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Abstract. In this paper we prove the existence of mild solutions for a
problem governed by a semilinear non-autonomous second order differen-
tial inclusion where a stabilization of the solution is expected due to the
control of the reaction term. In order to obtain our existence theorem,
first we study a more general problem with a differential inclusion which
involves a perturbation guided by an operator N: I — C(C(I;X); X),
where X is a Banach space. Finally we show an illustrative example of
application of our results to a problem involving a wave equation.
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1. Introduction

The goal of this work is to consider theoretical mathematical models governed
by differential inclusions which adapt themselves to study controllability prob-
lems in medicine, in life sciences or in other real phenomena. In particular, in
this paper we prove the existence of mild solutions for the following nonlocal
abstract problem for a semilinear non-autonomous second order differential
inclusion

u”(t) € A(t)u(t) + F(t,ugr(t)), tel

(NLP)  § u(0) = g(u)
w'(0) = h(u),
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being

ul®) = {““);m lu(t)x < R
Reore  lu@®lx > R,

where it happens that the reaction term stabilizes itself at large values over
R of the system states. With regard to differential equations or differential in-
clusions subject to general nonlocal initial conditions, we mention Byszewski’s
pioneering work [2]. In this topic, many results were obtained subsequently
for first and second order differential equations/inclusions (see, for example,
Garcia-Falset [8], Garcia-Falset and Reich [9] for first order equations; Aiz-
icovici and Staicu [1], Paicu and Vrabie [18] for first order differential inclu-
sions; Henriquez et al. [11] for second order differential equations and Cardinali
and Gentili [3] for second order differential inclusions). The motivation of these
studies lies in the fact that problems with nonlocal conditions represent math-
ematical models for the evolution of various phenomena: nonlocal pharmacoki-
netics, nonlocal neural networks, nonlocal pollution, nonlocal combustion (see
McKibben [16], Sect. 10.2).

Comparing this work to above-mentioned papers, the novelty is that the
differential semilinear inclusion governing (NLP) problem presents a nonlinear
perturbation term which has an effect of stabilization on the solution. In our
opinion these studies can be important in order to investigate, for example,
the dynamics of a desease under drug treatment or the bacterial persistance
under the effect of an antibiotic therapy or to prove that a vaccine is a good
candidate for immunotherapy. Let us recall that in medicine an impressive
body of mathematical modeling research has been a subject of rapid develop-
ment in these last years. We mention, for example, the mathematical model
of drug therapy for chronic myeloid leukemia (CML) introduced in [20], or the
hematopoietic system presented by Fokas et al. in [7] or, more recently the
ODE-based model of CML treatment proposed by Moore and Li in [17].

The paper is divided into six sections. In Sect. 2 we consider a more ab-
stract problem where the differential inclusion involves a perturbation guided
by an operator N: I — C(C(I; X); X)

u”(t) € A(t)u(t) + F(t, N(t)(u)), t € I

and we introduce the concept of fundamental system and the definition of
mild solution for a nonlocal problem. Next in Sect. 3 we list some properties
of the solution multioperator in order to obtain the existence Theorem 3.5,
which extends in a broad sense a recent theorem obtained by Henriquez et
al. [11] for second order differential equations. We get the existence result
through Martelli fixed point theorem of [15], by using the techniques for non-
autonomous second order differential equations/inclusions developed by Kozak
n [14], by Fattorini in [6] and by Cardinali-Gentili in [3].
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Then, as consequence of Theorem 3.5, in Sect. 4 we are able to deduce
the existence of mild solutions for the mentioned nonlocal problem (N LP) (see
Theorem 4.1).

As application of our abstract result presented in Sect. 3, in Sect. 5 we
obtain the controllability of a non-autonomous Cauchy problem guided by a
wave equation, where the perturbation is subject to an opportune operator N.

Finally, Appendix contains some background material intended to make
the paper self-contained.

2. Problem Setting

We consider the following nonlocal problem in a real Banach space X

w'(t) € A(u(t) + F(t, N(t)(u)), t € T
(N-NLP) u(0) = g(u)
w'(0) = h(u),

where {A(t)}tcr is a family of bounded linear operators A(t): D(A) — X,
where D(A), independent on ¢ € I, is a subspace dense in X, generating a fun-
damental system {S(t, 5)} ¢+,s)erx1, F' is amultimap and N: I — C(C(I; X); X)
is a map.

The concept of fundamental system, introduced by Kozak in [14], is re-
cently used by Henriquez et al. [11] and by Cardinali, Gentili in [3].

In most of works, for every ¢ € I the linear operator A(t): D(A4) — X is
also closed (see [10,11,14]), but we leave out this property on A(t), since it is
not necessary in order to obtain only the existence of mild solutions.

Definition 2.1. A family {S(t, s)}(¢,s)erx1, Where S(t,s): X — X is a bounded
linear operator, is called fundamental system (or evolution system) generated
by the family {A(t)}ier if
(S1) for each € X, the function S(.,.)z: I x I — X is of class C' and
(a) foreach t € I, S(t,t)x =0, V x € X;
(b) for each t,s € I and for each z € X, %—f(t,s)hzsm =z and %(t,
8)|t=s = —a;
(S2) for all t,s € I, if z € D(A), then S(t,s)z € D(A) and the map
S(.,)x: I x I — X is of class C?. Moreover
(a) 25(t,s)x = A()S(t,s)x, ¥ (t,s) € I x I, ¥ x € D(A);
(b) ZS(t,s)x = S(t,s)A(s)z, ¥ (t,5) € I x I, ¥ x € D(A);
(c) 3jat(t $)|imsz =0, V (t,5) € I x I, ¥ z € D(A);
(S3) for all t sel,ifzxe D(A) then 25(¢,s)z € D(A). Moreover, there
exist xa- t28 (t,s)x and 8 28t (t, s)z such that

(a) 6’2283 (t,8)x = A(t) gf (t,8)x, ¥V (t,s) € I x I, V& € D(A);
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(b) 3221% (t,s)z = 23(t,s)A(s)z, ¥ (t,s) € I x I, ¥ x € D(A); and,
for all z € D(A), the function (t,s) — A(t)%2 (¢, s)z is continuous
on I xI.

As in [11], a map S: I x I — L(X), where £(X) denotes the space
of all bounded linear operators in X with the norm ||.||z(x), is said to be a
fundamental operator if {S(t,s)} s)erxr is a fundamental system. Moreover,
for each (¢,s) € I x I, we consider the operator

C(t,s):—ﬁ(t,s):XﬂX (2.1)
s

and the family of linear operators {C(t, 5)}(,s)erx1-

Now we recall that by using Banach—Steinhaus Theorem there exist two
constants K, K7 > 0 such that (see [11])

(PO) [ICEt s)llex) <K, YVi,sel;

(P1) [|S(t,s)|lcx) < K|t —s|, Vi,s €T

(P2) [|S(t,s)llcxy < KT, Vit,sel;

(P3) ||S(t2,s) = S(t1,8)llcx)y < Kilta —t1], ¥V t1,ta, s € 1.

Further, if we assume that the fundamental system {S(t,5)}(,s)erxs has also
the following property

(S4) Yz € X, %(., )z is continuous on I X I,

we can claim that the family {C(t,s)}q syerxs satisfies
(P4) dK9>0: HC(tQ,S) — C(tl,s)”ﬁ(x) < Kgltl — t2|, Y t1,ta,s €1.

For the sake of completeness we recall the fundamental Cauchy operator
Gs: LY(I; X) — C(I; X), introduced in [3] as

Gsf(t) = /O S(t,s)f(s) ds, t€ I, [ LI X)

and some its properties (see [3], Theorem 3.2 and Remark 3.3)

(Gs1) |Gsf()=Gsg(t)llx < KT [y 1 £(s)=g(s)|x ds, t € I, f,g € L'(I; X);
where KT is the constant presented in (P2);

(Gs1)" ||Gsf — Gsgllo < KT f = gll1, ¥ f.g € L' (I; X)

(Gs2) for any compact H C X and sequence (fn)n, fn € L'(I; X), such that
{fn(t)}n C H, for a.e. t € I, the weak convergence f, — f implies

the convergence Gg f,, — Ggf in C(I; X).

In line with the definition of mild solution for the nonlocal problem pre-
sented in [11] for a non-autonomous second order equation, we introduce the
following notion (see (2.1)).
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Definition 2.2. A continuous function u: I — X is said to be a mild solution
for (N-NLP) problem if
t
u(t) = O(t,0)g(u) + S(t, 0)h(u) + / S(t,8)f(s) ds, t € I
0
where f € Spy(u) = {f € L'(I; X) : f(t) € F(t, N(t)(u)), a.e. t € I}.

3. Existence Result Under Perturbation with an Operator [N
3.1. The Multioperator S}, v

First, we state the well-position of the superposition operator S}V’ N-
Proposition 3.1. Let X be a Banach space, I be the closed interval [0,T] and
F: 1 x X — Pp(X) be a multimap which satisfies following hypotheses:

(F1) for every x € X, F(.,x) has a strongly measurable selection,

(F2) for a.e tel, F(t,.) is upper semicontinuous on X.

Let N: I — C(C(I; X); X) be a map such that

(N1) for every u € C(I; X), N(.)(u) is strongly measurable;

(N2)  for everyu € C(I; X), N(.)(u) is bounded;

(FN) there exist o € LY (I) and a non-decreasing map ¢: Rt — R such that

IF( NO@)I < a@e(INO@)x), e tel, ¥ ueCl;X).
Then the multimap Sp 5 : C(I; X) — P(LY(I; X)) given by
Spy(w) ={f e L' (I;X): f(t) € F(t, N(t)(u)) ae. t € I}, Vue C(I;X)
1s well-defined.

Proof. We show that the multimap 5}7 N assumes non empty values. First of
all, fixed u € C(I; X), we define the following function ¢,: I — X, where

qu(t) = N(@t)(u), Vtel
and by (N1) we say that ¢, is strongly measurable. Moreover, since the mul-
timap F has compact values and it satisfies (F'1) and (F'2), by applying The-
orem 1.3.5 of [13] there exists a strongly measurable selection f,,: I — X of
the multimap F(.,qy(.)). Further by (FN) and by taking into account the
boundedness of N(.)(u) (see (N2)), we have

[fu®)llx < [IFEN@) ()] < a(t)i//(stlelg IN(#)(u)]lx) = mu(t), ae. t €1,

where it is easy to see that m, € L!(I). Hence f, € L'(I;X), therefore
S n(u) # 0 and so St  is well-defined. O
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Remark 3.2. According to Kuratowski-Ryll-Nardzewski Theorem, if X is a
separable Banach space the property

(F1)" for every x € X, F(.,z) is measurable

is sufficient to have (F'1) satisfied.
Let us note that in [4], sufficient conditions are given to obtain (F'1)
without the separability of the Banach space X.

Then we show some properties for the multioperator 5}7 N

Proposition 3.3. Let X be a Banach space, I = [0,T], F: I x X — Pg.(X)
and N: I — C(C(I;X); X) be two maps satisfying all hypotheses of Propo-
sition 3.1. If we consider the sequences (Up)n, Un € C(I;X) and (fn)n,
fn € Spn(un), n €N, such that u, — @ and f,, — f. Then f € Sp ().

Proof. Let us fix sequences (uy)n, un € C(I; X), and (fn)n, fn € Sk (un),
such that

Up — @ in C(I;X) and f, — f in L'(I; X). (3.1)
According to Mazur’s Theorem we have the existence of a double sequence of
nonnegative numbers (a, i),k such that
(I) Vn eN, 3 ko(n) € Nsuch that a,, , =0, V k > ko(n);
(IT) kioj ankr =1, VneN;

(III) the following sequence (f,)n, where f, is defined by
Fat) =" o filt), Yt e,
k=n

converges to f in the normed space L'(I; X). Passing if necessary to a
subsequence, we can assume that

(fn)n converges to f a.e. on I. (3.2)

Now, there exists N c 1, ,u(]v) = 0, such that for every t € I\ Z\A], we have
(see (F2) and (3.2)):

(p1) F(t,.) is upper semicontinuous at N (t)(u);

(p2) fu(t) € F(t,N(t)(un)), VnEN;

(p3) (fn(t))n converges to f(t),

where % and f are presented in (3.1).

The upper semicontinuity of F(¢,.) at N(t)(a) € X (see (p1)) and the
continuity of N(¢)(.) at w € C(I;X) imply, for every ¢ > 0, the existence
of W.(F(t,N(t)(@))), an e-neighborhood of the set F(t, N(t)(a)), and of i =
n(e, t,u) € N such that
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F(t,N(t)(un)) € Wo(F(t, N(t)(@))), ¥ n > 7.

Next, by (p2) we can write

fa(t) € F(t, N(t)(un)) C We(F (8, N(t)(w))), ¥V n>n (3:3)
Then the convexity of the e-neighborhood W, (F'(t, N(t)(u))) an (3 3) imply
that

falt) € We(F(t,N()(@))), ¥V n > 7

is true. Hence by (p3) we have

F(t) € We(F(t, N(t)(@)).
Now, by the arbitrariness of € > 0 and by recalling that the set F(t, N(t)(@))
is closed, we obtain

f(t) € F(t,N(t)(a)). (3-4)
Finally, since (3.4) is true a.e. on I and that f € L'(I; X), we conclude that
[ e Spy(u). O

3.2. The Solution Multioperator
Now, in order to establish some properties of the solution multioperator, we
assume the following property on the family {A(¢)}ier:

(A) {A(t)}er is a family of bounded linear operators, defined in a sub-
space D(A) dense in X and taking values in X such that, for each x € D(A),
the function t — A(t)x is continuous on I and generating a fundamental sys-
tem {S(t,s)}t,s)crx1 where, for each (t,s) € I x I, S(t,s) is compact (i.e. it
is continuous and it maps bounded sets into relatively compact sets).

Proposition 3.4. Let X be a separable Banach space, I = [0,T], {A(t)}ier be
a family with property (A)'.
Let F: I x X — Pr.(X) be a map which satisfies hypotheses (F'1) and
(F2) of Proposition 3.1 and the following property:
(F'3) there exists m € LY (I): n(F(t,B)) < m(t)n(B), for a.e. t €1
and for every bounded set B C X (where 1 is the Hausdorff MNC in X).
Let N: I — C(C(I; X); X) be a map which has properties (N1) and (FN) of
Proposition 3.1 and the following
(N2)  for every bounded W C C(I; X), the set {N(t)(u) : t € I,u € W} is
bounded.
Let g,h: C(I; X) — X be two functions which satisfy following properties:
(gh1) g,h are compact;
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(gh2) g,h are bounded.
Then the solution multioperator I': C(I; X) — P(C(I; X)) defined as

u) ={v e C(I; X) :v(t) = C(t,0)g(u) + S(t,0)h(u)+

t

+/S(t,s)f(s) ds, tel, fe SIIJVN(U)}, ueC(; X)
0
has nonempty closed convex values. Moreover I is totally bounded and upper
semicontinuous.

Proof. First, for all uw € C(I;X), Proposition 3.1 implies that there exists
f € Sk x(u). Now, the function v: I — X, where

v(t) = C(¢,0)g(u) + S(t,0)h /Sts )ds, tel

is well-defined, since for every ¢ € I, the map S(¢,.)f(.) is B-integrable on
[0,¢]. Indeed, put p;: [0,t] x X — X, where pi(s,x) = S(¢, s)x, for every
(s,z) € [0,t] x X, property (S1) of the fundamental system implies that the
map p:(., f(.)) = S(¢,.)f(.) is strongly measurable (see [13], Theorem 1.3.5)
and by (P2) it is also B-integrable on [0, t]. Moreover v is also continuous on
I, sov € T'(u), i.e. ['(u) # (. Finally T takes convex values thanks to the
convexity of the values of F'.

From now on we proceed by steps.

Step 1: The solution multioperator I' has closed graph (therefore I' has also
closed values).

Let (un)n be a sequence in C(I; X) such that w, — u* in C(I; X) and
(vn)n be a sequence in C(I;X), v, € I'(uy), Vn € N, with v, — v* in
C(I; X). We show that v* € T'(u*).

Since for every n € N, v, € I'(u,,), there exists f, € S}p,N(un) such that

vn(t) = O(t,0)g(un) + S(t, 0)h(un) + / S(t8)fu(s) ds, t€ 1. (3.5)

We will prove that there exists f* € Sp, y(u*) such that

v (#) = O, 0)g(u") + S(t, 0)h /Sts Vds, tel.

Fixed t € I, since C(t,0),S5(¢,0) € £(X) and g,h are continuous in u*, it
follows that for n — oo the following convergences



Vol. 76 (2021) Non-autonomous Second Order Differential Inclusions Page 9 of 26 8

C(t,0)g(un) — C(t,0)g(u"), (3.6)
S(t,0)h(un) — S(t,0)h(u*) (3.7)

are true. Now we deduce that the set {f,}, is integrably bounded. Indeed,
since

W =A{up,u" : neN} (3.8)

is bounded, hypothesis (N2)' implies that the set {N(t)(u) : t € I, w € W}
is also bounded. Then, by using (F'N), we have

Ifallx < a(t)y Sup IN@) @) | = )P,
ueW

where by (N2) the constant P is not depending on ¢. Therefore {f,}, is
integrably bounded.

Furthermore, let us show that the set {f,(¢)}, is relatively compact in
X for ae. tel

Indeed, by using (F'3) and the monotonicity of the Hausdorff MNC 7, for
a.e. t € I, being the set {N(t)(un)}n € Pp(X), according to (N2)" we estimate

0 <n{fa®}n) < n(EEAN@) (un)}n)) < mEnEN(E)(un)tn).  (3.9)

Since the map N (¢t) € C(C(I; X); X), the compactness of W (see (3.8)) implies
that also N (¢)(W) is compact. Hence by (3.9) we have

0 <n({fn(®)}n) <mE)n(N(t)(un)tn) < m(E)n(N@©)W)) =0,

therefore n({f,(t)}») = 0, i.e. the set {f,(¢)}, is relatively compact in X.
Now, being the sequence ( f,,),, semicompact, we can use Proposition 4.2.1
of [13] to conclude that the set { f,, },, is weakly compact in L!(I; X), so w.L.o.g.
there exists f* € L'(I; X) such that f, — f* in L'(I; X).
Hence, since the fundamental Cauchy operator G g satisfies the mentioned
properties (Ggl)" and (Gg2), we are in a position to apply Theorem 5.1.1 of
[13] and we deduce

Gsfn — Gsf* in C(I; X). (3.10)

Consequently, by passing to the limit in (3.5), properties (3.6, (3.7) and (3.10))
imply the following

lim v, (t) = C(t,0)g(u*) + S(t,0)h(u*) + G f*(t), t € I

n—oo
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and, by recalling that v, — v* in C(I; X), the uniqueness of the limit algorithm
guarantees that

v*(t) = C(t,0)g(u*) + S(t,0)h /Sts )ds, tel.

Finally, according to Proposition 3.3 we have that f* € SRN(U*). Hence we
can conclude that v* € T'(u*), therefore T' has closed graph.
Step 2: I is totally bounded.
We fix a bounded subset €2 of C(I; X).
Step 2a: First we show that I'(2) is equicontinuous on I.
To prove this, fixed v € T'(Q2), let be u, € Q such that v € T'(u,),
and f € Sk y(uy). By using (P4), (P3), (gh2), (P2), (FN) and (N2),
let us note ‘Ehat, for every t1, to € I, w.l.o.g. t; < ty, we have

[o(t2) = v(t1)llx < Kalte — ta]||g(uwn) || + K1tz — tal]|P(us) ||

to t1
+/\\S(t275)||1:(x)||f(5)|\x ds+/||5(t2, S(tr,s)lleellf(s)llx ds,
t 0

<K2‘t2—t1|G+K1|t2—t1|H
/KTHF (5, N(5)(u))|| ds+/K1|t2—t1|H (s, N(s)(uy))|| ds

(KQG + KiH )ltg — t1| + KT||O(||1PQ|t2 — t1| + K1||OéH1PQ|t2 — t1|

<
SC| 2_t1|7

where G, H, Pg and C are respectively the positive constants so defined:
G= sup |g(u)llx,

ueC (I

H= sup |[h(u)|x
weC(I;X)

Po =1 | sup[[N(s)(u)llx |,
sel
ues)
C = max{K>G; K1H; KT||«|1Pq; Ki|al1Pa}-

Obviously this inequality also holds if t; > 5.
So the set T'(Q2) is equilipschitzian and therefore it is also equicontinuous
on I.
Step 2b: Next we prove that T'(Q)(t) is relatively compact in X, for every ¢ € I.
To this end, we consider the set
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So ={f € Spn(u), ueQ}

Our first goal is to show that hypotheses of Theorem 5.23 of [12] are satisfied
in order to prove the relative compactness of the set

t
Hq(t) = {/ S(t,s)f(s) ds, € Sg}, (3.11)
0
for every t € I.
Being X a separable Banach space, the space L!(I; X) is separable too.
1

—L
Hence the closed set S~ is separable. Therefore there exists a countable set
{fn}n C Sq such that

1 e

Ut =5a" . (3.12)
In a preliminary way, let us define the multimap G: I — P(X) in the following
way

G(t) =co{fn(t): neN}, tel. (3.13)

Now, we obtain that G is measurable. By the completeness and the separability
of the Banach space X, it is enough to prove that (see [12], Proposition 2.3)
there exists a countable set E' of measurable selectors of G' such that

G(t)=E(), tel. (3.14)

To this aim, we define the set of functions

+oo
E:{% [=X: A1) =3 aufalt), t€ L, (gn)n e@}, (3.15)

where @ is the countable set of non negative rational sequences so defined

+oo
Qz{(qn>n: > an=1¢.€Q5, IkEN: ¢, =0, n>k}.
n=1
Clearly, the countability of ) implies that the set E is countable too. Moreover,
let us note that every v € E is a measurable selector of G (see (3.13)).
Now, fixed t € I, we prove that (3.14) holds.
By (3.15) and (3.13) obviously we can write

E(t) C G(t).

To get the other inclusion it is sufficient to prove that
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co{fn(t): ne N} C E(t). (3.16)

Let us fix p € co{fn(t) : n € N}, i.e. p = ::g ap fn(t), where oy, € [0, 1],
Z:z'i a, = 1 and there exists k € N such that a,, =0, n > k.

Obviously we have that there exist k sequences (ql,)m, - -, (¢%)m, ¢, €

[0,1]NQ, i=1,...,k and m € N, converging respectively to aq, ..., a.

Sop= lim7n_)+oo(2f:1 qi fi(t)) € E(t). Therefore (3.16) is true.

Then, being (3.14) proved, we can conclude that the multimap G is mea-
surable.

Next we show that G is integrably bounded.

First of all, if u,, € Q is such that f, € S};’N(un), for every n € N, from
(3.13), by recalling hypotheses (FN) and (N2)', for every n € N, we can write
the following inequality

IF(t N () ()| < a(t)Pa = walt), ac. teT
where Py = ¢ (sup || N(¢)(u)||x) € Ry . So we can deduce
tel

ue)

IG@)|| < [|[éo{F(t, N(t)(un)) : n € N}H| <wgq(t), ae.t €T (3.17)
and being wq € L}r (I), we can conclude that G is integrably bounded.

Now, put N = {0 € [0,t] : |G(0)| > wa(0)} (see (3.17)), for every t € I
we consider the multimap ®;: [0,¢] — P(X) so defined

d,(s) = {S(taS)G(S), se0,f]\ N

{0}, s€[0,f) N N. (3.18)

From (3.17) and by taking into account (A)’, it is easy to say that, for every
s € [0,1], the set ®,(s) is compact and convex.

Moreover, by combining (3.17) with (P2), we have that ®; is integrably
bounded.

Now we shall prove that ®; is graph measurable.

Again in virtue of the separability of X, it is enough to prove that ®; is
measurable (see [12], Proposition 1.7).

To this aim we define the following multimap:

G{:[0,t] x X — P(X)
(s,x) = Gi(s,z) = G(s)
and we note that the measurability of G' implies that G} is measurable too.
Next, since for every s € [0,t], G5 (s,.) is obviously lower semicontinuous

on the separable Banach space X and by applying Proposition 7.17 of [12], we
deduce that Gf is (S.D.)-lower semicontinuous.
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Now, in a preliminary way, we consider the multimap ®;: [0,¢{] x X —
P(X) defined by

Oy (s,z) = S(t,s)G(s) = S(t,s)Gy(s,z), V (s,z) € [0,¢] x X (3.19)

and we show that ®; is (S.D.)-lower semicontinuous.

In fact G} is (S.D.)-l.s.c. and hence for every e > 0, there exists a closed
set Te C [0,¢] : wu(]0,] \ Tc) < € such that the restriction of G} to T, x X is
lower semicontinuous. So we can deduce that ®; is Ls.c. on T, x X.

Indeed let us fix (5,7) € T, x X, a net {(Sq, Ta) facs such that

(Sa, o) — (5,Z) in R x X
and a point § € P;(5,Z). We can find zZ € G;(5,Z) such that § = S(¢,5)z
(see (3.19)). Then since G is l.s.c. at (5, ), from Proposition 2.6 of [12] there
exists a net (2a)act, 2a € Gf(SasTa), o € J, such that

2o — Z in X. (3.20)

Next, since this estimate is true

15t s0)20 — Yllx < KT|2a = 2| x +[IS(t, 5a) = S(& )l cx) 121 x,
by (A)" and (3.20), we can conclude that
S(t,80)2a — 7 in X.

Then, according to Proposition 2.6 of [12], ®f is l.s.c. on T, x X.

Further by Proposition 2.38 of [12] we deduce that also the closed mul-
timap @7 is (S.D.)-Ls.c. .

Moreover fixed s € [0,t], being ®;(s,.) = S(t,s)G(s) constant on X,
®5(s,.) is also L.s.c. on the separable Banach space X . Therefore, from Theorem
3.2 of [19] we can say that ®; is M(R) x B(X)-measurable. Therefore it is easy
to see that the multimap ®;, defined in (3.18), is measurable too.

Hence we can invoke Proposition 1.7 of [12] in order to say that ®, is
graph measurable.

Finally, by using the proof of Theorem 5.23 of [12] we can get

/t Pi(s) ds € Pre(X). (3.21)
0

Now, let us note that the following inclusion

Ho(t) / "By(s) ds (3.22)
0
holds.
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To this end let us fix fot S(t,s)f(s) ds € Hq(t) (see (3.11)). By (3.12) we
deduce that there exists a subsequence (fp, )i of (fn)n:

frp — fin LY(I; X).
Obviously Riesz Theorem implies that (see (3.13))

f(s)= lim f,, (s) € G(s) ae. sel,

ng— 00

hence f € S&. Then we have (see (3.18))

/OtS(t,s)f(S) ds C /OtS(t,S)G(S) ds = /Otcpt(s) ds.

Therefore we can conclude that (3.22) is satisfied and so, by (3.21) we have
that the set Hq(t) is relatively compact. Now we note that

I'(Q)(t) C C(t,0)9(2) + S(t,0)h(Q) + Ha(t).

Then, by taking into account (ghl) and the continuity of operators C'(¢,0) and
S(t,0), we can conclude that the set I'(2)(¢) is relatively compact in X.

So, bearing in mind also the equicontinuity of I'(€2), we have that I'(Q) is
relatively compact in C(I; X). Therefore the multimap T' is totally bounded,
hence I is also locally compact. Now, by recalling that I' has closed graph, we
can use Proposition 4.1.16 of [5] and deduce that T' is upper semicontinuous
in C(I; X). O

3.3. Main Abstract Existence Result

Finally we are in a position to prove the existence at least of a mild solution
for the nonlocal problem (N-NLP).

Theorem 3.5. Let X be a separable Banach space, I = [0,T], {A(t)}ter be a
family with property (A)'.

Let F: I x X — Pro(X) be a map which satisfies (F'1), (F2), (F3) of
Proposition 3.4 and N: I — C(C(I; X); X) be a map with properties (N1), (FN)
of Proposition 3.1 and such that
(N2)s N is bounded.

Moreover let g,h: C(I; X) — X be two functions as in Proposition 3.4.
Then there exists at least one mild solution for the monlocal problem
(N-NLP).

Proof. We consider the same solution multioperator I' of Proposition 3.4:

'(u) :{v e C(L;X) :v(t) =C(t,0)g(u) + S(t,0)h(u)+
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+ [ S(t,s)f(s)ds, t €1, fESllaN(u)}, ue C(l; X).

o

In the setting of our hypotheses we are in a position to use Proposition 3.4
and so we can say that I' has nonempty closed convex values, it is totally
bounded and upper semicontinuous. Now, in order to prove the existence of a
fixed point for the multioperator I', we show that the set

Q={ueC(I;X): 3X>1such that \u € I'(u)}

is bounded.

Let us fix u € €, then there exists A > 1 such that Au € I'(u) and
fu € Sp n(u). At this point we observe that, by using (P2), (FN),(N2), and
(gh2), we obtain

lu@lx < ICE 0 cx)lgllx + ISE O)lex) 1h(w)] x+

t
+/O 1S(t, 8)llcx)1F (s, N(s)(w)]| ds
< KG+KTH + KTy(M)||all, =C, te I

where [|¢]loc < G, ||h]loo < H and |[N(t)(u)|lx <M, Vtel, YueC;X).
Hence we can conclude that the set Q2 is bounded in C(I; X).

Finally, we are ready to proceed to the application of Theorem 6.1 and
we have the existence at least of one fixed point for the solution multioperator
T, i.e. there exists at least one mild solution for (N-NLP) problem. O

Remark 3.6. Let us note that (N-NLP) problem can be rewritten as the fol-
lowing problem

u'(t) € A(t)u(t) + F(t,u(t), tel
(NLP)* q u(0) = g(u)
w'(0) = h(u),

studied in [3], by considering the map N: I — C(C(I; X); X) so defined

N(t)(u) =u(t), Vtel, YueC(;X).

Unfortunately we note that Theorem 3.5 does not allow to prove the existence
of mild solutions for (NLP)* problem because N does not satisfy (N2)s of
Theorem 3.5.

Remark 3.7. Clearly if g and h are two constant functions, our Theorem 3.5
is an existence proposition for a Cauchy problem, where (ghl) and (gh2) ob-
viously hold.
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4. Existence Result with a Stabilizing Effect

Now, as a consequence of Theorem 3.5, we are in a position to provide a result
for the nonlocal problem (NLP).

Theorem 4.1. Let X be a separable Banach space, I = [0,T], {A(t)}+er be a
family which satisfies (A)' and R > 0.
Let F: I x X — Pr.(X) be a map with following hypotheses:

(F1) for every x € X, F(.,x) has a strongly measurable selection;
(F2) for a.e.t €I, F(t,.) is upper semicontinuous on X;
(F3) there exists m € L' (I) : n(F(t,B)) < m(t)n(B),

for a.e. t € I and for every bounded set B C X

(where n is the Hausdorff MNC in X);

(F4) there exist a € L (I) and a non-decreasing map 1 : R* — R such that

|1E(t, )| < a®)(|z]|x), ae t €1, ¥V xe Bx(0,R).
Let g,h: C(I; X) — X be two functions which satisfy following properties:
(ghl) g,h are compact,
(gh2) g,h are bounded.

Then there exists at least one mild solution for the nonlocal problem (NLP).

Proof. First, fixed R > 0, we note that we can define the map N: I —
C(C(I; X); X) in the following way: for every ¢t € I, N(t): C(I; X) — X
is such that

N(t)(w) = ug(t), ¥ u e O(I; X). (4.1)

Next we observe that for every u € C(I; X), we have that N(.)(u) = ur(.) is
continuous on I, so N (.)(u) is also strongly measurable and moreover obviously
INt)(v)|x <R, VtelandVveC(l;X). Therefore N satisfies (N1) and
(N2)s of Theorem 3.5. Further, for every u € C(I; X), since |lur(t)||x < R,
by combining (F'4) with (4.1), we have the following

IF(t N @)l = [F(tur(®)] <
< a(®v(lur(®)lx) = a®B(IN@@W)x), ac. t €1,

so (FN) holds.
Therefore Theorem 3.5 establishes the existence of at least one mild so-
lution for the nonlocal problem (NLP). O

Remark 4.2. Let us observe that it is not possible to compare our Theorem 4.1
with Theorem 4.1 of [3], since two studied problems are different. In fact in
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(NLP) problem, we have a stabilization of the effect of the perturbation on
the mild solution outside the ball Bx (0, R).

5. An Application: Controllability with Stabilizing Effect

In this section we apply the theory developed in Sect. 3 to study the following
controllability problem

2 2 t
G (8,6) = G (1,6) + b(t) G2 (£, €) + f (¢, min{1; max [[w(s, )2} JP(S) ds) 4 u(t, €)
w(t,0) =w(t,2m), t €T

%e(t,0) = Ge(t,2m), tel (5.1)
w(0,§) = z0, £ €ER

2w (0,¢) =21, £€ER
u(t,€) € [p1(t), p2(8)] = {Ap1(t) + (1 = Np2(t), A€ [0,1]}, te 1, EE€R,

where g, 20 € C, I =[0,T], T>0and f: IxC—C, b: I =R, p: I - C,
p1,p2: I — C are suitable functions.

The following application shows a situation in which our Theorem 3.5
works, but Theorem 4.1 of [3] not.

First, as in [11], we will use the identification between functions defined
on the quotient group T = R/27Z with values in C, and 27-periodic functions
from R to C. In order to model the problem above in an abstract form, we
consider the space X = L?(T;C), i.e. the space of all functions z: R — C,
2m-periodic and 2-integrable in [0,27], endowed with the usual norm ||.||2.
Moreover we denote by H'(T,C) and by H?(T;C) respectively the following
subspaces of L?(T;C)

HY(T;C) = {z: R — C, 27 — periodic, 2’ € L*(T;C)}

H?*(T;C) = {z: R — C, 27 — periodic, 2/, 2 € L*(T;C)},

where 2’ = ‘;—2 and 2/ = %.
Further we consider the operator Ag: D(Ag) = H?(T;C) — L*(T;C) so

defined

Aoz = 2", x € H*(T;C) (5.2)
and we assume that the operator Ay is the infinitesimal generator of a strongly
continuous cosine family {Co(t)}ier, where Cy(t): L?(T;C) — L?*(T;C), for
every t € R (see references in [11]).

Moreover we fix the function P: I — L(H(T;C); L*(T;C)) defined in
this way
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P(t)z =b(t)z', t eI, v € H(T;C) (5.3)

where b: I — R is of class C! on I.
Now we are in a position to define the family {A(¢) : t € I} where, for
every t € I, A(t): H*(T;C) — L?(T;C) is an operator so defined

A(t) = Ay + P(t), te 1. (5.4)

In Theorem 1.2 of [10], Henriquez has proved that this family generates a
fundamental system {S(t,s)} s)erx 1, which is also compact (see [11], §4).

Moreover, let us consider p: I — C a continuous map, ¢1,92: I — C
such that

() ¢1,02 € LY(I;C);

and the map f: I x C — C having the following properties:
(f1) f(t,z(.)) € L*(T;C), for every t € I and for every x € L*(T;C);
(f2) for every z € L*(T;C), the map t — f(¢,z(.)) is weakly measurable;
(f3) there exists v € L} (I) such that, for every k = 1,2, we have

|f(t, z) = ft,w)]lc < at)]|z — wl|c, for a.e. t € I and for every z,w € C;
(5.5)

(f4)  f(.,0) € LY(I;C).
In what follows we revise functions w, u: I x R — C such that w(¢,.), u(t,.) €

L?(T;C), for every t € I, as two maps x, v: I — L?(T,C) respectively so
defined

z(t)(§) =w(t,§), tel, EeR (5.6)
v(t)(§) = u(t,§), tel, §€R. (5.7)
Now we define the function f: I x L?(T;C) — L?(T;C) such that

ft.o)(©) = f(t.e(9), tel, x € L*(T;C), E€R (5.8)
and by hypothesis (f1) we have that f is correctly defined.
Next we consider the multimap U: I — P(L*(T; C)) so defined

U(t) = [£1(8), 2(0)] = {A@a (1) + (1= N)@a(t) - A€ [0,1]}, te T, (5.9)
where, for every t € I and i = 1,2, ¢;(t): R — C is given by

@i(t)(€) = wi(t), £ €R. (5.10)

Since obviously for every t € I, @;(t),@2(t) € L2(T;C), the multimap U is
well posed.
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Moreover we define the multimap F: I x L?(T,C) — P(L*(T;C)) in the
following way (see (5.6, (5.7)))

F(t,z) = {f(t,x)+v: veU®)}, tel, ze L*T;C). (5.11)

Finally we introduce the function N: I — C(C(I; L*(T;C)); L*(T;C))
such that, for every t € I and for every h € C(I; L?(T;C)), the map N(¢)(h)
is so defined

1hlloe [ p(s) ds, [Alac < 1
N(t)(h)(&) = 0 (5.12)

t
[p(s)ds , |h]le > 1,
0

for every £ € R.

Clearly, for every t € I and h € C(I; L*(T;C)), being the map N (t)(h)
constant on T, we have that N (¢)(h) € L?(T,C) and therefore N is also cor-
rectly defined.

So, by recalling (5.8, (5.2), (5.3), (5.4), (5.11), (5.9)) and (5.12),
problem (5.1) can be rewritten in the abstract form

z"(t) € Aoz(t) + P(t)z(t) + F(t, N(t)(z)) = A(t)z(t) + F(t, N(t)(z)), t eI
z(0) = 2o (5.13)
z'(0) = &1,

where Z¢, #1: R — C are the functions of L?(T; C) respectively defined #¢ (&) =
Zo, £1(§) = 21, for every £ € R.

At this point let us show that we can apply the Cauchy version of our
Theorem 3.5 (see Remark 3.7) .

By recalling the continuity of the function p: I — C, after some standard
calculations, we can say that, for every h € C(I; L*(T;C)), the map N(.)(h)
is even lipschitzian, so N satisfies (N1). Moreover the continuity of p implies
that N has also property (N2)s.

Now we prove that (F'N) holds. Indeed, from the definition of the norm
in L?(T;C) and by bearing in mind hypotheses (f3),(f4) and (¢), we can
write (see (5.10, (5.8) and (5.12)))

1
2

2T
1E(E N@ )] < </0 1£(t, N (&) (R) ()12 dﬁ)

+(/ e df);
+(/ a2 dg)%
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1
2

27 . . t )
< ([ latymingu oy [ ote) dsle + 150,011 )

+ V2 (1 (B)lle + llp2(B)lle)
< V2r[a()PT + || £(£,0)c + 1 (B)lc + [lpa(t)lc] = a(t),

where the function &: I — R™ belongs to L% (1), since «, | f(.,0)|c € L1 (1)
and P = max,co,7] ||p(s)||c. Therefore we can conclude that (F'IV) condition
is satisfied (with function ¢: Rt — R™ identically egual to 1).

Moreover, having U compact and convex values, we can say that also F’
takes compact and convex values.

On the other hand F satisfies hypothesis (F'1), i.e. for every x € L?(T;C),
F(.,z) has a strongly measurable selection. Indeed, from (f2) and by the sep-
arability of L?(T;C), we have that, for every z € L?(T;C), f(7 x) is strongly
measurable (see [5], Corollary 3.10.5). Then by the strong measurability of ¢;,
we get that ¢; is also strongly measurable. Further obviously it appears that
@i(t) € U(t), for every t € I (see (5.9)). So we can conclude that f(.,z) + @;
is a strongly measurable selection of F(.,z) and hence (F'1) holds.

Now we prove that F' satisfies hypotheses (F2) and (F'3). To this end,
let us consider a set V' C I having null measure and such that inequalities in
(f3) are true.

Firstly, in order to have (£'2), fixed ¢t € I\ V, we define following mul-
timaps

Gy: L*(T;C) — Pp(L*(T;C))
z — Gi(z) = {f(t,2)}
and
H,;: L*(T;C) — P.(L*(T;C))
z — Hy(z) = U(1).

Now we show that f(t,.) is continuous for every z € L2(T;C). Fixed (z,,)n
a sequence in L?(T;C) such that x,, — # in L?(T;C), by applying (f3) we
obtain

1t 20) = F(t,)l2 < alt)zn — Flzs, for every n € N
so f(t,z,) converges to f(t,Z) in L?(T;C). Therefore f(t,.) is continuous in
L?(T;C), so the multimap G} is upper semicontinuous in L?(T;C).

Moreover also H; is upper semicontinuous in L?(T;C), being a constant
multimap. Since Gy and H; have also compact values, we are in the hypotheses
of Proposition 2.59 of [12], so we can conclude that the multimap F(¢,.) =
G+ H; is us.c. in L*(T; C). Therefore, for almost every ¢t € I, F(t,.) is u.s.c.
in L?(T;C), i.e. (F2) holds.
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Secondly, we show (F'3).
Fixed t € I'\ V, we consider the multimap

B;: L*(T;C) x L*(T;C) — Pr.(L*(T;C))

(z,y) — Bi(w,y) = {f(t,y)} + U(t).

First of all, by using the Hausdorff metric H and by recalling (f3) and (5.8),
for every x,y1,y2 € L*(T;C), it is easy to check that

H(Be(x,y1), Be(,92)) < 1 (t91) = F(ty2) 22 < a®)llyr — w2l 2.

Hence the multimap By(z,.) is a(t)-Lipschitz, for every x € L?(T;C).

Further, fixed a bounded set Q C L*(T;C) and y € L?*(T;C), we have
that B:(Q2 x {y}) is compact. So, in virtue of Proposition 2.2.2 of [13] the
multimap

Ap: L*(T; C) — Py (L*(T; C))
z — Ay(z) = By(z,2) = {f(t,2)} + U (1) (5.14)
is (a(t),n,n)-bounded in P,(L*(T; C))(where n is the MNC in L?(T;C)), i.e.

n(A:(Q)) < a(t)n(), ¥ Q € Py(L*(T; C)). (5.15)
Hence by (5.11, (5.14) and (5.15)) we can say that

(P (tQ) = n(f(t, Q) + T1) = n(4:(Q)) < a(t)n(2), ¥ Q € Py(L*(T;C)).

So we can conclude that F' satisfies hypothesis (F'3) (with m(t) = «(t),Vt € I).

By means of the arguments above presented, we are in a position to apply
the Cauchy version of our Theorem 3.5. Then we can deduce that there exists a
continuous function #: I — L*(T;C) that is a mild solution for (5.13) problem,
ie.

Z(t) = C(t,0)xo + S(t,0)z1 + /t S(t,s)d(s) ds, t €1,
0

where § € Sk y(2) = {f € L'(I; L*(T,C)) : f(t) € F(t, N(t)()) ae. t € I}.
Therefore, since §(t) € F(t, N(t)(2)), a.e. t € I, there exists vz(t) € U(t)
such that

vs(t) = Qt) — F(t, N()(@)), ae t €1,

which is strongly measurable, being ¢ and f(., N(.)(Z)) strongly measurable
(see [13], Theorem 1.3.5).
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At this point, by considering functions w: I xR - Cand u: I xR — C
respectively so defined

w(t, &) =2(t)(€), tel, E€R
U(t,f) = Uf@(t)(f)v tel, 5 eR

we can conclude that {w,u} is an admissible mild-pair for (5.1) problem.
Finally we are able to enunciate the following result.

Theorem 5.1. In the framework above described, there exists an admissible
mild-pair for (5.1) problem, i.e. functions w and u satisfying following prop-
erties:

(wl) for everyt € I, w(t,.) is 2mw-periodic and 2-integrable on [0, 27];

(w2) for every & € R, w(.,§) is continuous on I;

(w3) w(0,&) = g, for every £ € R;

(w4) for every &€ € R such that w(.,€) is derivable in 0 then 2% 52(0,6) =

(ul) for every £ € R, u(.,§) is strongly measurable and such that
u(t, &) € [p1(t), cpg(t)], a.e. t € I and for every £ € R.

Moreover, they are such that
t
w(t€) = C(t,0)z0 + S(.0)a + [ S(t.s)a(s.€) ds, te I (e
0
where q: I Xx R — C is so defined

alt,€) = £ (¢, min{1;max (s, )| 2} / ) ds) + u(t,€), tel, €€R.

Acknowledgements

The research is carried out within the national group GNAMPA of INdAM.
The first author is partially supported by the Department of Mathematics
and Computer Science of the University of Perugia (Italy) and by the projects
“Metodi della Teoria dell’Approssimazione, Analisi Reale, Analisi Nonlineare
e loro applicazioni” and “Integrazione, Approssimazione, Analisi Nonlineare
e loro Applicazioni”, funded by the 2018 and 2019 basic research fund of the
University of Perugia, and by a 2020 GNAMPA-INDAM Project “Processi
evolutivi con memoria descrivibili tramite equazioni integro-differenziali”.

Funding Open access funding provided by Universita degli Studi di Perugia
within the CRUI-CARE Agreement.



Vol. 76 (2021) Non-autonomous Second Order Differential Inclusions Page 23 of 26 8

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

6. Appendix

In this paper X is a Banach space with the norm |.||x and, if P(X) is the
family of all non-empty subsets of X, we will use the following notations:

Po(X)={H € P(X): H bounded},
H convex},

Py(X)={H € P(X): H closed},
H

compact},

bec(X) = Pb(X) n Pf(X) O'PC(X).

Further, let I = [0,7] be an interval of the real line endowed with the usual
Lebesgue measure p.

A function f: I — X is said to be strongly measurable if there exists a
sequence (fn)n, fn: I — X, of simple functions which converges to f almost
everywhere in I (see [5], Definition 3.10.1 (a)). A function f: I — X is called
weakly measurable if for every x* € X*, the R-valued function t —< z*, f(t) >
is measurable (where X* is the dual topological space of X) (see [5], Definition
3.10.1 (b)).

Moreover, we denote by C(I; X), the space consisting of all continuous
functions from I to X provided with the norm ||.|| of the uniform convergence,
by L'(I; X) the space of all X-valued Bochner-integrable functions on I with
the norm |ju|; = fOT |u(t)||x dt and by LY (I) ={f € L*(I;R) : f(t) >0, for
a.e. t €T}

A countable set {f,}n C L'(I; X) is said to be semicompact if (i) {fn}n
is integrably bounded, i.e. there exists w € L1 (I) such that || f,(¢)|| < w(t), for
a.e. t € I and for every n € N; (ii) the set {f,,(¢)},, is relatively compact in X,
for a.e. t € I.
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A multimap F': I — P(X) is measurable if the set
F-(A)={tel: Ft)NnA#£0}

is measurable, for each open subset A of X.

A multimap F: I — P(X) is said to be graph measurable if GrF =
{(t,2) e Ix X : xz € F(t)} € ¥ x B(X), where ¥ is the o-algebra on I and
B(X) is the Borel o-algebra on X.

A multimap F: I — Py(X) is said to have a strongly measurable selection
if there exists a strongly measurable function f: I — X such that f(t) €
F(t), for almost everywhere ¢ € I.

Furthermore a multimap F': X — P(X) is called totally bounded if F
maps bounded subsets of X into relatively compact sets of X and F' is called
locally compact if, for every x € X, there exists a neighbourhood U of the
point x such that F(U) is relatively compact in X.

Next the multimap F is called upper semicontinuous (u.s.c.) in z € X if,
for every open set A of X such that F(Z) C A, there exists a neighborhood
U) : F(x) C A, for every x € U(Z) and F: X — P(X) is called lower
semicontinuous (l.s.c.) in z € X if, for every open set A of X such that
ANF(z) # 0, there exists a neighborhood U(Z) : F(xz) N A # (), for every
x € U(z).

Finally a multimap G: I x X — P(X) is said Scorza-Dragoni lower
semicontinuous ((S.D.) — l.s.c.) if, for every € > 0, there exists a closed set
T. CI: p(I\Te) < esuch that G|r. «x is lower semicontinuous.

Now we enunciate the following well-known fixed point theorem proved
by Martelli in [15].

Theorem 6.1. Let X be a separable Banach space and let F': X — Pppc(X) be
a multimap such that

(i) F is totally bounded and upper semicontinuous;
(i) The set Q={x € X : I X >1 such that A\x € F(x)} is bounded.

Then F has at least a fixed point.

Next, let us denote by O,, the zero-element of R™ and by =< the partial
ordering given by the standard positive cone R , = (RI)™, ie. < y if and
n .

only if y —x € Rff | ; clearly, < y means that z < y and = # y.

Moreover we present the concept of measure of noncompactness in X (see
[13], Definition 2.1.1).

Definition 6.2. A function 7: Py(X) — R{ , is said to be a measure of non-
compactness (MNC, for short) in the Banach space X if, for every € P, (X),
the following properties are satisfied:

(m) n(Q) = 0 if and only if Q is compact;
(n2) n(co(2)) =n(Q), for all Q@ € Pp(X).
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Further, a MNC 7n: Pp(X) — Rf , is said to be
monotone if Q1,09 € Pp(X): Q1 C Qo implies (1) < n(Qa).

We recall that the Hausdorff measure of noncompactness has the men-
tioned property.
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