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Abstract. Let ged(k, 7) denote the greatest common divisor of the integers
k and j, and let r be any fixed positive integer. Define

k
MG f) o= 3 ey D05 F(8ed ()

k<z j=1
for any large real number = > 5, where f is any arithmetical function.
Let ¢, and 1 denote the Euler totient and the Dedekind function, re-
spectively. In this paper, we refine asymptotic expansions of M, (x;id),
M, (z; ¢) and M, (x;1). Furthermore, under the Riemann Hypothesis and
the simplicity of zeros of the Riemann zeta-function, we establish the
asymptotic formula of M, (x;id) for any large positive number x > 5
satisfying « = [z] + 1.

Mathematics Subject Classification. 11A25, 11N37.

Keywords. GCD-sum functions, the Euler totient function, the Dedekind
function, the Dirichlet divisor problem, The Riemann Hypothesis, Simple
zeros of the Riemann zeta-function.

1. Introduction and Statement of Results

Let ged(k, j) be the greatest common divisor of the integers &k and j. The ged-
sum function, which is also known as Pillai’s arithmetical function, is defined
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by

P(n) = chd(k‘, n).
k=1

This function has been studied by many authors such as Broughan [4], Bor-
dellés [3],Tanigawa and Zhai [18], Téth [19], and others. Analytic properties
for partial sums of the ged-sum function f(ged(j,k)) were recently studied
by Inoue and Kiuchi [8]. We recall that the symbol * denotes the Dirich-
let convolution of two arithmetical functions f and g defined by f * g(n) =
> dn | (d)g(n/d), for every positive integer n. For any arithmetical function f,
the second author [11] showed, that for any fixed positive integer r and any
large positive number z > 2 we have

)
M f) o= Y oty S Fleed(k, )

k<z J=1

1l fn) 1 p* f(d)
_2; n +T+1d§z d

[r/2]
1 r+1 wx f(d) 1
B7Yl . 1
+7~+1Z<2m) 2 Z 4 2Zm (1)

m=1 i<z

Here, as usual, the function p denotes the Mébius function and B,, = B, (0)
are the Bernoulli numbers, with B,, (z) being the Bernoulli polynomials defined
by the generating function

2et? 0 om

. = E B () —

e —1 m!
m=0

with |z| < 27. Many applications of Eq. (1) have been given in [10], [12] and
[13].

In [11], Eq. (1) was used to establish asymptotic formulas for M,.(x; f) for
specific choices of f such as the identity function id, the Euler totient function
¢ = id*p or the Dedekind function ¢ = id*|u|. More precisely, let ((s) denote
the Riemann zeta-function, then for f = id, it was proved that

. 1 x
[r/2]
1 c(2) r+1
@ \ T @ (o ) Bonciem+1
z+ K, (z),
where
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For f = ¢, it was shown that

1 x
W= e ke
[r/2]
1 ¢'(2) r+1
“rm 2y —-1-2 2 +Z ( )BQWC(Qm—Fl)
x+ L.(x),
where
] ok p(n T
L.(z):= T n;x (E) + O, ((log z)?) . (3)
Lastly, for f = 1 it was proved that
gy L ¢(2)
M) = e e 2<<4>x
1 C/ 4 [r/2]
where
1 *
Ur(z) = Y ; K ‘ZKn)A (%) + O, ((log z)?) . (4)

The function A(x) denotes the error term of the Dirichlet divisor problem: Let
7 =1 %1 be the divisor function, then for any large positive number x > 2,

ZT(TL) =zlogx + (2y — Dz + A(z), (5)

n<zx
where 7 is the Euler constant and A(z) can be estimated by A(z) = O (2/*¢).
It is known that one can take 1/4 < 6 < 1/3. More precisely, the Dirichlet
divisor problem is to find the smallest value of 8 for which the above estimate
holds, for any € > 0. This problem is still unsolved. The best estimate to date
is

0 (1,131/416(10g x)26947/8320)

obtained by Huxley [7] in 2003.

The first purpose of this paper is to refine the error terms K, (z), L, (x)
and U,.(z) from the above formulas. Therefore, let o, = id,, * 1 be the general-
ized divisor function for any real number u and let m > 1 be an integer. Then
for any large positive number z > 2, the function A_5,,(z) denotes the error
term of the generalized divisor problem given by

> o aml 1—|—2m)x—7<(2m)—|—A om (2) . (6)

n<z
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For more details about the functions A(z), A_s,,(z), see [1]. We have the
following results:

Theorem 1. Let A(z) and A_sp, () be the error terms given by Egs. (5) and
(6), respectively. For any large positive number x > 5 and fized positive integer
r, we have

Hole) = oy ()

d<z
N 1 Zﬂ(d) [TZ/Q:] r+1 B A (E)+O (6(x))
r+1d<z d —\ 2m m==2m g r ARE))

where the function 6(x) is defined b

(log z)*/®
0(z) := exp (_C(loglogx)l/5) (7)

with C being a positive constant. Moreover, we have

Lr<w>=rilg“*s<“>a<z>
r/2]

S S (Y (2)

+ 0, ((logx)2/3(loglog x)l/?’) .

and

Ur(r) = ril > ()
T+ : Z 1 * |H| n) Z <r2—;11)32mA_2m (%)

m=1

1 O, ((logz)*/?).
4§( ] ogx + ((ogw) )
Remark 1. Tt is easily checked that using the weakest estimate A_q,,(z) =

O, (1) in the results Theorem 1 yields much better results than the previously
known formulas for K, (x), L,(z) and M, (x) from Egs. (2), (3), and (4).

Furthermore, even better estimates of K,.(x) can be achieved by addi-
tional assumptions on the Riemann zeta-function. Under the Riemann Hy-
pothesis, Maier and Montgomery [15] gave a sharper estimate of the partial
sum of the M&bius function, which was later improved by Soundararajan [17].
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The author proved that

where
n(@) := exp ((log2)"/(loglog 2)'*) (®)

for any large positive number z > 5 satisfying x = [z]+ % This latter has been
improved slightly by Balazard and de Roton [2]. By using the above result on
M (x), we obtain the next statement.

Theorem 2. Assume the Riemann Hypothesis and let A(x) and A_s,,(x) be
the error terms given by Egs. (5) and (6), respectively. Then for any large
positive number x > 5 such that © = [x] + % and fixed positive integer r, we
have

o= 2 A ()

[r/2]
1 wu(d) r+1 x n(z)logx
+r+1dZ d Z<2m>32mA‘2m(d)+OT( oz )

<z m=1

For our further considerations, let p = a + i3 denote the generic non-
trivial zeros of the Riemann zeta-function. Under the assumption that all zeros
p in the critical strip of {(s) are simple, we are able to prove an additional
refinement for the error term K,.(z).

Theorem 3. Assume that the zeros of ((s) are simple. Let T, > 5 be some
positive number satisfying the inequalily
s < T
Clo+ily) —°F
for % < o < 2. For any large positive number x > 5 with x = [z] + % we then

have

/2]
K@) =3 i 1 g @A (%) 7 Jlr 1 nz @ 2 (7;;) BamA-am (%)
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+ O, (x_3) ,
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where the functions Coqa(r) and Ceyen(r) are given by

[r/2] rl
Codd(’l“) = Z ( 2m )327n<(2m+ l)a

m=1

and

[r/2]
Ceven(r) = Z
m=1

for any fixed positive integer r.

Finally, define the sum

1
0= 3 T

0<B<T

which is intimately connected to Mertens function. Assuming the simplicity of
the zeros of ((s), Gonek [5] and Hejhal [6] independently conjectured that for
any real number A < 3/2, we have

J_A(T) =< T(log T)*~V’ (9)
We use this conjecture to prove the following;:

Theorem 4. Assume that the Riemann Hypothesis and Gonek-Hejhal conjec-
ture. Then

[r/2]
1 w(n) . /x 1 wu(d) r+1 x
K@ =g XA () X X (o) Bants-am (3)

m=1
5/4
+0, (UOg z) ) :

21/2

for any large positive number x > 5 satisfying x = [x] + %

2. Proofs of Theorems 1 and 2

In order to prove our main results, we first show some necessary lemmas.

2.1. Auxiliary Lemmas

Lemma 1. For any large positive number x > 5, we have

n 1 o(x
“752) :4(2)+0<;)>, (10)

Z % logn = ¢@) + 0 (5(:1:)) , (11)

¢*(2) z
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and
Z (6()), (12)
)-

where §(x) is given by Eq. (7). Assume that x = [z] + 1. Under the Riemann

Hypothesis we have

pn) _ 1 n(@)
2? <(2)+0( 3/2> (13)
(n) ¢(2) (z) log
3 e =Gy + 0 (M), .
and
) _ (1)), s

for any large positive number x > 5. Here n(x) is given by Eq. (8).

Proof. Eqgs. (10) and (11) follow from Lemmas 2.2 and 2.3 in [16]. The proof
of Eq. (12) can be found in [9]. The formulas (13)—(15) follow from Lemma 2.1
in [8]. O

Lemma 2. For any large positive number x > b, we have

Z gn = —= + 0 ((log 2)%/3(log logx)l/s) .
Proof. For any large positive number z > 5, we use the result of Liu in [14]
ul) o Ty _ 2/3 1/3
; 7 19(6)—0<(10ga:) (log log x) ),

the fact that ¢ = id * p, and Egs. (10), (12) to obtain the formula

o=t (-0(D)-3)

n<x

= @ + 0 ((log $>2/3(10g logx)1/3) .

Here 9(z) is the oscillatory function defined by z — [z] — 1. This completes the
proof. O

Lemma 3. For any large positive number x > 5, we have

; 1’/}5?) = ggi;x - logz + O ((log :13)2/3) .

2¢(2)

Proof. The proof can be found in [20, Satz 3]. O



43 Page 8 of 17 L. Kaltenbock et al. Results Math

Lemma 4. For any large positive number x > 5, we have

prpn) _ 1 (k)
= ~am (D) 1o
p p(n) ¢'(2) k(x)
2 20 (). 1
and
S 0 (n(a) (18)

where k(x) is given by
k(z) = exp (—D(logmlog log x)l/?’)
with D being a positive constant.

Proof. Egs. (16), (17) and (18) follow from Egs. (3.5), (3.6) and (3.3) in [8],
respectively. O

Lemma 5. For any large positive number x > 5, we have

* 1(n 1 (x
_* n (4 o(x
Z: lpdl# o) n’;( ) logn = 2 52((4)) +0 (xg/D , (20)
and )
* (n 1 o(x

Proof. Egs. (19) and (20) follow from Eqs. (3.7) and (3.8) in [8], respectively.
It is known that

i ul * p(n) _ 1

2T Ty

Now, we write our sums as follows

Zlul*u Zlu\*u Z\ul*u

n<x n=1 n>x

Z |#|>'<,u

n>x

To complete the proof, it remains to estimate the last sum above. Notice that

> Iul*u / Ez<n<t Iul*u( )dt

n>x
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and that
> lulsp(n) = 37 un)+0 @) =0 (+25(x)),
n<z n<yVz

where we used Eq. (3.4) from [8]. Therefore, we have

s o ([ £t i) -0 (22)).

n>x

and Eq. (21) is proved. O

Lemma 6. For any large positive number x > 5, we have

ol L ogat L (2y_1- @Y,
2.2 =" +<<2> (2” ! <<2>)

n<z d|n
wu(d
+yEE ( ) +0(6(x)). (22)
d<zx
and
¢(d) 1 ¢(1+2m) p(d) z
Z a4 02 ) T+ Z d Aoy, d) + O, (6(2)) (23)
dl<x d<zx
for any positive integer m. Suppose that x = [x] + % Under the Riemann

Hypothesis, we have

$(d L e (e SO,
22 =it eT o (2” ! <<2>>

n<z d|n
p(d) \ (@ n(z)logx
+> 5 A(d)+0< ) (24)
d<z
and
¢(d) 1 C( 1(d) n(z)
E:tiﬁm: +§: AzmQJ+O v (25)
al<z d<z
Proof. We recall the identity % x1 = % * 7. Using Egs. (5), (10) and (11), we
i
obtain
PIPIE DI DI
n<z d|n d<z (<z/d

=z (logz +2v—-1) ,uc(l;i) —x () logd + MA <§>

d<z d<z d<z

d
R S SNSRI 1 O W p(d) \ (@ .
- a1 ) + XA (G) row,
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which completes the proof of Eq. (22). Further, we recall the identity % *

id_g,, = % * 0_2m, and use Egs. (6), (10) and (12) to get
i

I LR YL S AT

de<z d<z (<z/d
- dg @ (g(1 + 2m)§ - %C(Qm) +A-2m (2))
= g X P () + o 0.

This completes the proof of Eq. (23). Similarly, we use Eqgs. (13), (14) and (15)
to deduce Egs. (24) and (25). O

Lemma 7. For any large positive number x > 5, we have

u*(b 1 1 d'(2)
22 20 20) (2”‘ ) ) g

n<z d|n
+Z%’MA (%) + 0k, (26)

d<z

and

L L[ e
A<z

d<z
for any positive integer m. Here k(x) is defined above in Lemma 4.

u.*sﬁ w1 HEH
id id

Proof. We use the identity
obtain

Zzl““b ZM*M ZT(E)

k<z d|k d<z (<z/d

* pu(d * p(d * u(d x
=z (logzx+2y-1) ’U’T’L;()—x MTLé()logd—l—ZuTﬁt()A(E)

d<z d<z d<z

Sl (1) S () o

* 7, Egs. (5), (16), and (17) to
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which completes the proof of Eq. (26). By using the fact that *x1d_op, =
,u;;,u * 0_om, together with Egs. (6), (16), and (18) we get
1 ¥ <b 1 i u (d)
> L= Z o—2m(l
dl<z d<z <z
(1 —|— 2m T
_ca+2m) ; DAy, (5) + Om ().

Therefore, Eq. (27) is proved. O

Lemma 8. For any large positive number x > 5, we have

prvld) 1 xlogx L RPN C) x
22 g =t +<<4><27 ! 24(4))

+ZL *d“(d)A(Z)+O<fc(192), (28)

S @) L (),

e ¢(4)

for any positive integer m.

Proof. From the identity % 1=H *d|'u|

o w Z Hox |M‘ Z
20— (0).
k<z d|k d<z (<z/d
Using Egs. (5), (19) and (20), we obtain the formula Eq. (28). Now, we use the

identity % wid_gy, = 15 d‘“'
1 1

* 7, we have

* 0_o,y, to write our second sums as follows

S ) L sl ),

di<z d<z (<z/d

Again, we use Eq. (6) to get

Z“*s’(d)g;n_z“*'g(d)( C(1+2m )Effg(2m)+A zm(2)>

de<z d<z

Applying Egs. (19) and (21) to the above, we deduce the desired result. O

Now we are ready to prove our main theorems.
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2.2. Proofs of the Theorems
Proof of Theorem 1. First, we take f = id into Eq. (1) to get

(i) Zl+r+1zu*ld

n<T dl<z
[r/2]

1 r—+1 ,u*ld 1
12 (o )z o
1 o(d

= X 2N
n<zx n<z dn
[r/2]

1 r+1
trrr 2 (o )P X 50

m=1 dl<z

Applying Eqs. (22) and (23) above yields
1 w(d)  rx
)= r+1 2 d A(d)
d<z
n 1 Zﬂ(d)[rz/é] r+1 Ba A (g)_’_o (6(2)
r+lé= d =\ 2m amEm2m g r AR

which gives the desired result. We take f = ¢ into Eq. (1) to get

Lgoln) u*¢
SR DI I
n<z n<z d|n

[r/2]
1 r+1 pxo(d) 1
g () 20

al<z

Using Lemma 2, as well as Egs. (26) and (27), we get

o= A e (2)

[r/2]

1 o p(n) r+1 x
+T+1,;E > < 2m )BQmA_m )

m=1

+ O, ((logm)Q/?’(log logx)1/3) )
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as desired. Taking f = 1 into Eq. (1) we get

My = 1380 1)

n<zx r+1 i<z d
L1 [rf} r+1\ g Zu*w(d) 1 (31)
r—+1 — 2m 2m = d 2m’

Applying Lemma 3, as well as Egs. (28) and (29) in the above formula yields

SRR SN

1 ) & e z
+ r+1 ng:z n Z ( 2m )BQmA_?m (ﬁ)

m=1

1
4¢(2)
This completes the proof of Theorem 1. O

logz + O, ((logx)2/3) .

Proof of Theorem 2. By assuming the Riemann Hypothesis, and applying Eqs.
(24) and (25) in Eq. (30), we immediately deduce that

)= 5 DI ()

[r/2]
1 wu(d) r+1 x n(z)logx
S Y (3) 0 (1),

m=1

which completes the proof of Theorem 2. 0

3. Proofs of Theorems 3 and 4

To prove Theorems 3 we just need the following lemma.

Lemma 9. Under the hypotheses of Theorem 3, we have

M) S e a0
n<x n2 <<2) W‘ST (p - 2>C/(p) C(g) ’
pn), w1 ¢'(2)
n<w n’ o8 E - @ <logm - 4(2)>
4 P2 w2 4 +0 (x_s) 7
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and
p(n) Z ar! Ar? g -5
Z — = + 2+ 0 (z7°).
_ !
= v g (= D) 3CB)
Proof. The proof of the lemma can be found in [8, Lemma 3.5]. O

Proof of Theorem 3. We recall that
1 pxid(d)
(x;id) Z 1+ 1 Z d

A<z
L1 3% r+1) E:u*mm)1
r+1 om )" d e
m=1 dt<z
Using the fact that
T " o+ id I
1=2 s
%) * d * T, % x1d_op, d * 0 _om,
and Eqgs. (5) and ( ), we get
p(n), x w p(n)
M, (xz;id —4+ —(2y-1 o
(x;1d) = 7’—|—1Z n+7"—|—1(7 +Cdd(r))z N2
n<x n<x
even M 1 Z ,u(n) x
Z A
ngm 7" +1 e n (n>
[r/2]
1 r+1 wu(n) x
Bom —A o (— ).
z() o 32 B8 (7)
Under the hypotheses of the theorem, we use Lemma 9 to obtain
. [z] xlogx x ( ¢'(2) )
M, (z;id) = == v—1- + Coaalr
@ =5 0@ T e (2 + )

[r/2]
nilz%@ 12 (o)
Baclom) 3 M0, (2)

n<z

1
2y —1+C,
+r+1(7 + Coaal Zp2<,)

1 P~ ! C’even ( )
TN 2 ) 2D

|BI<T.

P~ i
Z(wwmm+@()’
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which completes the proof. O

Proof of Theorem 4. To prove our theorem it suffices to show that
3t

Z =0 (;v_l/z(log x)5/4>

. . 1 .

o G+ i)

with j = 1/2 and 3/2. We take A = —1/2 into Eq. (9), then J_;,5(T\) <

T.(logT. *)1/ 4. Using the above and partial summation we have

1 J_1®1 T Tyt
Z T < [ 1;2( )] +/ %()dt < (log T,)*'*,
161=<T. BI¢ (5 + i) 1u J1a
and the proof is complete. O
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