0 (V2 x—a0p)/2
105.89) = {e(x - ﬁ> [ / A V() + / a1 V()

A (V2 x—atp)/A
+9<%—x> /A dr Vg(—1) p.
J—bp

Of three terms here, only the third is seen to provide the solution in the domain
x<olp/ /2 that includes the region x ~ 0 of interest to us. With Vg of Eq. (3), this
term can be easily calculated analytically using integration by parts. One obtains

1+p s\ /1+p\’ s
n1+s+1n(1+s> (717 ) +(n2—y)e e?)

I(x<abp/~/2,Ap) = % {1
with s = (6Ap — /2 x)/Ary and p = Ap/re. A close inspection of this expression
reveals that since s < p, the first summand is predominant there and the other two
are negligible for all 1 <s < p regardless of how big s and p individually are. After
dropping the negligible terms, Eq. (20) in the domain of interest takes the final
form as follows

AAp
1-— ocAp)

1 — /2 x/(Ary + 0Ap)
14 Ap/(Arg + 0p)

SX’(xU’V)%Z( (21)

For the positive CIE, plugging Eq. (18) into the Schrodinger equation with the
Hamiltonian (15), (16) yields to the first non-vanishing order in 1/Ap the equation
8SX+ AP

as follows
V2 ox — Apl
= Vir :
ox ﬁ(ocAp -1) A

It is easy to see that this equation can be obtained from Eq. (19) by the simple
replacement 1/A <> o/A. Its solution in the domain of interest can then be obtained

(22)

by applying this replacement to Eq. (21). This gives

1 — /2 ox/(Ary + Ap)
14 oAp/(Ary + Ap)

AAp
1- otAp)

Sx+(x,y) &~ 20( (23)

The tunnel exchange coupling integral. It is noteworthy that both Egs. (21) and
(23) are fully consistent with the result reported for o= 1 previously3. The
functions y,. one obtains by plugging these equations into Eq. (18) can be used to
evaluate the tunnel exchange coupling integrals Jy: in Eq. (17). The differentiation
therein can be conveniently done using the following easy-to-prove rule:

if F(x,y) = FU(x,y)e’A("'” with Fy(x,y) = Ce "% | then
FBF _7[ 0A n oB ]annd 0B 1 0F,
3y~ Py Vo)

Yoty Fyatxy)

Here 9/9(x, y) stands for either 0/0x or d/dy. With this, after simplifications and
elementary integration over y one obtains Jy: (Ap) in the form of Eq. (2) above.

Seeking the extremum for Jy: (Ap) must only include the leading term in small
1/Ap to be consistent with the procedure of finding Sy. described above. Taking
the derivative of Jy: over Ap, equating it to zero, and solving the polynomial
equation obtained to the first infinitesimal order in 1/Ap, results in Apy. in the
form of Eq. (4) above.

Remarks on the interlayer Coulomb interaction potential. The electrostatic inter-
action potential energies (7) and (8) we use in our analysis can be shown to
consistently originate from the general solution to the electrostatic boundary-value
problem that includes two coupled parallel monolayers. Such a solution was
recently obtained by one of us (with coathors) as a byproduct in the bilayer optical
probing experiment analysis®. A bilayer system was considered to consist of the
two parallel monolayers with individual 2D-polarizabilities y,, and x;, (in our
notations) that are separated by a distance d and surrounded by a dielectric
medium of the static permittivity ¢, with a point charge sitting at the origin of the
cylindrical coordinate system placed in the bottom layer. In order to find the
electrostatic interaction potential energy in the whole space, the Poisson’s equation
was solved in the Fourier space in the way similar to that reported previously*4. In
the 2D-coordinate space, the solution obtained yields the electrostatic unlike- and
like-charge interaction energies of interest as follows (atomic units)

dq J,(qp) e
Vop(p,d) = — s
® ) o (1+qrp)1+qrg) — g*ryrg e

* dq Jy(qp) [1 +grg(1 — e
(1 +qro)(1 +qr5) — g°rorg e2at’

(24)

VZD(pv 0) =
Jo

where rj = 27y}, and ry = 2wy}, are the respective screening parameters for the
individual monolayers. Due to the presence of the second layer, these equations do
not seem to look similar to the solitary-monolayer KR potential case. However,
setting d = oo to take the top layer away makes the former zero, while the latter
integrates to yield the KR potential energy (8) with the effective screening length
roy = 1y just as it should be.

A close inspection of Eq. (24) reveals that due to the oscillatory behavior of the
0Oth order Bessel function Jo(x) for all x> 1, only g < 1/p contribute the most to the
integrals there. In our case, p & Ap,. as can be seen from Fig. 5a. Then, in the
domain 1/Apy: <1 we work within, only wave vectors ¢ $1/p ~ 1/Apy. <1
contribute the most to both integrals in Eq. (24), so that gd $d/Apy- <d<1 in

d/Ap,.
0.5

0.4
0.3
0.2

0.1

0:1 02 03 04 05 06 07

Interlayer separation d (aj;)

Fig. 6 Charged interlayer exciton size versus interlayer separation. The
ratio of the interlayer separation d in a bilayer to the equilibrium center-of-
mass-to-center-of-mass distance Apy: of the two equivalent interlayer
excitons (IEs) to form the charged interlayer exciton (CIE) due to the tunnel
exchange coupling, as given by Eq. (4) for a typical set of parameters used
in this work.
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both integrals for all d we used in this work. This can also be seen from Fig. 6 we
obtained using Apy. of Eq. (4). Therefore, it is legitimate to neglect g>-terms under
the integrals in Eq. (24). This gives

1 [ dx Jy(x) e~ xd/p 1 [ dx J,(x)
4 ’d“_‘/ — T, Vyp(p,0 %—/ —
D pto 1+x(rg+15)/p w(,0) pJo 1+x(ry+15)/p

and the second integral turns into the KR potential energy (8) with the screening length
ro = 1y + rg. Additionally, as per previous computational studies of monolayer
TMDs*, the monolayer screening length can be accurately represented by c(e;, — 1)/2
(€1 + €3), where ¢ and ¢, are the bulk TMD out-of-plane translation period and in-
plane dielectric permittivity, respectively. For a TMD bilayer embedded in hBN with &
= 5.87 (averaged over all three directions®®), which is the case for a variety of
experiments?33255, the typical parameters are c~ 12 — 13 A, &, = 14 — 17, ¢; = 2¢, +
&)/3 with & =~ ¢,/2*>°8 and €, =¢ (or vice versa), to yield ry & c(e, —1)/(5¢, /6 +
€)ay ! <1 as a}y in TMDs is consistently greater than 1 nm both by our data (see Fig. 4)
and also by others324%%5, Then, we obtain ry/p & ry/Apy: < 1. With this in mind
the denominator of the first integral above can be expanded in rapidly convergent
binomial series, whereby after the term-by-term integration the interlayer electrostatic
interaction energy takes the form

00 —xd/p
vw(p,dw_l/ Ay e 1 (1 d 1 r0+“.).

pto  1+ar/p [+ & Cpl+dpp

Here, the second term in parentheses comes out as the 2nd (not the 1st as one would
expect!) order of smallness since d/p &~ d/Apy- <1 as demonstrated in Fig. 6, and so it
can be safely dropped along with the rest of higher infinitesimal order terms, whereby
one arrives at the interlayer Coulomb interaction (7) we used in our calculations
throughout this work. Note also that, even more generally, this series expansion can be
seen to be uniformly suitable for all p > 0, including p ~ 0 as well, in which case the
second term in parentheses comes out as the 1st order of smallness in 7o/d and still can
be dropped for d large enough, whereby one still arrives at Eq. (7)—now in the classical
electrostatic Coulomb interaction regime of two space-separated point charges with
intercharge distance written in cylindrical coordinates.

The pairwise interaction potentials for charged interlayer excitons. As can be
seen from the special cases shown in Fig. 7a—c, the long-range Coulomb interaction
of the pair of CIEs (trions) depends on the relative orientation of the triangles
formed by the three charges in a trion complex. The exact interaction potential
includes nine terms to couple the electrons and holes in the two spatially separated
complexes. To simulate the actual potential energy surfaces we use the Coulomb
interaction coupling of Eq. (7) for the (unlike) charges located in the distinct
monolayers and the KR interaction coupling of Eq. (8) for the (like) charges
confined to the same monolayer. The explicit coupling parameter dependence is
given by the functions Vigr(R, 1, 12, 7o) and Vc(R, 1y, 12, d) specified below, where R
is the trion-trion center-of-mass-to-center-of-mass distance and r;, are the dis-
tances between the like charges in the first and second trion of the interacting trion
pair. In general, r; # r, for the unlike-charge trion-trion coupling and r; = r, for the
like-charge trion-trion coupling as sketched in Fig. 7a-c. Using the standard tri-
angle similarity theorems, these distances come out as AApy+ and (A/0)Apy- for
the positive and negative trion, respectively. This is why for unlike-charge trion
pairs, r; can only be equal to r, if c=1 (or m, = my,).

The pairwise interaction potentials for unlike-charge trions. In this case, two most
likely relative orientations are supported by symmetry for a pair of triangle-shaped
complexes in bilayer structures we deal with. They are the coplanar and parallel
biplanar orientation. Their side and top views are shown in Fig. 7a, c, respectively.
For the former, counting e-h couplings in Fig. 7a counterclockwise from top left,
the total interaction potential energy U takes the form

U=u +u, +u, (25)
u,=VKR(R+rl/2)+VC{ [R+(rl—rz)/2]z+d2}+VC{ [R+(rl+r2)/2]z+dz},

U, = ViR = 1,/2) + Vig(R+1,/2) + VC( VR + dz):

uy = ViR =1, /2) + VC{ [R—-(r, +r2)/z]z+dz} + VC{\/ [R=(r, — /2] +d2}.

For the latter, from Fig. 7c the total interaction potential W comes out as

W =2w, +w,, (26)

w="Vc {\/(rl —n)/4+ R +d2:| + VKR(\/ V%/4+R2> +Ve {\/ (n+n)/4+R+ d2]>
Wy = 2V (\/r§/4+R2> + VC(\/RZ +d2).

The calculated interaction potentials U and W are presented in Fig. 3a and in
Fig. 7d, respectively. The former is seen to be over an order of magnitude more

attractive than the latter in the same parameter range, which is why the W
interaction potential energy is neglected in our analysis.

The pairwise interaction potentials for like-charge trions. In this case, both coplanar
and parallel biplanar relative orientations of the triangle-shaped complexes are
strongly repulsive and, in general, are different for positively and negatively
charged trion pairs. The side view of the coplanar orientation of two positive trions
is shown in Fig. 7b. The top view of their parallel biplanar orientation can be
obtained from the sketch in Fig. 7c by setting r; = r, and relabeling e < & in one of
the trions. For the former, counting e-h couplings in Fig. 7b counterclockwise from
top left, the total interaction potential energy V takes the form

Vi=v +v,+vs, (27)

v =Vie® + V¢ [\/(R —n/2" + dz] +Ve [\/(R +r/2) + dz] )
vy = Vig(R) + Vip(R+ 1) + V¢ [\/ (R+1,/27 + dz] )
vy = ViR = 1) + Vir(R) + V¢ [\/ (R—r1,/2)" + dz] .

For the latter, the total interaction potential energy V can be obtained
from Eq. (26) by setting r; = r, and simultaneously swapping Vi <> V¢ and
R? < R% + d2. This gives

V=2 +7, (28)

¥ = ViR + Vc(y/r§/4 + R+ d2> + VKR(‘/@ + RZ),
U, =2Ve (\/r§/4 + R+ d2> + Vir(R).

For a negatively charged trion pair, r, should be replaced with r; in both of these
equations.

A close inspection of Eqgs. (27) and (28) reveals their very similar repulsive
behavior and in fact their coincidence when R is greatly different from r, (both
greater and less than). The calculated interaction potential V of Eq. (27) is
presented in Fig. 3a.

Like-charge trion Wigner crystallization parameters. An ensemble of repul-
sively interacting particles (or quasiparticles, structureless or compound) forms a
Wigner lattice when its average potential interaction energy exceeds its average
kinetic energy*’, so that (V)/(K) =T, > 1. For like-charge trions in Fig. 7b, the
Coulomb repulsion at large R (>> 1) is strengthened at shorter R by the dipole-
dipole repulsion of their collinear permanent dipole moments directed perpendi-
cular to the heterostructure plane. These are the two major terms of the power
series expansion in r,/R( < 1) of the repulsive pairwise interaction potential V'
presented in Fig. 3a. With rotational kinetic energy neglected for the reasons
explained above, the like-charge trion critical density n.y- and temperature T(Cyl
can be obtained by drawing an analogy to the 2D electron gas system* to include
the extra dipole-dipole repulsion term.

The Critical Density. With the commonly used notations preserved, we go on with
using the atomic units introduced previously. For trion-trion separation distances
R greater than the size of the trion (R>> 1y ), the first order power series expansion
of the average repulsive trion-trion interaction potential takes the form
1 & 5

(V):E 1+F = mn (1+d*m), (29)
where n=1/nR? is the trion surface density. Our trions are compound fermions
with the occupation number

1
"= B 17
where f8 = 1/kgT, Ex = h%k*/2M, M = My and i being the trion total mass and
chemical potential, respectively. At zero T this turns into a unit-step function to
give n in Eq. (29) in the form

(30)

(Ny 2 28 ke K
=0 i =2 o [ dkk=2E, 31
NS TS T Sy ”/0 2 @y

where S is the surface area and kp is the trion Fermi-momentum. The average
kinetic energy per particle can then be written as

2 2 s L O R A A &
(K)fmZk:Eknkfm(zﬂ)z 271/0 dk k M= N2 <%> =om ™

(32)
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Fig. 7 Charged interlayer exciton pairwise interaction geometry. a, b The coplanar pairwise interaction geometry for the unlike-charge and like-charge
interlayer trion complexes, respectively, in a bilayer of the interlayer separation d. Here, R is the trion-trion center-of-mass-to-center-of-mass distance and
r1» are the distances between the like charges in the first and second trion of the interacting trion pair. By the triangle similarity theorem distances r; and r,
are related to the equilibrium center-of-mass-to-center-of-mass distance Apy. of the two equivalent interlayer excitons (IEs) sharing the same electron (or
hole) to form the charged interlayer exciton (CIE, trion). They can be different for the pairs of unlike-charge trions but they are always the same for like-
charge trion pairs as shown in (a) and (b), respectively. ¢, d Top view of the parallel biplanar pairwise interaction geometry for the unlike-charge trion pair
and the respective pairwise interaction potential energy W as given by Eq. (26).

to result, with (V) of Eq. (29), in of which only one, t,, stays finite as d goes down to zero. This root leads to
2 2 2 (g.T,\* 1/ 4d \? 4d \?
p V) 2M Lt 2 1+ - o= (50 -3 () - - ()] e
(K) ~ H /mn g /mn nd* \ 4d 2\g. T, T
where g stands for the ratio of the electron-hole reduced mass to the trion total and reproduces the 2D electron gas result* for d — 0 and g, = 1.
mass

The Critical Temperature. For arbitrary nonzero T, using Eq. (30) with the new
1 27 1\ ! variable x = fik\/3/2M, the trion surface density (31) can be written in a para-
e mno= (o {1 )

(34)  metric form as follows

1)o
(N 28 *  dkk oM [ ze ™ e
Introducing the new variable t = d\/7n turns Eq. (33) into a quadratic equation =5 T 2n) 2m o PEH 1+ 1 n 7B Jo dx x 1+ze 2’ z=e"20
. (36)
2801120 i _— )
2d Similarly, the average kinetic energy per particle of Eq. (32) takes the form

-2

with two roots as follows (K) = 2 S . h_2 © 4k ke 1 S So dx x3 lfzv @7)
= V) 7 = -
(Ny@n)* " 2M Jy FED 1B e x%
2

ty= i—l:; + <g4_1:;) -1, After the power series expansions of their respective denominators, these integrals

can further be represented in terms of the gamma and polylogarithm functions

COMMUNICATIONS PHYSICS | (2021)4:134 | https://doi.org/10.1038/s42005-021-00624-1 | www.nature.com/commsphys 1


www.nature.com/commsphys
www.nature.com/commsphys

ARTICLE

COMMUNICATIONS PHYSICS | https://doi.org/10.1038/s42005-021-00624-1

following the rule

00 0 LS\ m T +1)/2
21/0 x" (—ze”‘) dx = M Liy1)/2(=2)

m= 2
(38)
_TI[n+1D/2] = ()"
- 2 m=1mn+/2"

In the classical limit of high T and/or low density®®, one has ef®«=® > 1, so that
the occupation number (30) takes the form n, = e P& = zePE to simplify n
in Eq. (36) as follows
2M: *© M:
n=i | dexe = (39)
h*np Jo hnp
whereby the kinetic energy per particle of Eq. (37) takes the form
2M: o0 2 M: 1
= [ dxPe = =T
wrp’n Jo Wnpn B
as expected from the energy equipartition theorem of classical statistical mechanics.
Plugging Egs. (29) and (40) in Eq. (33) gives the equality
mn(l+ dznn)2 = (Tokg T)Z. In this equation, to make it consistent with the
approximation Eq. (29) is valid within, one has to discard the terms with powers of
d higher than d2. The quadratic equation thus obtained gives two roots for n(T),
one of which is manifestly negative and so to be discarded. Equating the other root
to n.y= of Eq. (35) gives the constraint for the critical temperature. Solving it for T
subject to keeping powers of d no greater than d, leads to

4
8.T;

(K) (40)

W) _
kBTcXI -

(in the units of Ry*) with g.(0) given by Eq. (34). For g, = 1 this reproduces the 2D
electron gas result reported previously*.

Data availability

The data that supports the findings of this study are available within the article.

Received: 28 August 2020; Accepted: 10 May 2021;
Published online: 25 June 2021

References

1. Keldysh, L. V. & Kozlov, A. N. Collective properties of excitons in
semiconductors. Phys. JETP 27, 521 (1968).

2. Lozovik, Yu. E. & Yudson, V. I. A new mechanism for superconductivity:
pairing between spatially separated electrons and holes. Sov. Phys. JETP 44,
389 (1976).

3. Fukuzawa, T., Kano, S., Gustafson, T. & Ogawa, T. Possibility of coherent light
emission from Bose condensed states of SEHPs. Surf. Sci. 228, 482 (1990).

4.  Astrakharchik, G. E., Boronat, J., Kurbakov, I. L. & Lozovik, Yu. E. Quantum
phase transition in a two-dimensional system of dipoles. Phys. Rev. Lett. 98,
060405 (2007).

5. Berman, O. L., Lozovik, Yu. E. & Gumbs, G. Bose-Einstein condensation and
superfluidity of magnetoexcitons in bilayer graphene. Phys. Rev. B 77, 155433
(2008).

6. Schinner, G. J. et al. Confinement and interaction of single indirect excitons in
a voltage-controlled trap formed inside double InGaAs quantum wells. Phys.
Rev. Lett. 110, 127403 (2013).

7. Berman, O. L., Kezerashvili, R. Ya. & Tsiklauri, S. M. Trions in coupled
quantum wells and Wigner crystallization. J. Mod. Phys. B 28, 1450064 (2014).

8. Fogler, M. M., Butov, L. V. & Novoselov, K. S. High-T superfluidity with
indirect excitons in van der Waals heterostructures. Nat. Commun. 5, 4555
(2014).

9. Suris, R. A. Gas-crystal phase transition in a 2D dipolar exciton system. JETP
122, 602 (2016).

10. Kremser, M. et al. Discrete interactions between a few interlayer excitons
trapped at a MoSe,-WSe, heterointerface. npj 2D Mater. Appl. 4, 8 (2020).

11. Mak, K. F. & Shan, J. Photonics and optoelectronics of 2D semiconductor
transition metal dichalcogenides. Nat. Photon. 10, 216 (2016).

12. Sun, Y., Wang, R. & Liu, K. Substrate induced changes in atomically thin two-
dimensional semiconductors: Fundamentals, engineering, and applications.
Appl. Phys. Rev. 4, 011301 (2017).

13. Wang, G. et al. Colloquium: Excitons in atomically thin transition metal
dichalcogenides. Rev. Mod. Phys. 90, 021001 (2018).

14. Witham, O., Hunt, R. J. & Drummond, N. D. Stability of trions in coupled
quantum wells modeled by two-dimensional bilayers. Phys. Rev. B 97, 075424
(2018).

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34,

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

Deilmann, T. & Thygesen, K. S. Interlayer trions in the MoS,/WS, van der
Waals heterostructure. Nano Lett. 18, 1460 (2018).

Lozovik, Yu. E. New effects in and control of exciton systems in quasi-two-
dimensional structures. Physics-Uspekhi 61, 1094 (2018).

Kezerashvili, R. Ya. Few-body systems in condensed matter physics. Few-Body
Syst. 60, 52 (2019).

Sammon, M. & Shklovskii, B. I. Attraction of indirect excitons in van der
Waals heterostructures with three semiconducting layers. Phys. Rev. B 99,
165403 (2019).

Rivera, P. et al. Observation of long-lived interlayer excitons in monolayer
MoSe,-WSe, heterostructures. Nat. Commun. 6, 6242 (2015).

Ross, J. S. et al. Interlayer exciton optoelectronics in a 2D heterostructure p-n
junction. Nano Lett. 17, 638 (2017).

Baranowski, M. et al. Probing the interlayer exciton physics in a MoS, /MoSe,/
MoS, van der Waals heterostructure. Nano Lett. 17, 6360 (2017).

Miller, B. et al. Long-lived direct and indirect interlayer excitons in van der
Waals heterostructures. Nano Lett. 17, 5229 (2017).

Jauregui, L. A. et al. Electrical control of interlayer exciton dynamics in
atomically thin heterostructures. Science 366, 870 (2019).

Calman, E. V. et al. Indirect excitons and trions in MoSe,/WSe, van der Waals
heterostructures. Nano Lett. 20, 1869 (2020).

Snoke, D. W. Dipole excitons in coupled quantum wells: Towards an
equilibrium exciton condensate. In Quantum Gases: Finite Temperature and
Non-equilibrium Dynamics (eds. Proukakis, N., Gardiner, S., Davis, M., &
Szymarniska, M.) p. 419 (Imperial College, London, 2013).

Butov, L. V. Collective phenomena in cold indirect excitons. JETP 122, 434
(2016).

Li, J. I A, Taniguchi, T., Watanabe, K., Hone, J. & Dean, C. R. Excitonic
superfluid phase in double bilayer graphene. Nat. Phys. 13, 751 (2017).
Szymanska, M. H. Intertwining electron tunneling with light. Science 336, 679
(2012).

Cristofolini, P. et al. Coupling quantum tunneling with cavity photons. Science
336, 704 (2012).

Cotlet, O., Zeytinoglu, S., Sigrist, M., Demler, E. & Imamoglu, A.
Superconductivity and other collective phenomena in a hybrid Bose-Fermi
mixture formed by a polariton condensate and an electron system in two
dimensions. Phys. Rev. B 93, 054510 (2016).

Kavokin, A. & Lagoudakis, P. Exciton-mediated superconductivity. Nat.
Mater. 15, 599 (2016).

Sun, Z. et al. Charged bosons made of fermions in a solid state system without
Cooper pairing, E-print arXiv:2003.05850 (27 Feb 2021).

Bondarev, I. V. & Vladimirova, M. R. Complexes of dipolar excitons in layered
quasi-two-dimensional nanostructures. Phys. Rev. B 97, 165419 (2018).
Bondarev, I. V. Configuration space method for calculating binding energies
of exciton complexes in quasi-1D/2D semiconductors. Mod. Phys. Lett. B 30,
1630006 (2016).

Bondarev, L. V. Relative stability of excitonic complexes in quasi-1D
semiconductors. Phys. Rev. B 90, 245430 (2014).

Bondarev, I. V. Asymptotic exchange coupling of quasi-1D excitons in carbon
nanotubes. Phys. Rev. B 83, 153409 (2011).

Leavitt, R. P. & Little, ]. W. Simple method for calculating exciton binding
energies in quantum-confined semiconductor structures. Phys. Rev. B 42,
11774 (1990).

Landau, L. D. & Lifshitz, E. M. Quantum Mechanics. Non-Relativistic Theory.
(Pergamon, Oxford, 1991).

Gor’kov, L. P. & Pitaevski, L. P. The splitting energy of hydrogen molecule
therms. Dokl. Akad. Nauk SSSR 151, 822 (1963). [English transl.: Soviet
Phys.-Dokl. 8, 788 (1964)].

Herring, C. Critique of the Heitler-London method of calculating spin
couplings at large distances. Rev. Mod. Phys. 34, 631 (1962).

Herring, C. & Flicker, M. Asymptotic exchange coupling of two hydrogen
atoms. Phys. Rev. 134, A362 (1964).

Keldysh, L. V. Coulomb interaction in thin semiconductor and semimetal
films. JETP Lett. 29, 658 (1979).

Rytova, N. S. Screened potential of a point charge in a thin film. Moscow Univ.
Phys. Bull. 3, 30 (1967).

Cudazzo, P., Tokatly, I. V. & Rubio, A. Dielectric screening in two-
dimensional insulators: Implications for excitonic and impurity states in
graphane. Phys. Rev. B 84, 085406 (2011).

Berkelbach, T. C., Hybertsen, M. S. & Reichman, D. R. Theory of neutral and
charged excitons in monolayer transition metal dichalcogenides. Phys. Rev. B
88, 045318 (2013).

Larentis, S. et al. Large effective mass and interaction-enhanced Zeeman
splitting of K-valley electrons in MoSe,. Phys. Rev. B 97, 201407(R) (2018).
Rasmussen, F. A. & Thygesen, K. S. Computational 2D materials database:
electronic structure of transition-metal dichalcogenides and oxides. J. Phys.
Chem. C 119, 13169 (2015).

12 COMMUNICATIONS PHYSICS| (2021)4:134 | https://doi.org/10.1038/s42005-021-00624-1| www.nature.com/commsphys


www.nature.com/commsphys

COMMUNICATIONS PHYSICS | https://doi.org/10.1038/s42005-021-00624-1

ARTICLE

48. Kubo, R, Ichimura, H., Usui, T. & Hashitsume, N. Statistical Mechanics. An
Advanced Course with Problems and Solutions. (Elsevier, Amsterdam, 1988).

49. Platzman, P. M. & Fukuyama, H. Phase diagram of the two-dimensional
electron liquid. Phys. Rev. B 10, 3150 (1974).

50. Biichler, H. P. et al. Strongly correlated 2D quantum phases with cold polar
molecules: controlling the shape of the interaction potential. Phys. Rev. Lett.
98, 060404 (2007).

51. Pathria, R. K. & Beale, P. D. Statistical Mechanics. (Elsevier, Amsterdam,
2011).

52. Abers, E. S. Quantum Mechanics. (Addison-Wesley, New York, 2004).

53. Cheiwchanchamnangij, T. & Lambrecht, W. R. L. Quasiparticle band structure
calculation of monolayer, bilayer, and bulk MoS,. Phys. Rev. B 85, 205302
(2012).

54. Ramasubramaniam, A. Large excitonic effects in monolayers of molybdenum
and tungsten dichalcogenides. Phys. Rev. B 86, 115409 (2012).

55. Goryca, M. et al. Revealing exciton masses and dielectric properties of
monolayer semiconductors with high magnetic fields. Nat. Commun. 10, 4172
(2019).

56. Bondarev, I. V., Mousavi, H. & Shalaev, V. M. Optical response of finite-
thickness ultrathin plasmonic films. MRS Commun. 8, 1092 (2018).

57. Markel, V. A. Introduction to the Maxwell-Garnett approximation: tutorial. J.
Opt. Soc. Am. A 33, 1244 (2016).

58. Laturia, A,, Van de Put, M. L. & Vandenberghe, W. G. Dielectric properties of
hexagonal boron nitride and transition metal dichalcogenides: from
monolayer to bulk. npj 2D Mater. Appl. 2, 6 (2018).

59. Chandler, D. Introduction to Modern Statistical Mechanics. (Oxford
University Press, New York, 1987).

60. Asriyan, N. A, Kurbakov, I. L., Fedorov, A. K. & Lozovik, Yu. E. Optical
probing in a bilayer dark-bright condensate system. Phys. Rev. B 99, 085108
(2019).

Acknowledgements

This research is supported by the U.S. Department of Energy, Office of Science, Office of
BES under award No. DE-SC0007117 (L.V.B.), by the U.S. ARO grant No.
W911NF1810433 (O.L.B,, R.Ya.K.), and by the RFBR grants No. 20-02-00410 and No.
20-52-00035 (Yu.E.L.).

Author contributions

LV.B. conceived the project, developed the theory, carried out theoretical and numerical
calculations, and wrote the final version of the manuscript. LV.B., O.L.B. and R.Ya.K.
discussed possible mechanisms for trion crystallization. O.L.B. and R.Ya.K. contributed in-
depth assessments of exciton and trion interaction potentials. Yu.E.L. provided expertise in
exciton many-particle correlations and crystallization phenomena. All authors discussed the
results and commented on the ways to best represent them in the manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Supplementary information The online version contains supplementary material
available at https://doi.org/10.1038/s42005-021-00624-1.

Correspondence and requests for materials should be addressed to I.V.B.

Reprints and permission information is available at http://www.nature.com/reprints

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

Open Access This article is licensed under a Creative Commons

2 Attribution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made. The images or other third party
material in this article are included in the article’s Creative Commons license, unless
indicated otherwise in a credit line to the material. If material is not included in the
article’s Creative Commons license and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this license, visit http://creativecommons.org/
licenses/by/4.0/.

© The Author(s) 2021

COMMUNICATIONS PHYSICS| (2021)4:134 | https://doi.org/10.1038/s42005-021-00624-1 | www.nature.com/commsphys 13


https://doi.org/10.1038/s42005-021-00624-1
http://www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
www.nature.com/commsphys
www.nature.com/commsphys

	Crystal phases of charged interlayer excitons in van der Waals heterostructures
	Results
	The binding energy
	Unlike-charge trion crystallization
	Like-charge trion Wigner crystallization
	Estimates for the effects discussed
	Conclusion

	Methods
	The charged interlayer exciton binding energy
	The trion wave function
	The tunnel exchange coupling integral
	Remarks on the interlayer Coulomb interaction potential
	The pairwise interaction potentials for charged interlayer excitons
	The pairwise interaction potentials for unlike-charge trions
	The pairwise interaction potentials for like-charge trions
	Like-charge trion Wigner crystallization parameters
	The Critical Density
	The Critical Temperature

	Data availability
	References
	Acknowledgements
	Author contributions
	Competing interests
	Additional information




