Acta Math., 220 (2018), 297-339
DOI: 10.4310/ACTA.2018.v220.n2.a3
© 2018 by Institut Mittag-Leffler. All rights reserved

Semiclassical measures on hyperbolic
surfaces have full support

by
SEMYON DYATLOV Long JIn
Massachusetts Institute of Technology Tsinghua University
Cambridge, MA, U.S.A. Beijing, China
and and
University of California, Berkeley Purdue University
Berkeley, CA, U.S.A. West Lafayette, IN, U.S.A.

1. Introduction

Let (M, g) be a compact (connected) hyperbolic surface, that is a Riemannian surface
of constant curvature —1. Denote by A the (non-positive) Laplace-Beltrami operator.
We fix a semiclassical quantization procedure Op,;, (see §2.2) which maps any function
a€C§e(T*M) to a family of operators Opy,(a): L?(M)— L*(M) depending on the semi-
classical parameter A>0. Assume that u; is a sequence of eigenfunctions of —A with

eigenvalues hjfzeoo:
(—h?A—I)Uj:O, ||UJ*||Lz:17 hj>0, hj—>0 as j — oo. (1.1)
We say that u; converge semiclassically to some probability measure p on T*M if

(Opy, (@)uj, uj)r2 — .. adp as j—oo forall ae CF(T*M).
We say that u is a semiclassical defect measure (or in short, semiclassical measure) if
u is the semiclassical limit of some sequence of eigenfunctions. It is well known (see for
instance [Zw1, §5.1 and §5.2]) that each semiclassical defect measure is supported on the
cosphere bundle S*M CT*M and it is invariant under the geodesic flow p;: S*M —S* M.
However, not every invariant measure can be a semiclassical defect measure as follows

from our first result.

THEOREM 1. Let p be a semiclassical defect measure. Then, supp u=5*M, that is
for every non-empty open set UCS*M we have p(U)>0.
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If aeC°°(M) depends only on z, then Op;(a) is the multiplication operator by a.
Therefore, Theorem 1 implies that the support of any weak limit of the measures |u; |2 dvolg
(often called quantum limit) is equal to M.

The quantum ergodicity theorem of Shnirelman [Sh], Zelditch [Zel], and Colin de
Verdiere [CdV] (see also Helffer—-Martinez—Robert [HMR] and Zelditch-Zworski [ZZ] for
more general versions) implies that there is a density-1 sequence of eigenvalues of A such
that the corresponding eigenfunctions converge weakly to the Liouville measure py. The
quantum unique ergodicity (QUE) conjecture of Rudnick and Sarnak [RS] states that ur,
is the only semiclassical measure. This conjecture was proved for Hecke forms on arith-
metic surfaces (such as the modular surface) by Lindenstrauss [L] and Soundararajan [So].
For the related setting of Eisenstein series see Luo—Sarnak [LS]and Jakobson [Ja]. For
the history of the QUE conjecture we refer the reader to the reviews of Marklof [Mk],
Zelditch [Ze2], and Sarnak [Sa].

In the more general setting of manifolds with Anosov geodesic flows, restrictions
on possible semiclassical measures have been obtained by Anantharaman and Anantha-
raman-Nonnenmacher [A], [AN]; see also the papers by Riviere [Ril], [Ri2] and Anantha-
raman—Silberman [AS]. In particular, [AN, Theorem 1.2] shows that every semiclassical
measure on a hyperbolic surface has Kolmogorov—Sinai entropy > % For comparison, the
Liouville measure has entropy 1 and the delta measure on a closed geodesic has entropy O.
Examples of manifolds with ergodic but non-Anosov geodesic flows with quasimodes and
eigenfunctions which violate QUE have been constructed by Donnelly [D] and Hassell [H];
see also Faure-Nonnenmacher—de Bievre [FNB].

Theorem 1 is in some sense orthogonal to the entropy bounds discussed above. For
instance, Theorem 1 excludes the case of p supported on a set of dimension 3—¢, which

might have entropy very close to 1. On the other hand, it does not exclude the case

p=apr+(1-a)uo,

where 11 is a delta measure on a closed geodesic and 0<a <1, while the entropy bound
excludes such measures with a<%. Theorem 1 also does not exclude the case when p
is a countable linear combination of the measures 4., , where {7;}72, are all the closed

geodesics: for instance,
o0
—k
n=y 27",
k=1

satisfies supp p=S*M.

Our second result is a more quantitative version of Theorem 1.
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THEOREM 2. Assume that a€C(T*M) and a|g«pZ0. Then, there exist constants
C(a),hg(a)>0 depending only on M and a such that, for 0<h<hg(a) and all ue H*(M),

log(1/h
Julz < @) Opn (@l = +C(a) B | h2A - (1.2

Theorem 1 follows immediately from Theorem 2. Indeed, take a€C§°(T*M) such
that a|s«ar#0, but suppanS*M CU. Let u; and h; satisfy (1.1). Then (1.2) implies

that [|Opy,, (a)u;|| 2 >C(a)! for large j. However, if u; converge semiclassically to some

measure 4, then

[0pn, (@l = [ JaPde as josex.
T*M

It follows that [ |a|* du>0, and thus u(U)>0.

The above argument shows that Theorem 1 still holds if we replace the requirement
(=h3A—T)u;=0 in (1.1) by [[(=hFA—T)u;|2=0(h;/log(1/h;)), that is it applies to
o(h/log(1/h)) quasimodes. This quasimode strength is almost sharp; indeed, Brooks [B],
Eswarathasan-Nonnenmacher [EN], and Eswarathasan—Silberman [ES] construct a fam-
ily of O(h/log(1/h)) quasimodes which do not converge to pr. In particular, [EN,
Proposition 1.9] gives O(h/log(1/h)) quasimodes which converge semiclassically to the
delta measure on any given closed geodesic. We remark that the factor (1/h)log(1/h)
in (1.2) is reminiscent of the scattering resolvent bounds on the real line for mild hyper-
bolic trapping; see [Zw2, §3.2] and the references there.

Theorem 2 has applications to control for the Schrodinger equation [Jil] and its proof
can be adapted to show exponential energy decay for the damped wave equation [Ji2].

We would also like to mention a recent result of Logunov—Malinnikova [LM] giving

a bound of the following form for an eigenfunction u, (—h?A—1I)u=0:

—C/h
sup |u| > 1 (VOIQ(Q)>
Q C

e Sup |ul, (1.3)

where C' is a constant depending only on M. The bound (1.3) holds on any closed
Riemannian manifold and for any subset 2C M of positive volume. For hyperbolic sur-
faces and 2 having non-empty interior, Theorem 2 together with the unique continuation

principle give the bound

[ullL2@) = callull L2, (1.4)

where co>0 is a constant depending on M and , but not on h. Unlike (1.3), the
bound (1.4) cannot hold for general Riemannian manifolds: if M is the round sphere
and € lies strictly inside one hemisphere, then there exists a sequence of Gaussian beam

eigenfunctions u concentrating on the equator with [jul|z2(q) <e’c/hHu||Lz(M).
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1.1. Outline of the proof

We give a rough outline of the proof of Theorem 2, assuming for simplicity that
(=h*A—T)u=0.

We write
u=Axu+Ayu

where Ay and Ay are constructed from two fixed pseudodifferential operators A; and
As conjugated by the wave propagator for times up to 2plog(1/h); see (3.7) and (3.16).
The parameter o is chosen less than 1 but is very close to 1; see the remark following
Proposition 3.5. The operators Ay and Ay formally correspond to symbols ax and ay
such that, for some small parameter a>0,

e for (z,£)€suppay, at most 2alog(1/h) of the points

@j(x,€), j=0,1,...,2¢0log(1/h) (1.5)

lie in the set {a#0}. That is, the geodesic p¢(x, &), 0<t<2plog(1/h) spends very little
time in {a#0};

o for (z,&)Esuppay, at least ;5alog(1/h) points (1.5) lie in the set {a#0}.

To explain the intuition behind the argument, we first consider the case when a=0,
that is, for (x,€&)€supp ax none of the points (1.5) lie in {a#0}. (In the argument for
general « leading to (1.8), putting a=0 is equivalent to taking a~1/log(1/h).) One
can view {a#0} as a ‘hole’ in S*M and suppax is contained in the set of ‘forward
trapped’ geodesics (that is, those that do not go through the hole). On the other hand,
points (z,§) in suppay are controlled in the sense that ¢;(z,§) lies in the hole for
some j€[0,2plog(1/h)]. Therefore, one hopes to control Ayu in terms of Op,, (a)u using
Egorov’s theorem and the fact that u is an eigenfunction of the Laplacian — see (1.7)
below.

The operator Ay is not pseudodifferential because it corresponds to propagation
for time 2plog(1/h) which is much larger than the Ehrenfest time log(1/h). However,
conjugating Ay by the wave group we obtain a product of the form A_A., where the

symbols a. corresponding to A, satisfy
pzj(suppasr)N{a#0} =2 forall j=0,1,..., 0log(1/h).

That is, supp a_ is ‘forward trapped’ and suppa, is ‘backward trapped’. The operators
A, lie in the calculi associated with the weak unstable/stable Lagrangian foliations
on T*M\{0} similar to the ones developed by Dyatlov—Zahl [DZa|; see §2.3 and the
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appendix. More precisely, the symbol a, is regular along the weak unstable foliation and
a_ is regular along the weak stable foliation. The constant curvature condition plays
an important role in defining these calculi associated with Lagrangian foliations. On a
general surface with negative curvature, the weak unstable/stable Lagrangian foliations
are only Holder continuous instead of smooth.

Using unique ergodicity of horocyclic flows due to Furstenberg [F]|, we show that
supp a, is porous in the stable direction and suppa_ is porous in the unstable direc-
tion (see Definition 5.6 and Lemma 5.10). Then, the fractal uncertainty principle of
Bourgain-Dyatlov [DZa] implies that || A-A.|/z2 2 <Ch? for some 3>0 and thus (see
Proposition 3.5)

| Azl 2 < CHP Jul 1. (1.6)

We stress that just like the operator Ay, the product A_.A. is not a pseudodifferential
operator, since it corresponds to propagation for time plog(1/h)> % log(1/h) in both time
directions. In fact, if A_.A, were pseudodifferential with symbol a_a,, we would expect
the left-hand side of (1.6) to be asymptotic to sup |a_a,|=1. However, since p<1 each of
the operators A, corresponding to propagation for time plog(1/h) in one time direction,
is still pseudodifferential in an anisotropic class; see §2.3 (but the product A_.A, is not
pseudodifferential, since the calculi in which A_ and A, lie are incompatible with each
other). The norm estimate (1.6) uses fractal uncertainty principle, which is a tool from
harmonic analysis, and in some sense goes beyond the classical/quantum correspondence.

To estimate Ayu in the case =0, we can break it into pieces, each of which corre-
sponds to the condition ¢, (x,&)e{a#0} for some j=0,1,...,20log(1/h). Since

(—h*A-T)u=0,

u is equivariant under the wave propagator; therefore, each piece can be controlled by

Opy,(a)u. Summing over j, we get
[Ayullzz < Clog(1/h)|[Opy(a)ull Lz +O(h™)||ul| Lz (1.7)

Combining (1.6) and (1.7) we get (1.2), however the term ||Opy,(a)u| 2 comes with
an extra factor of log(1/h). To remove this factor, we take a small, but positive. The
estimate (1.6) still holds as long as « is chosen small enough depending on the fractal
uncertainty exponent 3, see (3.19). Moreover, we get the following improved version

of (1.7) for some £>0 (see Proposition 3.4; one can take e=3%):

C g
[ Ayullze < —[Op4(a)ull L2 + O (%) |[ull 2 (1.8)

Combining (1.6) and (1.8) gives the required bound (1.2).



302 S. DYATLOV AND L. JIN

The estimate (1.8) is delicate because Ay is not pseudodifferential. To prove it, we
adapt some of the methods of [A]. More precisely, if we replace 2plog(1/h) by £log(1/h)
for small enough £>0 in the definition of Ay, then Ay is pseudodifferential in a mildly
exotic calculus, and one can use a semiclassical version of the Chebyshev inequality (see
Lemma 4.6) to establish (1.8). To pass from short logarithmic times to time 2plog(1/h),

we use a submultiplicative estimate; see the end of §4.3.

2. Preliminaries
2.1. Dynamics of geodesic and horocyclic flows

Let (M, g) be a compact hyperbolic surface and T*M\{0} consist of elements of the
cotangent bundle (z,&)eT™* M such that £#£0. Denote by S*M={|{|,=1} the cosphere
bundle. Define the symbol pe C>°(T* M\ {0};R) by

p(z, &) =IElg- (2.1)
The Hamiltonian flow of p,
@ = e o T* M\ {0} — T* M\ {0} (2.2)

is the homogeneous geodesic flow.
Henceforth, we assume that M is orientable; if not, we may pass to a double cover

of M. We use an explicit frame on T* M\ {0} consisting of four vector fields
H,,U.,U_,DeC>®(T*M\{0}; T(T*M\{0})). (2.3)

Here H, is the generator of ¢; and D=¢-0¢ is the generator of dilations. The vector
fields U, are defined on S*M as stable (U, ) and unstable (U_) horocyclic vector fields
and extended homogeneously to T*M\ {0}, so that

[Us, D] =[H,, D]=0. (2.4)

See for instance [DFG, formula (2.1)]. The vector fields U, are tangent to the level sets

of p and satisfy the commutation relations
[Hp, Us]=xU.. (2.5)

Thus, on each level set of p, the flow ¢, has a flow/stable/unstable decomposition, with
U, spanning the stable space and U_ spanning the unstable space; see, for instance, [DFG,

formula (3.14)]. We use the following notation for the weak stable/unstable spaces:

L :=span(Hp,U,), L, :=span(H,,U_) CT(T*M\{0}). (2.6)
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Then, Ls and L, are Lagrangian foliations; see [DZa, Lemma 4.1].
The next statement, used in §5.3 to establish the porosity condition, is a consequence
of the unique ergodicity of horocyclic flows; see [F], [Mc], [Ra], [C], [HM].

PROPOSITION 2.1. Let UCS*M be a non-empty open set. Then, there exists T >0
depending only on M and U such that, for all (x,£)eS*M,

{e3V%(2,6):0<s <TINU # 2. (2.7)

Proof. We focus on the case of U,; the same proof applies to U_. Denote by ur
the Liouville probability measure on S*M. By the unique ergodicity of the horocyclic
flow e*U+, up is the only probability measure on S*M invariant under eV+.

Let feC(S*M) be a continuous function. Then, we have uniform convergence
1 T
(f)T::—/ foesU+ds— (f),:= fdur asT —oo0. (2.8)
T Jo S M

Indeed, assume that (2.8) is false. Then, there exist ¢ >0 and sequences T, — 00, (zk, k)€
S*M such that

() (@, &) = (Ful Z & (2.9)

Consider the probability measures v on S*M defined by

/ gdvi=(9)1, (xk, &) for all ge C(S*M).
5*M

Passing to a subsequence, we may assume that v converge weakly to some probability

measure v. Since T} —00, the measure v is invariant under the flow e*U+, thus v=p,.

However, [ fdv#[ fdur by (2.9), giving a contradiction. This finishes the proof of (2.8).
Now, choose feC(S*M) such that

suppfCU and (f),=1.

By (2.8), there exists 7>0 such that (f)7>3 everywhere. This implies (2.7). O

2.2. Operators and propagation

We use the standard classes of semiclassical pseudodifferential operators with classical
symbols W¥ (M), with U;°™P(M) denoting operators A€ WX (M) such that the wavefront
set WF},(A) is a compact subset of T* M. We refer the reader to the book of Zworski [Zw1]

for an introduction to semiclassical analysis used in this paper, to [Zwl, §14.2.2] for
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pseudodifferential operators on manifolds, and to [DZw, §E.1.5] and [DZa, §2.1] for the
classes W (M) used here. Denote by S*(T*M) the corresponding symbol classes, and by

op: U (M) = SH(T*M) and  Opy,: S¥(T* M) — Uk (M)

the principal symbol map and a (non-canonical) quantization map. For A, BEWF (M)
and an open set UCT*M, we say that A=B+O(h*>) microlocally on U, if

WEF,(A-B)NU =2.
We have the following norm bound:
AcU)(M), suplon(A)| <1 = ||A|z2 02 <1+Ch. (2.10)

Indeed, applying the sharp Garding inequality [Zwl, Theorem 4.32] to the operator
I—A* A, we get, for all u€ L2(M),

ullfe =l AullZs = (T - A" A)u, u) 2 > —Chljul 1,

which gives (2.10).
The operator —h?A lies in W2 (M) and, with p defined in (2.1),

(Th(fh2A) :p2.
For us it will be convenient to have an operator with principal symbol p, since the

corresponding Hamiltonian flow is homogeneous. Of course, we have to cut away from

the zero section, as p is not smooth there. We thus fix a function
Yp € CEP((0,00);R), ¥p(\) =V for £ <A<16,

and define the operator
P:=¢p(—h?A), P*=P. (2.11)

By the functional calculus of pseudodifferential operators (see [Zw1l, Theorem 14.9]
or [DS, §8]), we have

Pe U™ (M), opn(P)=p on {i<|¢,<4}. (2.12)
To quantize the flow ¢;, we use the propagator
U(t):=e P/ L2 (M) — L2(M). (2.13)

The operator U(t) is unitary on L?(M).
For a bounded operator A: L2(M)— L?(M), define

A(t) :=U(=t)AU(t). (2.14)

If AcW;°™P (M), WF,(A)Cc {3 <[¢ly<4}, and ¢ is bounded uniformly in h, then Egorov’s
theorem [Zw1, Theorem 11.1] implies that

A(t) €T (M) and  o,(A(t)) = op(A)o . (2.15)
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2.3. Anisotropic calculi and long-time propagation

If AcU;°™P (M) and t grows with h, then A(t) will generally not be pseudodifferential
in the class ¥;”"", since the derivatives of the symbol oy, (A)o¢; may grow exponentially
with ¢. In this section, we introduce a more general calculus which contains the operators
A(t) for |t|<plog(1/h), o<1. (More precisely, we will have two calculi, one of which works
for t>0, and the other for ¢<0.) Our calculus is similar to the one developed in [DZa,
§3], with remarks on the differences of these two calculi and the proofs of some of the
properties of the calculus contained the appendix.

Fix 0€[0,1) and let Le{L,, Ls}, where the Lagrangian foliations L, and Lg are
defined in (2.6). Define the class of h-dependent symbols S7°)" (T*M\{0}) as follows:
ac Sy P (T*M\{0}) if

(1) a(z, & h) is smooth in (z,£)eT*M\{0}, defined for 0<h<1, and supported in
an h-independent compact subset of T* M\ {0};

(2) sup, ¢ |a(z, & h)|<C for some constant C' and all h;

(3) a satisfies the derivative bounds

sup |Y1 ... VinZ1 ... Zpa(z, & h)| <Ch—9%=¢, 0<h<1, (2.16)
I7§

for all e>0 and all vector fields Y7,...,Y,,, Z1, ..., Zp on T*M\{0} such that Y7,...,Y,,
are tangent to L. Here the constant C depends on Y7, ..., Y, Z1,..., Z and €, but does
not depend on h.

This class is slightly larger than the one in [DZa, Definition 3.2], because we re-
quire (2.16) to hold for all e>0, while [DZa] had :=0.

We use the following notation:
f(h)y=0(h*") if f(h)=0O(h*"¢) for all € >0.

In terms of the frame (2.3), the derivative bounds (2.16) become

sup [HFULU™ D a(x, & h)| = O(h~ 2™ t™)7)  for L= L, (2.17)
z,§
sup [HEULUT D™a(z,& h)| = O(h=2"+™)7)  for L=L,. (2.18)
z.€

If aeC§°(T*M\{0}) is an h-independent symbol, then it follows from the commutation
relations (2.4) and (2.5) that

HFULU™ D™ (acpy) = e ™ ONHFULU™ D a)o ;.
Therefore,

acpr € ST (T M\{0}) uniformly in ¢, 0<t<plog(1/h). (2.19)

0
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Similarly,
acp_ € ST (T*M\{0}) uniformly in ¢, 0<t<olog(1/h). (2.20)

Let W70 (T*M\{0}), LE€{Ly, Ls}, be the classes of pseudodifferential operators with
symbols in S77"" defined following the same construction as in [DZa, §3]. They satisfy
similar properties to the operators used in [DZa], in particular they are pseudolocal and
bounded on L?(M) uniformly in h. However, the O(h'~¢) remainders have to be replaced

by O(h'~¢7) because of the relaxed assumptions on derivatives (2.16). We denote by

Opy: 87y (T MA{0}) — Wi2ph (T M\ {0}),
a— Opf(a),
a (non-canonical) quantization procedure. See §A.4 for more details.
The W}/ calculus satisfies a version of Egorov’s theorem (Lemma A.8). It states
that, for A=0p},(a), where a€Cg° ({1 <[¢|,<4}) is independent of A,
A(t) =Opy* (acpy) +O(h' =2 )2, 12, (2.21)
A(—t)=O0pf(acp_1)+O =) 12 1» (2.22)

uniformly in t€]0, olog(1/h)].

3. Proof of Theorem 2

In this section we give the proof of Theorem 2. It uses two key estimates, Proposition 3.4

and Proposition 3.5, which are proved in §4 and §5 respectively.

3.1. Partitions and words

We assume that a€C§°(T*M) and a

conic open sets

s+m %0 as in the assumptions of Theorem 2. Fix

Ul,u2CT*M\{O}, ul,Z/{Qﬁg, Z/?lﬂzjfzig, HQQS*MC{CL#O}.

(The sets U; and conditions (3.2) below are used in the proof of Proposition 3.5.)

We introduce a pseudodifferential partition of unity

I=Ag+A1+Ay, AgeVU)(M) and Ay, Ay € U5O"P(M),
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such that the following conditions are satisfied (see Figure 1).
e Ay is microlocalized away from the cosphere bundle S*M. More specifically, we
put Ag:=1o(—h?A), where 1€ C>®(R; [0, 1]) satisfies

supptoN[$,4] =@ and supp(1—vy) C (5, 16).
This implies that
WF,(4g)N{2<|¢ly<2} =2 and WF,(I—4) C{i<|¢,<4}.
e A; and A, are microlocalized in an energy shell and away from Uy and Us, that is
WEF}, (A1) UWF,(42) C {1 < €], <4} (3.1)

and
WF, (Al)ﬂﬂl = WFh(AQ)ﬂZJQ =U. (32)

e A, is controlled by a on the cosphere bundle, that is
WE(A1)NS*M  {a#0}. (3.3)
To construct A; and As, note that (3.1)—(3.3) are equivalent to WF (A;)C$;, where
Q1= ({1 <[€l, <41\T) N({a £ 0}U(T*M\S* M)

and
Q= {1 < [¢], <4}\Thy

are open subsets of T M such that
WE, (I—4) C {3 <[¢y <4} C QU

It remains to use a pseudodifferential partition of unity to find 4; and A, such that (3.1)—
(3.3) hold and A;+As=T—Ap. (For instance, one can write I—Ay=0p,,(b)+O(h>),
where supp bC§21 U, split b=a; +a for some symbols a; and ap with supp a; C§};, and
put A;:=0p;(a;).) We moreover choose A; and A, so that

0<ar<1 where ag:=0p(4y), £=0,1,2. (3.4)

We next dynamically refine the partition A;. For each n€Ng, define the set of words of
length n,
W(n):={1,2}"={w=wg ... wp_1 : Wo, .., wp_1 € {1,2}}.
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{I€g=4}

{l¢o[=2}

S*M

{|fg|:%}

{|§g|:%1}

U1 Uz

Figure 1. The sets U, Uz, WF,(A;) (shaded), and {a#0} inside T* M. The vertical direction
corresponds to dilating &.

For each word w=wy ... w,—1 €W(n), using the notation (2.14), define the operator
Aw=Au, (n=1)Ay, ,(n—2) ... Ay, (1)Aw, (0). (3.5)

If n is bounded independently of h, then, as a consequence of Egorov’s theorem (2.15),
we have Ay, € U°"P (M) and 0 (Aw)=aw, where

n—1
Oy = H (aw,°9;)- (3.6)
§=0
For a subset £CW(n), define the operator Ag and the symbol ag by

Ag:= Z Ay and ag:= Z Uy - (3.7
weé wee
Since A;+As=I—Ag and P are both functions of A, they commute with each other.

Therefore, A;+ Ay commutes with U(t), which implies
AW(n) =(A;+A4)". (3.8)

This operator is equal to the identity microlocally near S*M, implying the following
lemma.



SEMICLASSICAL MEASURES ON HYPERBOLIC SURFACES 309

LEMMA 3.1. We have, for all n>0 and ue H*(M),
= (Ay +As) ™| 12 < C||(—h2A— Tl 2. (3.9)
Proof. Since A+ Ay=I—Ag=I—1(—h?A), we have

1= (1-%y(N)"

u— (A +As) " u=1p1 (=h2A)(=h*A—T)u, where 1)1()\):= p]

Since 1¢supp g, we have supycp |¥1(A)|<C for some constant C' independent of n,
and (3.9) follows. O

3.2. Long words and key estimates

Take 0€(0,1) very close to 1, to be chosen later (in Proposition 3.5), and put
No:=[%olog(1/h)| €N and Ni:=4Ny~glog(1/h).

Then, words of length Ny and Ny give rise to pseudodifferential operators in the calculus

W,’ph discussed in §2.3.

LEMMA 3.2. For each weW(Ny) we have (with bounds independent of w)
aw €SP0 (T*M\{0}) and Ay =Opy* (aw)+O(h**) 2, 2. (3.10)
If instead weW(Ny), then

aw € STV (T*M\{0}) and A= Opy* (aw ) +O(R 797 ) 12 2. (3.11)
Proof. We prove (3.11); the proof of (3.10) is identical, replacing ¢ by ig. First of
all, by (2.19) and (3.4) we have, uniformly in j=0,..., Ny —1,
;o € ST (T*M\{0}) and  sup |a,,op;| <1. (3.12)
Recalling the definition (3.6), we have aw €Sy )"(T*M\{0}), by Lemma A.1, where
we put a;i=a,,;°@;. Here, we use the relation (A.2) of the classes S7°"7°,
appendix to the class S7°")” used here. Next, by Lemma A.8 we have, uniformly in
G=0,..., Ny —1,

, used in the

Ay, (7) =0py* (aw, o) +O(h' =97 ) 2 2. (3.13)

Applying Lemma A.6 with A;:=A,,(j), we get Aw:OpﬁS(aw)—kO(hl*@*)LzﬁLz. O
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Now, define the density function F: W(Ny)—[0,1] by

_ #{j €{0,..., No—1} \wjzl}.

F(wo...U}NO,]_) NO (314)
Fix small a€(0,1) to be chosen later (in (3.21)), and define
Z:={F>a} CW(Ny). (3.15)

We call the words we Z controlled because for each (z,&)Esupp aw, at least aNy of the
points po(x,&), p1(x,§), ..., pNy—1(2, &) lie in suppa; and, due to (3.3), are controlled
by a.

We chose Ny short enough so that the operators Ay, weW(Np) are pseudodifferen-
tial and Egorov’s theorem (3.10) holds with remainder O(h*/4). This will be convenient
for the estimates in §4 below, in particular in Lemma 4.4 (explaining why we did not
replace Ny by N1). However, to apply the fractal uncertainty principle (Proposition 3.5),
we need to propagate for time 2N7=8Ny=22plog(1/h). To bridge the resulting gap, we
define the set of controlled words Y CW(2N;) by iterating Z. More specifically, writing
words in W(2N}) as concatenations w') ... w(®) | where w(), .., w(® cW(N), define the
partition

W(2N;)=XUY, (3.16)

where
X:={w . w® :w® ¢z for all £},
Vi={w  w®:w® e Z for some ¢}.
In our argument, the parameter a will be taken small so that X has few elements. The

size of X is estimated by the following statement (which is not sharp, but provides a
bound sufficient for us).

LEMMA 3.3. The number of elements in X is bounded by
#X < Ch Ve (3.17)

(here C may depend on «).

Proof. The complement W(Ny)\ Z consists of words w=wy ... wn,—1, w;€{1,2},
such that the set Sy ={j:w;=1} has no more than |aNy| elements. We add arbitrary

elements to the set Sy, to ensure that it has size exactly |aNg|. Each choice of Sy

a4

corresponds to at most 2°NVo <h~ words w, and, by Stirling’s formula,

NO > —(xl _ _
Sw:WEW(N\ 2} < < Ce~(alogat(l—ajlog(1-a))No
# o2y < (| ow
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Since —(aloga+(1—a)log(l—a))</a for 0<a<1, we have
#W(No)\ Z) < Ch™ /4= VoIt L Ohm VT2,
As #X=4#(W(Ny)\ Z)8, we obtain (3.17). O
Now we state the two key estimates used in the proof. The first one, proved in §4,
estimates the mass of an approximate eigenfunction on the controlled region ).

PROPOSITION 3.4. We have, for all u€ H*(M), with Ay defined by (3.7),
C'log(1/h)
ah
where the constant C' does not depend on «.

C
lAyullz2 < —[Opn(a)ul 2+ I(=h*A=T)ull 2 +OR"®)|lull 2, (3.18)

The second estimate, proved in §5 using a fractal uncertainty principle, is a norm

bound on the operator corresponding to every single word of length 2Ny ~2plog(1/h):

PROPOSITION 3.5. There exist >0, po€(0,1) depending only on M, U, and Us such
that

sup || Aw|[L2 2 <CRP.
wEW(2N1)

Remark. Since the proof of [BD, Proposition 4.2] uses the triangle inequality, the
estimate on the norm of A, is O(hﬁ’z(l’g)) for some B>O depending on M, U; and Us,
and thus p has to be close enough to 1 depending on B to get decay of this norm. On the

other hand, we cannot put p=1, since the calculus described in §2.3 only works for p<1.

3.3. End of the proof of Theorem 2
Take £ and p from Proposition 3.5. We may assume that 5< é. Since
Ax+Ay = Apwen,) = (A1 +A42)*M
by (3.8), for all ue H*(M) we have
lull 2 < [l Azl 2 +[| Ayull g2 + = (Ar+A2)*M u 2.
Combining Lemma 3.3 with Proposition 3.5 and using the triangle inequality, we have
| Axul = OB~V ul 2. (3.19)

Combining this with Proposition 3.4 and Lemma 3.1 we obtain

C Clog(1/h e
fullr < S 10pa(@yull -+ S A pyul e Ol (320
Choosing
a:=4B%  sothat B—4va= 3B, (3.21)

and taking h small enough to remove the O(h?/2) term on the right-hand side of (3.20),
we obtain (1.2), finishing the proof.
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4. The controlled region

In this section we prove Proposition 3.4, estimating an approximate eigenfunction w on
geodesics which spend a positive fraction of their time inside {a#0}. The proof uses
tools similar to [A, §2].

4.1. Control and propagation

Recall the operator A; € ¥}"™P (M) constructed in §3.1. We first use the wavefront set

restriction (3.3) to estimate Aju.

LEMMA 4.1. For all ue H*(M) we have
| A1l 2 < C||Opy, (a)ul| g2 +C||(—=h*A—T)ul| L2 +Ch|jul| 2. (4.1)

Proof. By (3.3) we have supp a;NS*M C{a#0}, where a;=0,(A4;1). As p?—11is a
defining function for S*M, there exist b, g€ C§°(T* M) such that a;=ab+q(p*—1). It
follows that

Ay = Opy,(b) Opy,(a)+Opy, (q)(=h*A=I1)+O(h) 2, 2. (4.2)

It remains to apply (4.2) to u and use the fact that Op, (b) and Op,(q) are bounded on
L? uniformly in h. 0

Next, if we control Au for some operator A, then we also control A(t)u, where A(t)
is defined using (2.14).

LEMMA 4.2. Assume that A: L?(M)—L*(M) is bounded uniformly in h. Then,
there exists a constant C such that, for all t€R and ue H*(M),

Clt
AWl - < Al o+ S -n2 ATyl (4.3

Proof. Recall from (2.14) that A(t)=U(—t)AU(t), where U(t)=e~""/" and the op-
erator PeW;°"P(M) is defined in (2.11). Since

D,(e/MU (1)) = —%eit/hU(t)(P—I),

integrating from 0 to ¢, we have

1t

U (#)u—e™"" ]2 = [|le"/"U (t)u—ul| 2 < 7 I(P=T)ull 2.

Then,
Clt
AWl = = AU @l 2 < | Aul 2+ (P~ Dy (449)
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We have P—I=v¢g(—h2A)(—h?A—1), where 95 (A)=(¢p(A)—1)/(A—1). Therefore,
|(P=Dyullge < N (~h*A—Tyull . (45)

Combining (4.4) and (4.5) we obtain (4.3). O
Combining Lemmas 4.1 and 4.2, we obtain the following result.

LEMMA 4.3. For all teR and ue H*(M) we have

C(t
[Av(@yull 2 < oDy @l o+ S (-n2A- Dyl o+ Chllulze, (1)

where (t):=+/1+4t2, and the constant C is independent of t and h.

4.2. Operators corresponding to weighted words

By Lemma 3.2, for each weW(Ny) the operator Ay, is pseudodifferential modulo an
O(h3/*)1>_, 1> remainder. However, for a subset £ CW(Ny), the operator Ag defined
in (3.7) is the sum of many operators of the form Ay, and thus a priori might not even be
bounded on L? uniformly in A. In this section we show that Ag¢ is still a pseudodifferential
operator plus a small remainder, using the fact that the corresponding symbol ag is
bounded.

More generally, one can consider operators obtained by assigning a coefficient to

each word. For a function ¢: W(Ny)—C, define the operator A. and the symbol a. by

A= Z c(wW)Ay and a.:= Z (W)U (4.7)

wEW(No) wEW(No)

Note that, for ECW(Ny), we have Ag=A1,, where 1¢ is the indicator function of &.
The next lemma shows that the operator A, is pseudodifferential modulo a small

remainder. Recall the symbol classes S7°"" ,(T*M\{0}) introduced in §A.1.

LEMMA 4.4. Assume that sup |c|<1. Then,

ac €870, 1 4(T*M\{0}) and A, =Opjy" (ac)+O(h'/?) 2 s 2. (4.8)

The SZO:T;Q 1/4 seminorms of ac and the constant in O(hY/?) are independent of c.
Proof. We first show that a.€S5;°"F (T*M\{0}). As a1,a2>0 and

L,,1/2,1/4

ar+taz=1-ag<1,
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for all (x,&)eT*M\{0} we have

No—1

lac(z, )| < awvg) (@, ) = [ (a1+a2)(p;(z,€) <1.
=0

It remains to show that, for m+k>0 and for all vector fields Yi,...,Y;,, Z1, ..., Zx on
T*M\{0} such that Y7, ...,Y,, are tangent to L,, we have

sup |Y1 ... Yy Z1 ... Zyao| < Ch™F/2—m/4, (4.9)
By the triangle inequality the left-hand side of (4.9) is bounded by

Z sup |Y1 ... Y Z1 ... Zpaw|.
wEW(Ny)

By (3.10) each summand is bounded by Ch=k/4=0.01 where C is independent of w. The
number of summands is equal to 2No < ~1/4+0-01 Therefore, the left-hand side of (4.9)
is bounded by Ch~*+D/4Cp=k/2=m/4 giving (4.9).

Finally, by (3.10), we have

Ac= Z (W) (Opy* (aw)+O(h¥*) 2, 12) = Opy* (ac) +O(h'?) 2y 2,
weEW(Np)

finishing the proof. O

Combining Lemma 4.4 with the sharp Garding inequality (Lemma A.4), we deduce

the following “almost monotonicity” property for norms of the operators A..

LEMMA 4.5. Assume ¢, d: W(Ny)—R and |c(w)|<d(w)<1 for all weW(Ny). Then,
for all we L2(M), we have

1Acull 2 < || Agul 2 +CRY® ul| 2,

where the constant C' is independent of ¢ and d.

Proof. By (4.8), we may replace A. and Ay by Opﬁ“ (ac) and Opﬁ? (aq), respectively.
It is then enough to prove that

10D (ac)ullZ2 <[10py* (aa)ull 22 +Ch|lul 2.
This is equivalent to

(Bu,u)pz > =Ch/*||u|[2,  B:=Opy(aq)" Opy* (aa) —Opy* (ac)* Opy*(ac).  (4.10)
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Recall that ac, aa€S7"", ;4 (T*M\{0}). By (A.23) and (A.24), we have

B=0pf(a2—a?)+O(h*) 2 2. (4.11)
As |e(w)|<d(w) for all w, we have

0<agz—aZze Sy, | (T M\{0}).

Then, by Lemma A .4,

Re(Opr* (a3 —a?)u,u) 2 = —ChY*|ul|2.. (4.12)

c

Combining (4.11) and (4.12), we get (4.10), finishing the proof. O

4.3. Proof of Proposition 3.4
We first estimate Azu, where ZCW(Ny) is the set of controlled words defined in (3.15).

LEMMA 4.6. For all u€ H*(M), with the constant C independent of a,
C'log(1/h)

ah
Proof. Recall the density function F' from (3.14). By definition, the indicator func-
tion 1z satisfies 0<alz<F'<1. Thus, by Lemma 4.5 (where Ap is defined by (4.7)),

C
lAzullz2 < —[1OPs(a)ull 22+ I(=h*A=D)ull 2 +O(R®)|Jul| 2. (4.13)

al|Azullz <[ Apul g2 +O(h®) ul 2. (4.14)

Using the definition (3.14) together with (3.8), we rewrite Ap as follows:

No—1 No—1
1 1 o ,
Ar=gp 2 2 Av=g 2 (AT AG) (A A
j=0 weW(No) §j=0
wji=1

Recall that ||A1+As||r2_. 12 <1; see the proof of Lemma 3.1. Then,

[ArullLz < og}%\r@ A1 (5)(Ar+A2) ul 2.

Since ||A1(j)|l2z2=|A1]lr2 12 <C and using the estimate of (A;+Az)/u—wu given in
Lemma 3.1, we get

lApullze < max [AL(7)ull 2 +CIl(=h*A=T)ul 2.

Estimating A;(j)u by Lemma 4.3, we get
C'log(1/h)
h
Combining (4.14) and (4.15), we obtain (4.13). O

[ArullL2 < COpp(a)ul| L2 + I(=h*A=I)ul| g2 +O(h)||ul| 2. (4.15)
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We now finish the proof of Proposition 3.4. Recalling (3.16), we write
8
y= |_| Ve, Ver={w® . w® :w® ez and w . w® e W(N)\ 2}
=1

Then,
8
Ay=> " Ay,.
=1
Let Q:=W(Ny)\ Z. Then, using (3.8), we have the following factorization:
Ay, = Ag(TNo) ... Ag((No) Az ((£—1)No) (A + Ag) = 1No,
By Lemma 4.4, we have ||Ag||r2r2, ||[Az]|L2— 2 <C. Estimating
(A1+A2)(E71)N0u—u

by Lemma 3.1, we get

8
[Ayul 2 <C Y [ Az((€=1)No)ul| 2 +C | (=h*A=T)ul| g2 (4.16)
{=1

By Lemma 4.2, we have

Clog(1/h)

1Az((¢=1)NoJull 22 < [ Azu] 2 +——

|(=h2A—T)ul| 2. (4.17)

Using Lemma 4.6 to bound || Azul| 2 and combining (4.16) with (4.17), we obtain (3.18),
finishing the proof.

5. Fractal uncertainty principle

In this section we prove Proposition 3.5 using the fractal uncertainty principle established
in [BD].

5.1. Fractal uncertainty principle for porous sets in R

We start by adapting the result of [BD] to the setting of porous sets, by embedding them
into Ahlfors—David regular sets of some dimension §<1. Here, we define porous sets as

follows.
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Definition 5.1. Let v€(0,1) and 0<ap<a;. We say that a subset Q of R is v-porous
on scales ap to ay if for each interval I of size |I|€[ag, 1], there exists a subinterval
JcI with |J]|=v|I| such that JNQ=0.

As for Ahlfors—David regular sets, we recall the following definition.

Definition 5.2. [BD, Definition 1.1] Let §€[0,1], Cr>1, and 0<ap<a;. We say
that a closed non-empty subset X of R is §-reqular with constant C'r on scales ag to aq
if there exists a Borel measure px on R such that

(1) px is supported on X, that is pux (R\X)=0;

(2) for any interval I with ag<|I|<ay, we have ux (1) <Cgr|I|%;

(3) if in addition 7 is centered at a point in X, then px(I)>Cp'|1|°.

We use the following version of fractal uncertainty principle for -regular sets. Hence-
forth, for X CR and s>0, X (s)=X+[—s, s] denotes the s-neighborhood of X.

PROPOSITION 5.3. ([BD, Proposition 4.3]) Let B=B(h): L>(R)—L*(R) be defined

as
Bi() =t /2 [ ¥ ey 1) dy, CBY

where ®€C>(U;R), beCe(U), UCR? is open, and 8%7;@750 on U.

Let 0<6<1 and Cr>=1. Then, there exist >0, p€(0,1) depending only on 0 and
Cr, and there exists C>0 depending only on 8, Cgr, b and ® such that, for all he(0,1)
and all X, Y CR which are §-regular with constant C'g on scales 0 to 1,

[1x (ney B(h) Ly (he) || L2 (2)— £2(r) < CRP. (5.2)

Although porous sets need not be regular, we can always embed a porous set €2 in a
neighborhood of a §-regular set X with d<1. The set X is constructed by a Cantor-like
procedure with some large base L, where at the kth step we remove intervals of size

L~*=1 which do not intersect .

LEMMA 5.4. For each v€(0,1) there exist §=6(v)€(0,1) and Cr=Cgr(v)=1 such
that the following holds. Let Q) be a v-porous set on scales ag to 1. Then, there exists a
set X which is §-regular with constant Cr on scales 0 to 1 such that QC X (o).

Proof. Put L:=[2/v]€N. We use the tree of intervals
Lng=[mL™" (m+ 1)L, m,keZ.

Let ko >0 be the unique integer such that L=17%o <aq< L ™50,
Take m and k with 0<k<ko. We claim that there exists n=n(m, k) such that

I k41 Clp ki, In’k+1ﬂQ:®. (53)
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Indeed, as (2 is v-porous, there is a subinterval JC1I,, ;. such that |J|=v|L,, |>2L "k}
and JNQ=@. Then, one can find n such that I, 11 CJ, and this value of n satisfies (5.3).
When k> ko, we put n(m, k):=Lm, so that the condition I,,(;, x),k+1 C I,k still holds.

We now define the set X as follows:

X .= ﬂ X, Xp:=R\ U Lo k) et 1-
k=0 meZ

Note that, for each k>1, there exists a set M(k)CZ such that

k—1
ﬂ X, = U Lok
£=0 meM(k)

We set M(0):=Z. Then, for all k>0 and m, we have

L-1, meM(k),

| (5.4)
0, otherwise.

#{m' e M(k+1): Iy jy1 CIm i} = {
We claim that QC X (ap). Indeed, by (5.3), we have QC X when 0<k<ko. Take z€Q.
Then, z lies in ﬂ:“zo X}, which implies that z€1,, k,+1 for some meM(ko+1). Since
L>2, by induction using (5.4), there exists a sequence (my €M (k))k>ko+1 With my 1=
m and L, k+1ClIm,,k- The intersection ﬂk I, 1 consists of a single point y€ X. Since
T, Y€ Ly ko+1, We have |z—y|<L =1 and thus x€ X(L™%~1)C X (ap) as required.
It remains to prove that X is J-regular with some constant C'r on scales 0 to 1,
where we put
_log(L—1)

Let px be the natural Cantor-like measure supported on X. More precisely, by (5.4)

there exists a unique Borel measure px on R satisfying, for all m and k>0,

(L-1)"F=L=%, me M(k),

0, otherwise.

()=
Take an interval I of size |I|<1, and fix the unique integer k>0 such that
L=t << L™*.
Then, there exists m such that I Cl,, Ul 11,5 It follows that

px (1) < pux (I o)+ px (D1 1) < 2L7°F 2L, (5.5)
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Next, assume that [ is an interval of size |I|<1 centered at a point z€ X. Fix the unique
integer k>0 such that 2L=*~1<|I|<2L 7%, and choose me M(k+1) such that €I, 1.
Then I, ,+1C1, and thus

I 4
pix (1) = px (I oy 1) = L0 > %

Recalling Definition 5.2, we see that (5.5) and (5.6) imply that X is d-regular with
constant Cr:=2L on scales 0 to 1. This finishes the proof. O

(5.6)

Combining Proposition 5.3 and Lemma 5.4, we obtain the following fractal uncer-
tainty principle for v-porous sets.

PROPOSITION 5.5. Let K>0 and v€(0,1) be fized and B(h): L*(R)— L%(R) be as
in Proposition 5.3. Then, there exist 3>0 and p€(0,1) depending only on v, and there
exists C' depending only on v, K, b, and ® such that, for all he(0,1) and all QL CR

which are v-porous on scales Kh? to 1,
1o (xney B(h) Lo, (kneyllp2—sn2 < CRP. (5.7)

Proof. By Lemma 5.4, there exist X,Y CR which are §-regular with constant Cpr
on scales 0 to 1 for some d=6(r)€(0, 1), Cr=CRr(v), such that

Q_CX(Kh?) and Q, CY(Kh?).

Then,

o (xney B(h) 1o, (kheylln2—r2 < | Ax2rne) B(h) Iy (2kheyll 212
It remains to apply Proposition 5.3, where we increase ¢ slightly to absorb the con-
stant 2K. O

5.2. Fractal uncertainty principle for porous sets in T* M

We use Proposition 5.5 to prove a fractal uncertainty principle for subsets of T* M\ {0},
where M is a compact orientable hyperbolic surface.

Let Hy,, U,, U_, D be the frame on T*M\{0} defined in (2.3). For v=(v1,va,v3)€
R3, define the vector fields

Viv=v1Hy+v9D+v3Us.
For (z,£)eT*M\{0} and vy, v1 >0, we define the stable (vg,11) slice centered at (z,§)
as follows:
uh o (x,8) i ={eVYesUH (2,6) 1 |s| < and |v] <1}

vo,V1

Similarly define the unstable (v, v1) slice centered at (z,&):

S (€)= {e e (2,€)  |s| <wp and [v] w1}

vo,V1
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Figure 2. An illustration of Definition 5.6 of an (e, v1)-porous set along U-. The blue
cylinder is the unstable slice 7 . (e%0U~(2,£)). (We ignore here the fact that Hy, Ux, and
D do not commute, and thus do not give rise to a coordinate system.)
Definition 5.6. Let
Zc{i<¢ly<4} cT*M\{0}
be a closed set and fix eq, v1, 70€(0,1]. We say that Z is (g9, v1)-porous along U up to

scale 19 if, for each (x,&)eT*M\{0} and each 7€, 1], there exists sg€[0, 7] such that
(see Figure 2)
Ej::or vy ( S0l (.’17, 6))02 =a.
Our fractal uncertainty principle for subsets of T7*M\ {0} is formulated in terms of
the W}y (T* M\ {0}) calculus introduced in §2.3.

PROPOSITION 5.7. Fiz £9,v1€(0,1]. Then, there exist >0 and 0€(0,1) depending
only on M, €y, and vy such that the following holds. Suppose that

e ST (T*M\{0}) and a- €S P(T*M\{0}),

and supp ax is (€9, v1)-porous along Uy, up to scale K1h2 for some constant K. Then,
for all Qe VY (M),
|0py* (a-)Q Opy*(ay)|| 212 < Ch7, (5.8)

where C' depends only on M, eg, v1, K1, and Q, and some S seminorms of ax.
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In the rest of this subsection, we prove Proposition 5.7. We begin by straightening
out weak stable/unstable Lagrangian foliations similarly to [DZa, §4.4]. Denote by H?>

the hyperbolic plane; it is the universal cover of M. Let
> T*H*\{0} — T* (R}, xS},
(z,8) — (w,y,0,n),

be the exact symplectomorphisms constructed in [DZa, Lemma 4.7] mapping Ls and L,
to the vertical foliation Ly on T*(R* xS'):

(5" Ly = (57 )sLs = Ly =ker(dw)Nker(dy).
More precisely, in the Poincaré disk model of H?, we have w=p(x,{)=|¢|,,

y:B:F(‘va)

is the limit of the projection to H? of the geodesic ' (x, &) as t—Foo on the boundary
St=0H?,

0 =+log P(z, Bz (z,¢)),
where
1—|x)?
[z —y[*’

Plx,y) = r €H? and y €S,

is the Poisson kernel, and

n= iG:F(xag) = :I:p(o:,f)g(B;(x,§),Bi(x,§)) € Tg;(x,f)817

where (see [DZa, formula (1.19)])

I (o))
G(y.y) = yl_(yyyy/)y eT;S'~T,S'CR?, y,y €S, y#£y
is half the stereographic projection of 3’ with base y. See Figure 3.
Tt follows from the definition of By (z,£) that

(Viv)BL =0 for all v€R?, (5.9)

By a microlocal partition of unity and since supp a+ C {% < |£|g<4}, we may assume that
WEF,(Q)CV, where V is a sufficiently small neighborhood of any given point (zg,&y)€
T*M\{0}. We assume that

diam (V') < Co’ (5.10)
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Figure 3. The coordinates (w,y, §,n)=s_(z,&) in the Poincaré disk model of H2. Here, w is
the length of &, y is the limit of the geodesic starting from (z, §) at t— oo, 6 is determined from
the Poisson kernel P(z,y), and 7 is determined from the stereographic projection pictured.
By (5.9), the value of y does not change if we deform (z, £) along the stable, flow, or dilation
direction.

where Cj is a large constant depending only on M to be chosen in Lemma 5.8 below. We
lift V.CT*M\{0} to a subset of T*H?\0 and use »* to define the symplectomorphisms
onto their images

wg:V—T*(R"xS).

Note that we can make s (V) contained in a compact subset of T*(R* xS') which only
depends on M.

We next quantize s; by Fourier integral operators which conjugate Opﬁs (a-) and
Opi“ (ay) to operators on R* xS!. Following [DZa, §4.4, proof of Theorem 3], we consider

operators
BL e [°™P(3¢5) and B, e I;°™((s5)"")

quantizing s near 5 (WF,(Q)) x WF(Q) in the sense of (A.16). Consider the follow-
ing operators on L?(R* xS!):

A :=B_Opr:(a)B., A, :=B.QOp;“(a;)B., and B=B_B,.
Then, similarly to [DZa, formula (4.58)],
Opy*(a-)QOpy*(ar) =B. A BA B, +O(h™) L2, 12.
Moreover, by (A.22), there exist a. €S> (T*(R* xS')) such that
A= Opﬁ“ (@+)+O(h>®) 2,12, and suppas C s (VNsuppas). (5.11)
Therefore, in order to establish (5.8), it suffices to prove that

0Py (a-) B Opy° (a+)|| 12 v+ xst) 12 (r+ xs1) < ChP. (5.12)
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Using the porosity of suppa+ along U., we get the following 1-dimensional porosity

statement for projections of supp a.

LEMMA 5.8. There exists a constant Cy>0, depending only on M, such that the
following holds. Define the projections of suppas+ onto the y variable

Q. :={yeS':(w,y,0,n) Esuppa. for some w, 6 and n} CS*.

Then, Q.+ (more precisely, their lifts to R) are v-porous on scales ag to 1 in the sense
of Definition 5.1, where v:=ggv1/Cy and aO::Couflth’-’.

Proof. We show the porosity of €, , with the case of _ handled similarly. Denote
by C1>0 a large constant depending only on M and put Cp:=C4.

Denote W:=3 (V). Let V' be the (v1/C%)-neighborhood of V and V" be the
(11/C%)-neighborhood of V. Lifting V" to T*H?\ {0} and using »", we extend »] to a
symplectomorphism

sy VI— W' V' —W"
for some open sets W/, W” CT*(R* xS!). Note that, by (5.10),

diam(W") < % diam(V") < 2—11 (5.13)

Moreover, the (v1/C%)-neighborhoods of W and W' are contained in W’ and W respec-
tively.

Let ICS! be an interval with ap<|I|<1 centered at some yp€S!. Assume first that
the y-projection of W’ does not contain yg. Then, since suppa. CW by (5.11), we see
that yo lies distance at least 14 /Cy away from Q.. Thus, the interval of size v|I| centered
at yo does not intersect {2, and verifies the porosity condition in Definition 5.1.

We henceforth assume that the y-projection of W’ does contain yg. Choose wy, 6
and 7o such that (wo, Yo, 00,70) EW’. Let (z0,&):=(5¢5) " (wo, yo,00,m0)€V’. Put

7:=C % |I| and thggrgC

1551
—3<1.
1

Since suppa. is (gq, v1)-porous along U, up to scale Kjh?, there exists so€[0, 7] such
that
Yo (@, &)Nsuppay, =@,  where (z1,&1) = eSoU+ (29, &) e V. (5.14)
Since C] is large and H,, U;, U_ and D form a frame, we have a diffeomorphism
0:U — W,

(s,0) > 3§ (e¥="e*VF (21, &1)),
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where U is some neighborhood of (0,0) in RxR3. By (5.9), we see that for (w,y,6,n)=

©(s,v), the value of y does not change if we change v. Therefore the y-component of

©(s,v) is equal to O1(s) for some smooth diffeomorphism ©; defined on a subset of R.
Applying s} to (5.14) and using (5.11), we get

{O(s,v):(s,v) € U, |s| <eor, |v| <vi}Nsuppay =2 (5.15)
However, by (5.13) we have
diam(0) < v/C1 diam(W”) < f5u1,
and thus the condition |v|<v; in (5.15) is not needed. Therefore,
071 (2 )N[~eoT, 07| = 2. (5.16)

Denote
(w1, y1,61,m1) :=0(0,0) = 5] (x1,&) €W,

and consider the interval
J = [yl,yl+’/|]|], |J|=v|I].

We have |yo—y1|<C150<Cy?vi|I|. Therefore, JCI. Moreover, since ©;(0)=y; and
diam(07*(J))<Civ|I|<eor, (5.16) implies that JNQ,=@. This gives the required
porosity condition on €2, . O

We are ready to finish the proof of Proposition 5.7. The operator B=B_B/, lies in

I°™P (3¢ o(%")~!). By [DZa, Lemma 4.9] we can write
B=AB,+0O(h™) 2,12 for some A€ U™ (R xS,

where x€C§° (S, xS},), supp xC{y#y'}, and By: L2(R* xS')— L2(R* xS') is given by
Byv(w, y)=By,w(v(w,-))(y), where

2iw/h
x(y, v ) dy', w>0.

o/
Beanly) = )2 [ |05V

St

Here |y—y'| denotes the Euclidean distance between y,y’€S! CR?.
Since supp aic{%<|§|g<4}, we have supp aic{igw@}. We can write

Opy" (@-)B Op;° (a+) = Op;° (aL) By Opy° (a )+ O(h™) 12 12, (5.17)



SEMICLASSICAL MEASURES ON HYPERBOLIC SURFACES 325
where a, € ST (T*(R* x S')) satisfy
suppa’iC{igwgél and yeﬂi}. (5.18)

In fact, a’ =a_#op,(A) and @/, =a,. By [DZa, Lemma 3.3], there exist symbols x. (y; h)
such that

|0 x| <Cuh ™%, supp(l—x:)NQ: =2, suppy: C Qu(h?).

Take also Xw(w)GCSO((%, 8)) such that y,,=1 near [1,4]. Then, it follows from (5.17)
and (5.18) that

Op;°(a-) B Opy° (@y) = Op;° (a")XwX-Byx+ Opy° (@) +O(h™) 2, 2.
Therefore, (5.12) follows from the estimate
||XwX7ng+ ||L2(R+ XS1) 5 L2 (R+ xS1) S Chﬁv

which in turn follows from

sup ||]IQ,(h9) By w ]lQ+(hQ)||L2(S1)4>L2(Sl) < ChP. (5.19)
wel1/8,8]

The operator B, ,, has the form (5.1) with

®(y,y')=2wlog|ly—y'|—wlog4, y,y' €S, y#y,

where we pass from operators on S* to operators on R by taking a partition of unity for .
The mixed derivative 97 ,® does not vanish as verified for instance in [BD, §4.3]. There-
fore (5.19) follows from the 1-dimensional fractal uncertainty principle (Proposition 5.5),

where the porosity condition for 2. has been verified in Lemma 5.8.

5.3. Proof of Proposition 3.5

We now prove Proposition 3.5. Take an arbitrary word weW(2N;), and write it as a

concatenation of two words in W(Ny):
w=w,w_, wi.eW(Ny).

Define the operators
A=Ay, (—N1) and A_:=A,_.
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Then,

Ay =U(=N1)A_A,U(Ny). (5.20)
We relabel the letters in the words w. as follows:

wi=wy, .wf and W_=w; ..wy i,

and define the symbols ay by

N, Ni—1
a+:H(aw;ro<p,j) and a_= H (aw]__ocpj).
j=1 3=0

Recall from (3.5) that
A = wa,l,l (N1— 1)Aw1§172 (N1-2) ... A,-(1)A,,-(0),

A=A (1D A,5(-2) Ay (1-N)A (-N).

w

LEMMA 5.9. The symbols ay and the operators AL satisfy

a, € SPMP(T*M\{0}), A, =O0pr*(a,)+O(h' =) 2y pe,
a_ € S5 (T*M\{0}), A_=O0pp*(a_)+O(h' ™07 ) e

Proof. The statement for a_ and A_ follows directly from Lemma 3.2. The state-
ment for a; and A, can be obtained similarly by reversing the flow ¢; which exchanges

the stable and unstable foliations. O

By Lemma 5.9 and (5.20), to show Proposition 3.5 it suffices to prove the estimate
10, (a-) Opg ™ (a4) 12512 < CHP.

The latter follows from the version of the fractal uncertainty principle in Proposition 5.7

(with @=1I), where the porosity condition is established by the following result.

LEMMA 5.10. There exist €g,v1, K1>0, depending only on M, Uy, and Uz, such

that the sets suppax are (gg,v1)-porous up to scale K1h? along Uy in the sense of
Definition 5.6.

Proof. We show the porosity of suppa_. The porosity of supp a, can be proved in
the same way, by reversing the direction of the flow ;.

Recall from (3.2) that supp a1 N\U; =supp asNUs = where Uy and U are non-empty
open conic subsets of T*M\{0}. Fix non-empty open conic subsets Ui, UsCT*M\{0}
such that U,,NS*M eld,,, w=1,2.
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By Proposition 2.1 and since the vector field U_ is homogeneous, there is T>1,
depending only on M, Uy, and U}, such that for each (z,£)eT*M\{0} there exist s, =
sw(x,€)€]0,T), w=1,2, such that

eswlU- (x, &) el

We put K;:=3T. Take arbitrary (x,£)eT*M\{0} and 7 such that K1h2<7<1. Let j be
the unique integer such that e/~'7 <T'<e’7. Then, 1<j<N; —1. Denote w:=w; €{1,2},
so that

(supp a )N (5 (Ua)) = 2. (5.21)

Since e/7>T, we see that there exists so:=e "7 s, (¢;(z,£))€[0, 7] such that
ai=p;(e0 (@,€) = eV (9w, €) €4y, (5.22)
Here, we used the commutation relations (2.5). For v€R3 and s€R we have
i (Ve (g, €)= VeV e U (), (5.23)

where v'= (v, ve,e 7v3). In particular, [v'|<|v|. Now, choose v1>0 such that, for w=
1,2
max{|v|,[s|} <1 = eV (U.,) CU,,

and put 9:=11/3T. By (5.22) and (5.23) we have 33, (€Y= (z,£)) Cp_;(Uy). By (5.21),
we then have

Yo (e (z,8))Nsuppa_ = 2.

€0T,V1

This finishes the proof of the porosity of suppa._. O

Appendix A. Calculus associated with a Lagrangian foliation

In this appendix, we establish properties of the ¥;°"> pseudodifferential calculus intro-

duced in §2.3. We follow [DZa, §3], indicating the changes necessary. We present the

calculus in the general setting of a Lagrangian foliation on an arbitrary manifold.

A.1. Symbols

We assume that M is a manifold, U CT*M is an open set, and L is a Lagrangian folia-
tion, that is for each (z,§) €U, L(y¢)CT(4,¢)(T* M) is a Lagrangian subspace depending
smoothly on (x,&) and the family (L, ¢)),¢)cv is integrable. See [DZa, Definition 3.1].
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To keep track of powers of & in the remainder, we introduce a slightly more general

class of symbols than the one used in §2.3. Fix two parameters
0<o<1 and 0<o <30, witho+o <1.

We say that an h-dependent symbol a lies in the class S77)'0, (U) if
(1) a(z,&;h) is smooth in (x,8)€U, defined for 0<h<1, and supported in an h-
independent compact subset of U;

(2) a satisfies the derivative bounds

sup |Yy ... Y Z1 ... Zpa(z, & h)| <Ch~ 99 0<h<1 (A.1)
‘T7£

for all vector fields Y1, ..., Yy, Z1, ..., Z; on U such that Y7, ..., Y}, are tangent to L. Here
the constant C' depends on Y7, ...,Y,,, Z1, ..., Zi, but does not depend on h.

For ¢'=0 we obtain the class used in [DZa, §3]. Moreover, the class S77"" (T* M\ {0})
introduced in §2.3 is given by

SEEUP(T*MA\{0}) = () Spoaf. (T*M\{0}). (A.2)
e>0

In the arguments below (for instance, in (A.8), (A.11), and (A.19)) we implicitly use the
following version of Borel’s theorem (see [Zwl, Theorem 4.15] for the standard version
whose proof applies here). Let a;€S7°)"%,(U) be a sequence of symbols with supports
contained in a compact subset of U independent of h and j. Take an increasing sequence
of real numbers m; >0, m;—oc. Then, there exists a symbol a€S7’)">, (U) which is an

asymptotic sum of h™a; in the following sense:

L,o,0’

J—1
a—>» h™ia; €™ S (U)  for all J,
j=0
and moreover supp aCUj supp a;. Here, suppa denotes the support of a in the (z,&)

variables, which is an h-dependent family of compact subsets of U.

We have the following bound for the product of many symbols in S77"% (U).

LEMMA A.1. Let C be an arbitrary fized constant and assume that aq,...,an€

Staw(U), 1SN<Clog(1/h) are such that supla;|<1 and each ST°)0, (U) seminorm

of aj is bounded uniformly in j. Then, for all small €>0, the product a; ...an lies in

Spmp U).

L,o+e,0'+¢
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Proof. We see immediately that sup|a; ...an|<1 and supp(a; ...an)Csuppa; lies
in an h-independent compact subset of U. It remains to verify that, for all vector fields
Yi,.., Y, Z1, ..., Z;, on U such that Yi,...,Y,, are tangent to L and each €>0,

sup |Yi ... Yin Zy ... Zi(ay ... an)| = O(h—0k—¢'m==), (A.3)
z,§

By the Leibniz rule, Y7 ... Y, Z1 ... Zy(ay ... ay) is a sum of Nt =0O(h~¢) terms. Each of

these summands is a product of IV terms, of which at least N —m—k have the form a; for

some j, and the rest are obtained by differentiating a;. Since the S77)"%, (U) seminorms
of a; are bounded uniformly in j, each summand is O(h~2*=¢'™), giving (A.3). O

A.2. Model calculus

In §8A.2-A.4 we review the construction of the calculus in [DZa, §§3.2,3.3], explaining
how to modify it to quantize symbols in S7°7'%, (U).
Following [DZa, §3.2], we first consider the model case when M =R" U=T*R", and

L=Ly is the vertical foliation:
Ly =span(0y,, ..., 0y, ),

where (y,7) are the standard coordinates on T*R™. Symbols in S7°"°  (T*R"™) satisfy

the derivative bounds

sup|8;‘85a(y,n; h)| gC’th*QIal*QI‘B‘. (A.4)
yn
For these symbols we use the standard quantization
Opn(a)f ) = (2rh) ™ [ e a(y, ) o) o dn. (A5)
R2n

Other quantizations such as the Weyl quantization are likely to produce the same class of
operators, however the standard quantization is convenient for proving invariance under
conjugation by Fourier integral operators; see [DZa, Lemma 3.10].

The standard quantization has the following properties:

(1) for acS7™P ,(T*R™) the operator Opy(a):L*(R™)—L*(R") is bounded uni-
formly in h;

(2) for a,beSTo™P (T*R™) we have, for some a#beST"P ,(T*R"),

Lo,o0,0’ Lo,0,0
Opy,(a) Opy,(b) = Opy, (a#b) +O(h™) L2, 2, (A.6)
a#tb=ab+O(h' =7 Ygeomn  (pgny, (A7)

supp(a#b) C supp aNsupp b; (A.8)
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(3) for aeS7>™P (T*R™) we have, for some a*€S; " (T*R"),

Lo,e,0’ Lo,e,0’
Op,,(a)*=O0pp(a*)+O(h™) 1212, (A.9)
a* =a+O(h' e ) geomp | (rugny, (A.10)
Lg,e,0
supp a* C supp a; (A.11)

(4) if one of the symbols a and b lies in S’"" (T*R™), and the other one has

all derivatives bounded uniformly in h (it does not have to be compactly supported),
then (A.6) and (A.8) hold, and

a#tb=ab+O(h'~¢)geome  (pugn); (A.12)
0:2:0

(5) if a=ag+hay, where ag and a; have all derivatives bounded uniformly in h,

b=by+h'~2b;, where by, by €ST)"Yy (T*R™), and dpag=0 near supp boUsupp by, then

a#b—b#ta=—ih{ag, bo} +O(h*~¢ ) geomp  (pugny. (A.13)

Lg,e,0"

The proofs are similar to those of [DZa, Lemmas 3.7, 3.8]. More precisely, we use

the unitary rescaling operator
Top: LP(RY) — L*(R"), Ty puly) =he M Au(nle=e)/2y),
to conjugate Opy,(a) as follows:
Ty ODn(a) T, Y = 0D (ag,y), Qg (5,3 h) = a(h(e=8)/ 2y, pl& =) 2 1),
If a satisfies (A.4), then the rescaled symbol a, , satisfies

sup ‘3335%,9, (y,m: h)| < Caﬂh—(a+g’)(|oz|+\6|)/27

Yy
that is ag, o €S(p+0r)/2, Where the classes S5, 0<I< 3, are defined in [Zw1, formula (4.4.5)].
Then the statements (1)—(3) above follow from the standard properties of the S5 calculus;
see [Zwl, Theorems 4.23 (ii), 4.14, and 4.17]. The statements (4) and (5) follow by an
examination of the terms in the asymptotic expansion for a#b.

The model calculus satisfies the following version of sharp Garding inequality.

LEMMA A.2. Assume that a€S7)" ", (T*R") satisfies Rea>0 everywhere. Then,

there exists a constant C depending on a such that, for all h and all ue L*(R™),

Re(Opy, (a)u, w) 2 = —Ch' =2 |jul[3,. (A.14)



SEMICLASSICAL MEASURES ON HYPERBOLIC SURFACES 331

Proof. We take the following rescaled versions of u, a, and h:
i(y) :=ho"?u(h®y), aly,n;h):=a(h®y,hn;h), and hi=h'"e7¢.
Note that ||@||p2=]lu|| 2. We have
Re(Opy, (@)u, u) 12 = Re(Op; (@), @) 2.

Now (A.4) implies that all derivatives of @ are bounded uniformly in h. It remains to

apply the standard sharp Garding inequality [Zw1, Theorem 4.32]. O

A.3. Fourier integral operators

To pass from the model case to the general case, we study the conjugation of operators
in the model calculus by Fourier integral operators. We briefly review the notation for
Fourier integral operators, referring the reader to [DZa, §2.2] and the references there for
details.

e Let M7 and My be manifolds of the same dimension. An exact symplectormorphism
is a diffeomorphism s¢: Uy — Uy, where U; CT*M; are open sets, such that »*(§ dz) —ndy
is an exact 1-form. Here £ dz and 1 dy are the canonical 1-forms on T*M; and T Ms,
respectively. We fix an antiderivative for s»*(£ dx)—n dy.

e For an exact symplectomorphism s (with fixed antiderivative), denote by I;°"" (5¢)
the class of compactly supported(!) and compactly microlocalized semiclassical Fourier
integral operators associated with s. These operators are bounded L2(Msy)—L?(M)
uniformly in A.

e Let se: Uy —U; be an exact symplectomorphism and s~ ! denote its inverse. For
any BeI,”"P(x) and B'€1;°"P (3 1), the operators BB’ and B’B are pseudodifferential
in the class ¥;°™" and [DZa, formula (2.12)]

on(B'B) =04, (BB')ox. (A.15)

If V1 CU; and Vo CUs are compact sets such that »(V2)=V, then we say that B and B’

quantize »x near Vi x Vs if

BB'=1+0O(h*) microlocally near V1,

) . (A.16)
B'B=I+0(h*) microlocally near V5.

(1) An operator is called compactly supported if its Schwartz kernel is compactly supported.
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The quantization studied in §A.2 is invariant under conjugation by Fourier integral

operators whose underlying symplectomorphisms preserve Lg.

LeEMMA A.3. Assume that s:Us—Uy, U;CT*R", is an exact symplectomorphism
such that s,(Lo)=Lo, and take BEL;"™" () and B'€I;""" (3~ '). Then, for each a€
SR (T*R™), there exists be ST P (T*R™) such that

Lo,0,0' Lo,0,0'
B Opy (a)B = Op, (b) + O(h™) 12 12, (A17)
b: (GO%)Jh(B/B)+O(h1_g)szomgpg,(T*Rn), (Alg)
suppb C >~ (suppa). (A.19)

Proof. We argue exactly as in the proofs of [DZa, Lemmas 3.9 and 3.10]. The
stationary phase asymptotic at the end of the proof of [DZa, Lemma 3.9] produces
a remainder O(h'~2¢"). The multiplication formula (A.12) applied to the expression
A’ Op,,(a)A in the last paragraph of the proof of [DZa, Lemma 3.10] gives a remainder
O(ht=9). O

A.4. General calculus

Scomp
L,o,0’

grangian foliation L on UCT*M. This is done similarly to [DZa, §3.3] by summing

We now construct a quantization Opj;(a) of a symbol a€ (U) for a general La-
operators in the model calculus conjugated by appropriately chosen Fourier integral op-
erators.

We say that (U’, s, B, B’) is a chart for L if

e U'CU is an open set and »:U'—T*R" is an exact symplectomorphism onto its
image which maps L to Lg;

e BeIl;”"(5) and B €l;"™(»71).

For each (zg,&o) €U there exists a chart (U’, », B, B') such that o, (B’'B)(zg, &)#0
(in fact, we may take B’=DB*). Here, the existence of » follows from [DZa, Lemma 3.6]
and the existence of B and B’ is discussed in the paragraph following [DZa, (2.12)].

Following [DZa, formula (3.11)], we put, for a€S;°0%,(U),

L,o,0'

Opj(a):=>_ B;Opy(ar)Be, ar=(xea)os, ' € S7o"P (T*R™),
4

where (U, 24, B¢, B}) is a collection of charts for L such that U,CU form a locally
finite cover of U, the symbols o, (B;B,)€C§°(Uy) form a partition of unity on U, x,€
C§°(Uy) are equal to 1 near supp o, (B By), and Op,, is defined in (A.5). The quantization
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procedure Opﬁ depends on the choice of charts, however properties (3) and (4) below
show that the resulting class of operators is invariant.

To simplify the proof of Lemma A.4 below, we additionally assume that B;=B;.
This can be arranged as follows: note that for any choice of s and BeI,°™ (), we have
B*€I;°™P (37 ') and o,(B*B)>0 (since B*B is a pseudodifferential operator which is
non-negative on L2). Choose a collection of charts (Up, ¢, By, E;‘) for L such that b:=
) oh(§555)>0 on U. Putting By:=B,Yy, where Y, e WP (M) satisfy on(Yo)=b"1/?
near WFME}‘E@% we obtain Y, 04(B;B¢)=1 on U.

For a compactly supported operator A: L?(M)— L*(M), we say that Ac ;%" (U)
if A=0pj(a)+O(h™)2_, > for some a€S;) 5 (U). The quantization procedure Opy. has
the following properties which are consequences of the results of §A.2 and §A.3 (see [DZa,
Lemmas 3.12 and 3.14]).

(1) For each acS7”)'7, (U) the operator Opk(a): L*(M)— L*(M) is compactly sup-
ported and bounded uniformly in h.

(2) If acC§°(U) is h-independent, then Opy (a)€¥5°™ (M) and o4 (Opy, (a))=a.

(3) For every acS7")'V(U) and every chart (U’,s,B,B’) for L there exists be

S7oMP (T*R™) such that

Lo,o,0
B Opy;(a)B' = Op,, (0) +O(h™) 12, 12,
b=(acx™ )op(BB')+O(h'~¢)geome  (pupn), (A.20)
0:0;0
supp b C s(supp a).

(4) For every beST"P (T*R™) and every chart (U’,, B, B’) for L there exists

a€Sy7 0 (U) such that

B’ Opy,(b)B = Opy; (a)+O(h™) 2, 2,
a= (boz)ah(B’B)+O(h1*9)siomp ,(T*R™)s (A.21)
0,0:0
suppa C 2 (supp b).
(5) Assume that M; and M, are manifolds of the same dimension, U; CT*M; are
open sets, L; are Lagrangian foliations on Uy, U; CUj, are open sets, s: Uy — U] is an exact

symplectomorphism mapping Lo to Ly, and BEI,*"P(5) and B'€;*™P(3~1). Then, for

each a; €SP ,(U1), there exists ap€ST."” ,(Us) such that

B’ Opy;* (a1)B=O0p}*(a2)+O(h™) 2,12,
a2 =(a122)05(B'B)+O(h' ") some 17, (A.22)

supp az C >~ *(supp ay).
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(6) For each a,beS7°"7, (U) there exists a#beS;”) (U) such that

Opy, (a) Opy, (b) = Opy, (a#Lb)+O(h™) 2, 12,
G#Lbzab+0(h1_9_",)s;°ﬂip,(U)’ (A.23)
supp(a#1b) C supp aNsupp b.

(7) For each a€ ST’} (U) there exists aj €577, (U) such that

Opy, (a)* = Opy, (a)+O(h™) 2 12,
a; :@_,_O(hl—@—g/)swmp W) (A.24)

L,e,o!

supp aj, C supp a.

The following version of sharp Garding inequality follows immediately from Lemma A.2
and the fact that B;=Bj.

LEMMA A.4. Assume that M is compact, a€ ST’ )"V, (U), and Rea>0. Then, there

SOMP - seminorm of a such that

ezists a constant C' depending on some Sy, 0

Re(OpE (a)u, u) 2 = —Ch'= 2% ||ul3,  for all ue L2(M). (A.25)

Lemma A.4 implies a more precise bound on the operator norm of Opy (a).

LEMMA A.5. Assume that M is compact, aGSEO;ng,(U), and sup |a|<1. Then, there

P seminorm of a such that

ezists a constant C depending on some Sy,

10D, (a)l| 22 < 14+CR 279 (A.26)

Proof. Fix an h-independent x€C§°(U;[0,1]) such that x=1 near suppa. Define
b:=x%—|a|?>. Then, be ST (U) and b>0. Applying Lemma A.4 to b, we get, for all
ueL?(M),

10p}; (x)ull2: —OpF (a)ul| 72 = Re(Opy, (b)u, u) 2 —Ch' =~ [lul 7.

> —Ch = ullZ.
Estimating the norm of Opy () by (2.10), we get
10D (@)ullZ2 < 0Py ()ull 22 +Ch ¢ ul| 22 < [lullFs +Ch' 2 |[ul| 72,

finishing the proof. O

Using Lemma A.5, we get the following operator version of Lemma A.1.
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LEMMA A.6. Let ay,...,an€ST )% (U) be as in Lemma A.1 and let Ay, ..., Ax be

operators on L?(M) such that A;=Opy; (aj)—&—(’)(hl_@_g/_)LzﬁLz, where the constants in
O(-) are independent of j. Then,

Ay ... Ay =O0pE(ay ...an)+O(R 20 ) o s,
Proof. We have

N
A1 AN—Opﬁ(al aN) :ZBjAj+1 AN
j=1
and
B _{AlOph(al), ifj=1,
J - L L . .
Oph(a1...aj_l)Aj—Oph(al...aj), lf2<]<N
Here, Opy,(a; ...a;_1) is well defined since, by Lemma A.1, ay...a;_1€S5°nr. . (U)

uniformly in j for any small €>0.

Since sup |a;|<1, by Lemma A.5 we have, for some C independent of j,
4]l L2 2 1+CRITE7E
Since N=0O(log(1/h)), we have, uniformly in j,
|4j11 ... An||L2o 2 < C.
Therefore, it suffices to show that we have, uniformly in j,
1Bl L2z = O(A' =279 ") 2y o (A.27)

For j=1 this is immediate, so we assume 2<j<N. We may replace A; by Opﬁ(aj) in
the definition of B;. Then (A.27) follows from the product formula (A.23) on the space

comp
SL,@+6,9’+6' O

A.5. Egorov’s theorem

We finally prove two versions of Egorov’s theorem for the \IJ,CLOEII; »(U) calculus. In
this subsection we assume that M is a compact manifold, UCT*M is open, L is a
Lagrangian foliation on U, and PeW¥;""P (M) is self-adjoint with principal symbol p=
op(P)eC§e(T*M;R). We moreover assume that

Lz.¢) Ckerdp(z,&) for all (z,8) €Us; (A.28)
this is equivalent to the Hamiltonian vector field H,, lying inside L. The operator
et L2(M) — L2(M)

is unitary.

We start with the following fixed-time statement similar to [DZa, Lemma 3.17].
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LEMMA A.7. Let a€S7)"0 (U) and fix an h-independent constant T>0 such that

e~y (suppa)CU for all t€[0,T). Then,
P/ Opk(a)e= /M = OpE (acet™?)+O(h' =27 Y 1o, p2  for 0<E<T. (A.29)

Proof. We first claim that, for each be SE‘?Z?S(U ),

[P, OpE (b)] = —ih Opk (H,b)+O(h*>~2=¢ ) 12, 2. (A.30)

Using a partition of unity for b, we may assume that there exists a chart (U’, », B, B') for
L such that B and B’ quantize s near s(suppb)xsuppb in the sense of (A.16). Then,
B'B=I+40O(h*) microlocally near supp b, o1,(B’B)=1 near supp b, and o, (BB’)=1 near
#(suppb). Since both Opﬁ (b) and P are pseudolocal, we have

[P, OpE(b)] = B'B(PB'B Opk (b)—OpL (b)) B'BP)B'B+O(h™) 12,1
= B'[BPB’, BOpk (b)B'|B+0O(h>) 2, 2.

By (A.20), we have

BOpE(b)B'=0p,,(5)+O(h™) 2,12 for some be S (T*R"),

Lo,0,0'
with
B:boz_l—&—(’)(hl_g)szomp ,(r*rny and suppBC}f(supp b).
0,00

Next, BPB'€¥;"™P(R"™) and, by (A.15), o)(BPB')=(pos~')o,(BB’) is equal to pos~*
near supp b. By (A.28), we then have 9,0 (BPB’)=0 near suppb. By (A.13),

[P, Opk (b)] = B'[BPB', Op,,(b)]| B+O(h™®) 2, 12

. B » o (A.31)
= —ihB' Op;,({pes™",bosxx " })B+O(h" 727 )2 2.

We have {po%il,bo%il}z(Hpb)o}FlEhfglsz(z]’?g,(T*R"). Therefore, by (A.21), the
right-hand side of (A.31) is equal to —ih Opﬁ(Hpb)—l—(’)(hQ_Q_g/)p_}y, finishing the
proof of (A.30).

Now, put a;:=acetf» tc[0,T]. By (A.28), the map e'f» preserves the foliation L

on supp a, and therefore a; €7, (U). Since djas=Hpay, by (A.30) we have

ihat(e—itP/h Opﬁ(at)eitp/h) — e_itp/h(ih Opﬁ(atat)-i- [P, Opﬁ(at)])ei“j/h

— O ) o

for 0<t<T. Integrating this from 0 to ¢, we get (A.29), finishing the proof. O
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We now restrict ourselves to the case when M is a hyperbolic surface, U=T"*M\{0},
and Le{L,, L;} with L, and Ly defined in (2.6). Let ¢; be the homogeneous geodesic
flow, PP (M) be defined in (2.11), and U(t)=e"*"/" as in (2.13). The following
statement is a version of Egorov’s theorem for times up to ¢log(1/h), assuming that the

propagated operator lies in the standard calculus ¥};°™.

LEMMA A.8. Assume that a€Cg°({3<|¢|g<4}) is h-independent. Then we have,
uniformly in t€[0, plog(1/h)],

U(~t) Op (@)U () = OpE* (avpr) + Ok~ log(1/h)) 2, 2. (A.32)
U(t) Opy (a)U (—t) = OpE* (asp_ )+ O (R 2 log(1/h)) e (A33)

Here, acp, € ST "0 (T*M\{0}) and acp_ €570 (T*M\{0}) by (2.19) and (2.20).

Proof. We prove (A.32), with (A.33) proved similarly (replacing P by —P). By
property (2) in §A.4, we may replace Opy,(a) by Opr* (a) with an O(h) 2,12 error.
We write t=Ns, where 0<s<2 and Ne€Ny, N<log(1/h). Then,

U(—t) Opy* (a)U(t)—Opy~ (aoepy)
1

- U(=js)(U(=5) Opy* (acp(n—1-5)s)U (5) = Opy* (acpn—)s))U (js).
§=0

Since U(js) is unitary, it suffices to prove that, uniformly in j=0,..., N —1,
U(—5) Opy* (as@(n—1-5)s)U(s) = Opy* (aoo(nv—jys) = O(h' )2, 2. (A.34)

Now, (A.34) follows from Lemma A.7 applied to acon_1-j)s€ST oo (T*M\{0}). Here,

pr=e"Hon® on {1 <|¢|, <4}, by (2.12). O
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