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1 Introduction

Extraordinary differential equations, also known as fractional differential equations, are
a generalization of differential equations through fractional calculus. Much attention has
been accorded to fractional partial differential equations during the past two decades due
to the many chemical engineering, biological, ecological, and electromagnetism phenom-
ena that are modeled by initial boundary value problems with fractional boundary condi-
tions. See Tarasov [16], Magin [15].

In this work we consider the nonlinear wave equation

Uy — AU+ auy + fotg(t—s)Au(s) ds=ulPu, xeQ,t>0,

du — _pa*y, xeTy,t>0,

o ¢ 0 (1.1)
MZO, xer1,t>0,

u(x,0) = uo(x), uy(x,0) = up(x), x € Q,

where  is a bounded domain in R”, # > 1 with a smooth boundary 9 of class C? and
v is the unit outward normal to 92 = I'g U I';, where I'g and I'; are closed subsets of 92
with F() N Fl =f.
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a,b>0, p>2,and 3;”" with 0 < & < 1 is the Caputo’s generalized fractional derivative
(see [11] and [7]) defined by

1 t
aa,rl £) = / t—s) —n(t—s) d : > 0,
;o u(t) - 0( ) e u(s)ds, 1=
where I is the usual Euler gamma function. It can also be expressed by
3 u(t) = I""u(¢), (1.2)

where 1" is the exponential fractional integro-differential operator given by

1 t
Iu(t) = ?a)/ (t—s)*"te " uy(s)ds, n=>0.
0

In the context of boundary dissipations of fractional order problems, the main research
focus is on asymptotic stability of solutions starting by writing the equations as an aug-
mented system. Then, various techniques are used such as LaSalle’s invariance principle
and the multiplier method mixed with frequency domain (see [1-16], and [18]).

Dai and Zhang [7] replaced fot K(x,t — s)ug(x,s)ds with 0fu(x,t) and h(x,t) with
|| Yu(x, t) and managed to prove exponential growth for the same problem.

Note that the nonlinear wave equation with boundary fractional damping case was first
considered by authors in [4], where they used the augmented system to prove the expo-
nential stability and blow-up of solutions in finite time.

Motivated by our recent work in [4] and based on the construction of a Lyapunov func-
tion, we prove in this paper under suitable conditions on the initial data the stability of
a wave equation with fractional damping and memory term. This technique of proof was
recently used by [9] and [4] to study the exponential decay of a system of nonlocal singular
viscoelastic equations.

Here we also consider three different cases on the sign of the initial energy as recently
examined by Zarai et al. [17], where they studied the blow-up of a system of nonlocal
singular viscoelastic equations.

The organization of our paper is as follows. We start in Sect. 2 by giving some lemmas
and notations in order to reformulate our problem (1.1) into an augmented system. In the
following section, we use the potential well theory to prove the global existence result.
Then, the general decay result is given in Sect. 4. In Sect. 5, following a direct approach,

we prove blow-up of solutions.

2 Preliminaries
Let us introduce some notations, assumptions, and lemmas that are effective for proving
our results.

Assume that the relaxation function g satisfies

(G1) g: R, — R, is a nonincreasing differentiable function with

g(0)>0, 1- /Oog(s) ds=1>0; (2.1)
0
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(G3) There exists a constant & > 0 such that

gt <-&gt), Ve>0. (2.2)
We denote
(gou)(t) = / glt-s) || u(t) — u(s) ||2 ds (2.3)
0

and

N ={weHj|I(w)>0}U{0},

H} () = {u e H'(Q), ulr, =0}.

Lemma 1 (Sobolev—Poincaré inequality) If either 1 < g < % (N=>3)orl<g=<+o0
(N = 2), then there exists C, > 0 such that

lllge1 < Cell Vatlla,  Vu € Hy(S2).

Lemma 2 (Trace—Sobolev embedding) For all p such that

) (2.4)
we have

HY. (Q) < L7(Ty).
We denote by B, the embedding constant, i.e.,

llllp,ro < Bglluell.

Lemma 3 ([17], p. 5, Lemma 2 or [3], p. 1406, Lemma 4.1) Counsider a nonnegative function
B(t) € C*(0,00) satisfying

B'(¢) —4(5 + 1)B'(¢) +4(8 + 1)B(¢) > 0, (2.5)
where § > 0.
If
B'(0) > rB(0) + o, (2.6)
then
B(t)>1ly, Vt>0, (2.7)

where ly € R, ry represents the smallest root of the equation
P-4+ Dr+G+1)=0, (2.8)

ie,rp=2(8+1)-2/(5 +1)4.
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Lemma 4 ([17], p. 5, Lemma 3 or [3], p. 1406, Lemma 4.2) Let J(t) be a nonincreasing
function on [ty, 00) verifying the differential inequality

J(€ > a+bJ()*F, t>14>0, (2.9)
where o > 0, b € R, then there exists T* > 0 such that
lim J(¢) =0, (2.10)
t—T*

with the following upper bound cases for T*:
(i) When b < 0 and J(to) < min{1, /a/(=b)},

N
1 . 2.11
V-b n\/%—](to) 210

(ii) When b = 0,

T*§t0+

T* <ty + (2.12)

Jit)
= \/& .
(iii) When b > 0,

< /%) (2.13)

Ja
or

3541 OC

T < t0+27ﬁ(1— [1 +c](t0)]21’8), (2.14)

where

Definition 1 We say that u is a blow-up solution of (1.1) at finite time T if

lim ——— =0. (2.15)
=T (|[Vul)

Theorem 1 ([12], Theorem 1) Counsider the constant
o0 = () sin (arm)
and the function |1 given by
w(E) = €%, 0<a<l,EcR (2.16)

Then we can obtain

o =11, (2.17)

Page 4 of 24
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which is a relation between U the “input” of the system

W&, )+ (82 +n)pE,0) - UL (&) =0, t>0,n>0, R (2.18)

and the “output” O given by

+00
00 -c [ " o&0ne)de, &Rz (219)
-00
Now, using (1.2) and Theorem 1, the augmented system related to our system (1.1) may
be given by
Uy — AU+ auy + fotg(t —8)Au(s)ds = |ulPu, xe€Q,t>0,
8t¢($: t) + (52 + 77)¢($» t) - ut(x! t)M(f) = O’ X € FO’%- € R»t > Or
u _ _p [T ot de, clg,&eRt>0,
By 1 #E (&) dé xe€Tlo,§ > (2.20)
u=0, xel',t>0,
u(x,0) =uo(x),  u(x,0) =u1(x), x€Q,
¢(S’0)=0’ S ER’
where by = bo.

Lemma 5 ([2], p. 3, Lemma 2.1) Forallx € D,y ={A € C:ImA #0}U{r € C:%Nex +n >0},

we have

+00 2
Ak=/ W) e T (gaa,

o N+A+E?2 :sin(om)

Theorem 2 (Local existence and uniqueness) Assume that (2.4) holds. Then, for all
(o, t1, o) € H}O(Q) x LX) x L2(—00,+00), there exists some T small enough such that

problem (2.20) admits a unique solution

u € C([0, T),H%O(Q)),
u; € C([0, T),L*(R)), (2.21)
¢ € C([0, T), L*(—00, +00).

3 Global existence

Before proving the global existence for problem (2.20), let us introduce the functionals

1) = (1 - /0 10 ds> IVull? + (g o Vu)(e) - llul?

and

7(0) = %[(1 - /0 g(s)ds) Va3 + (go w)(t)] —;nunz.
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The energy functional E associated with system (2.20) is given as follows:
P | ‘ , 1
E@) = Sllully+5{ 1= | gls)ds |IVully + S (go Vu)()
2 2 ) 2

1 b +00
'E”””5+?1/r0/_oo (6,0 dt dp.

Lemma 6 If (4, ) is a regular solution to (2.20), then the energy functional given in (3.1)

(3.1)

verifies

1 1
E(®) = allul; - Sg@IVull3 + 5 (¢ o Vu)(t)

—blf / 24 0)|6E, 0| d dp (3.2)
I'g /-

dt

Proof Multiplying by u, in the first equation from (2.20), using integration by parts over
Q, we get

1 1 t 1
||M:||2 /Auutdx+ﬂllurllg+§(1—/ g(S)dS>|IVu||§+§(g0VM)(t)
0

/ |ulP~ 2w, dx.

Therefore

d 1 ¢ 1 1
E[—nutnz 2(1—f0 g(s)ds)nwn%+5<gow)(t)—;||u||§;}

(3.3)
v alull+ b f (1) / W(E)P(E 1) d dp = 0.

Multiplying by b;¢ in the second equation from (2.20) and integrating over I'y x

(—00, +00), we get

Mt/ﬁ)/ o(&.0° dsdp+b1fof (62 +n)|o&. 0 ds dp

(3.4)
-b 4 (x, dédp=0.
I/FO”(“’/ (P&, 1) d dp -
From (3.1), (3.3), and (3.4) we obtain

1 1
E(®) = —allul; - Sg@IVull3 + 5 (¢ o Vu)(®)

—blf/ (& + )|, 0| de dp
I

dt

Page 6 of 24
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Lemma 7 Assuming that (2.4) holds and that for all (uo,u1,¢0) € Hp () x L*(Q) x
L*(—00, +00) verifying

B =CLEO)T <1,

(3.5)
I(I/t()) > 0.
Then u(t) e R, Vt € [0, T].
Proof As I(ug) > 0, there exists T* < T such that
I(u) >0, Vte[0,T%).
This leads to
! 2 2p *
1- [ g)ds)IVul2 + @o Vi) ®) < —Lj®), veelo,T*)
0 p—2
5 (3.6)
o ()))
p-2
Using the Poincare inequality, (3.1), (2.3), (3.5), and (3.6), we obtain
el < C2IIVullf
p2 (3.7)

2 2
< C§<—pE(0>> IVull.
p-2
Thus
t
(1 - / g(s) ds> IVull3 + (g o Vu)(©) - |ulh >0, Vte[0,T).

0

Consequently, u € H, Vt € [0, T*).

Repeating the procedure, T* can be extended to T, and that makes the proof of our
global existence result within reach. O

Theorem 3 Assume that (2.4) holds. Then for all

(o, u1, o) € Hy (R) x L*(R) x L*(=00, +00)
verifying (3.5), the solution of system (2.20) is global and bounded.
Proof From (3.2), we get

E(0) = E(2)

1 1 t 1 1
= S lwdll3 + 5(1 —/0 g(s)ds)nwn% +5go V(@) —I;nung

+%/r /_:O|¢(s,t>|2d5dp

1 p-2 , 1 by oo 2
> L2+ 222 v +—1<t>+—// (50| de dp.
27T gp 2T p 2 Jry Joo | |

(3.8)
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Or I(¢) > 0, therefrom
+00 2
lloaell3 + ||W||§+b1/ / |p(&,0)|" dE dp < CLE(0),
'y J-o00

where C; = max{%, 1%, 2}. O

4 Decay of solutions
To proceed for the energy decay result, we construct an appropriate Lyapunov functional

as follows:
Ezbl
L(t) = 61E(t) + égwl(t) + TWz(t), (41)
where

V(o) = / wonds,
Q

no- [ 0 / :0(52 ) ( [ t¢<s,s>ds)2ds dp,

and €1, €, are positive constants.

Lemma 8 If (i, ¢) is a regular solution of problem (2.20), then the following equality holds:

+00 t
[ [ @neen [ oeodsasap
g J-00 0
- [ [ oonedear- [ [ ool dsap.
Proof From the second equation of (2.20), we have

(> + ), 1) = uy(x, O(E) - 0,0(8,8), VxeT. (4.2)

Integrating (4.2) over [0, t] and using equations 3 and 6 from system (2.20), we get

/0 (82 4 n)p(&,9) ds = ulx, () - $(&,1), VxeTo, (43)
hence,
(E24) /0 $(6,5)ds = ulw, Op(E) - $(E,8), Vxe T, (4.4)

Multiplying by ¢ followed by integration over I'g x (—00, +00) leads to

/FO [;N(gz + ’7)¢(5yt)/0t¢($,s)dsdsdp

- /F Ou(x,t) / :O¢<s,t>u<5)ds dp - /F 0 / :o|¢(f,t>|2dé dp. O
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Lemma 9 For any (u, $) solution of problem (2.20), we have

a1 E(t) < L(t) < auE(t), (4.5)

where a4, oy are positive constants.

Proof From (4.3), we get

! -¢&,8)  ulx, t)u(§)
/(l)(é,s)ds: E. + g Vx € T. (4.6)
Thus
2
! o€, D1 lulxt)u*E)  oE ulx, &)
(/o d’(f’s)”“) “@rt @ 0 @enr @7

Multiplying by €2 + 7 in (4.7) followed by integration over I'y x (—00, +00) leads to

wato] = [ [ T8 dsdp+

/ /mo |¢(‘§ t)u(x,t)u(f)l dt dp.
I'o /-

O uA(E)
o E247 ok dp

(4.8)

Using Young'’s inequality in order to have an estimation of the last term in (4.8), we get

for any § >0
@, ulx, t)u(E g @ 0| ulx, (&)
déd
/FO/_ E2+1 /ro/— E2+m)7 (E2+4)2 s
e |¢(s t)l2
< 48 /Fo/ dé dp (4.9)
)
+38 . s2+nd$a,’,o

Combining (4.8) and (4.9), we obtain

S+1 +00 2
|¢2(t)|5<2 : )/r/ |¢Et)| d&dp

(4.10)
28+1)/ ’u( t)’/
Since 52— 5 , then
26 +1 +oo
Wz(ﬂIS( 297 )/ f |6(&,0)[* dg dp
(4.11)

< (&)
%—2

dé dp

+(25+1)f |u(x,

Page 9 of 24
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Applying Lammas 2 and 5, we get

26 +1

|1/f2(t)|§( )/ / (6(&, 00 d& dp + AoB,(26 + 1) Vul2.

By Poincare-type inequality and Young’s inequality, we obtain
1 C.
V1 (@) = S llell3 + - IVull5.

Adding (4.13) to (4.12), we get

b b
‘wl(mg s|w1<t>|+§|w2(t>|

1
E”utnz [Aqub1(25 +1) + C.]IVaull3

26 +1 2
[ 260 M/ #(&.0)[" dé dp.

Therefore, by the energy definition given in (3.1), for all N > 0, we have

b _
‘w) ¢ (0] < NE + -

N
2
llaeell5 + ;llutllﬁ

1
+ E[A()qul(zs +1)+ C. —N][IVull3

bl 28+1 +00 )
+E[ 251 ‘N}/FO/_OO lo(€,0)|" dt dp.

From (3.7) and (4.15), we finally get

1—
< NE(t) +

2
||ut||2

b
‘%@+§wm

1 _2
+5 [AOqul(ZB +1)+C,— pZ—N] IVl

bi[25+1
. 1[2;” }// (6, 0)|" dé dp,

where N and ¢; are chosen as follows:

1 2p(AoB,b1(25 +1) + C
N>max{28+ p( 074 1( * )+ *)71};

28n p-2

€1 > Nes.
Then we conclude from (4.16)
a1 E(t) < L(t) < aaE(2),
where

o] = €1 —Néz

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

Page 10 of 24
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and
0y =€1 + Néz. O
Now, we prove the exponential decay of global solution.

Theorem 4 [f (2.4) and (3.5) hold, then there exist k and K, positive constants such that
the global solution of (2.20) verifies

E(t) <Ke™™. (4.17)

Proof By differentiation in (4.1), we get

L'(t)=E(t) + 62||u,||2 + 62/ Uyt dx

(4.18)
vab [ [ @ enoen [oeodddr
To J-
Combining with (2.20) to obtain
L'(t) = e, E'(t) + 62|:||ut||§ — IV ull3 + llel? - a/ u, dx}
Q
“be [ utwe) [ werptendsdp @19
I'o —00
+00 t
+ b1€2/ / (% + n)¢(§,t)/ P(&,5)dsdE dp.
I'g J-00 0
An application of Lemma 8 leads to
L'(t) = e1E'(8) + allue || — €2 Vaell5 + €l
+00 ) (4.20)
—b162/ / |¢(§,t){ dédp —6162/ uu, dx.
Iy J-o00 Q
Using Poincare-type inequality and Young’s inequality on the last term of (4.20), we get,
forall §' > 0,
f Uy dx < — ||u,||2 +C,8 ||Vu||2. (4.21)
Q

From (4.20), (4.21), and (3.2), we obtain

L'(t) < |:—ael +é (1 + %)] lloee |13 + ez[—l + S/C*u]HVuII%

. (422)
ralul-be [ [ oo s dp.
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We use (3.7) to get

p-2

/ a 2 ’ D 2p 7 2
L'(t) < |-ae + ¢ 1+@ llog |5 + €2| =1 + 8'Cra + CE 172 IVull;

(4.23)
+00 )
—17162/ f |¢(§,t){ dt dp.
I'g J-00
On the other hand, from (3.5)
2 \ 2
14 C{:< d > <0.
p-2
For a small enough &, we may have
N
—1+8/C*a+Cf(—p) <0.
p-2
Then choose d > 0 depending only on § such that
, a
L) < |:_ﬂ€1 + €2<1 + @ﬂ el = €2l Vuell
oo ) (4.24)
e [ [ lotenldedp.
I'g J-00
Equivalently, for all positive constant M, we have
M M
Lo < |:—ael " e2<1 " % " 7)} lutel1? + 62[3 —d} V]2
(4.25)
M o0 2
rhie sy 1| [ [ oo e dp- et
g J-oc0
For €; and M < min{2, 2 d} chosen such that
1+ 45+ 5
a
We obtain from (4.25)
—eo M
L(t) < -MeE(t) <~ L (1) (4.26)

(2%)

as a result of (4.5). Now, a simple integration of (4.26) yields
L(£) < L(0)e ™,

where k = % Another use of (4.5) provides (4.17). O
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5 Blow-up

Page 13 of 24

In the current section, we follow the same approach given in [11] to prove the blow-up of

solution of problem (2.20).

Remark 1 By integration of (3.2) over (0, £), we have
t
EO=E0)-a [ lul3ds
0
1 ‘ , 1
+—| 1= g(s)ds |IVull; + =(go Vu)(2)
2 o 2

—blfot/;()/_:c(sz+n)|¢(§,s)|2d$dpds.

Now, let us define F(¢):
t
Hﬂ=wﬁ+a/nm@m
0
2

_ 1(1 _ /tg(s) ds) IVl - %(g o Vit)(2) + byH(8),
0

where

H(t) = /ot/ro [;m(gz + n)(/os¢(§,z)dz>2d§dpds.

Lemma 10 Assume that | Vul|3 is bounded on [0, T), then
H(t) < C< +o0.

More precisely
H(t) < %Cque""Q [C3* '+ C329| T () T,

where

Ci = sup {IVull3,1}.
te[0,T)

Proof Using (2.18), we obtain

t
¢(§,t)=/ w(E)e NIy (x ) ds,  Vx e T,
0

Holder’s inequality yields

t ) ) ¢ !
o) < (/0 W (g)e 2EmE=s) ds) (/0 |u(x,s)|2ds) , Vxel,.

(5.1)

(5.2)

(5.4)

(5.5)

(5.6)
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On the other hand,

t 2 t 5
(/ ¢(E,s)ds> sT/ |p(&,5)|" ds.
0 0

From (5.6) in (5.7), we obtain

t 2 t s s
2(£Y,~2(E2+n)(s-2) 2
(/0 ¢(§,S)ds> < T/(; |:/0 w(€)e dz/(; |u(x,2)| dzi| ds.

Applying Lemma 2 leads to

t 2 t s
/r 0( /0 ¢(E,s)ds> dp <B,C,T /0 [ /0 ul(£)e ¢ +n><”>dz] ds.

Since z € (0, s), we choose AC; > 0 such that s —z > % to term (5.9) into

t 2
o \JO

Multiplication by &2 + 5 followed by integration over (0,£) x (—00, +00) yields

t +00
H(t) < CBe " T? / [ / g+l g=Cof? dg} ds
0 0
t +00
+ CBe "0 T? / [ / gza-le-czfzdg]ds.
0 0

Then
1 t +00
H(t) < ECque"’C2 Cat T3/ [/ ye? dy] ds
o LJo

1 t +00
+ ECque_”C2 Cg_Z“nTB/ |:/ y*le dy:| ds.
o LJo

Applying a special integral (Euler gamma function), we obtain

1
H(t) < 5cque-”C2 [C3*a + CF2n]T (@) T
Lemma 11 Suppose p > 2, then

F'() = (p +2)lluc)?

(5.8)

(5.9

(5.10)

(5.11)

(5.12)

(5.18)

+2p{—E(0)+a /0 sl s - %(1— /0 g(s)ds)nwn%— %(govm(t) (5.14)

+b1/0tfro /_:0(52+n)|¢(g,s)}2dgdpds}.

Page 14 of 24
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Proof We differentiate with respect to ¢ in (5.2), then we get

F(t) = 2/ un, dx + a||u|}
Q

- SEOIVul3~ 2 (g 0 Vi@ (5.15)

+2b, / / 0 [ @ noes [ oteadzas apas.

Using divergence theorem and (2.20), we obtain

t
F'(t)=2lu )22 | Vu | glt—s)Vu(s)dsdx
2 Q 0

+20lull + 2, f (i, 1) / &) 1) di dp (5.16)

o0

+2b1/f +n¢(st)/¢ssdsdsdp
g J-

By definition of energy functional in (3.1) and relation (5.1), we give the following evalua-
tion of the third term of (5.16):

20l = pllgl? + plI Va2 + pby /F | lete.0f de dp-2pE0
¢ 9 1 ¢ o 1
+2p|:a/ ||us||2ds—§(1—/ g(s)ds>||Vu||2—§(go Vu)(t) (5.17)
0 0

+b1/0tfr0 /_:0(52+n)|¢(g,s)|2dgdpds].

We can also estimate the last term of (5.16) using Lemma 8:

/ro /_:0(52+n)¢($’t)/0t¢(§';$)de$dp
:/rou(x’t) /_:0‘7’(5’”“(5)‘15 df"/ro /_:olms,t)izdsazp.

From (5.17), (5.18), and (5.16), we get

(5.18)

F'(0) = (0 + Dl + (0 - 2 Va2 +bl<p—z>/r / 65, 0|7 de dp

+2p[—E(O)+a/O llats |3 ds — %(1—/0 g(s)ds)HVuII%— %(go Vu)(t) (5.19)

+b1/0t/ro /_:0(52+n)|¢(g,s)}2dsdpds}.
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Taking p > 2, we obtain the needed estimation
F'(6) = (p+ Dllell3

+2p{—15(0)+a/0 ||us||§ds—%<l—/o g(s)ds)HVull%—%(goVu)(t)

4 +00
+b1/0 /F/ ($2+77)’¢(§;S)‘2d§'dpds}. .

Lemma 12 Suppose that p > 2 and that either one of the next assumptions is verified:
(i) E£(0) < 0;
(i) E(0) = 0, and
F'(0) > alluoll3; (5.20)
(iif) E(0) > 0, and
F'(0) > [F(0) + lo] + alluoll3, (5.21)
where
r=p-2J/p*-p
and

lo = alluoll; — 2E(0). (5.22)

Then F'(t) > al|uol|3 for t > to, where

(5.23)

. max{o P/(O)—auuon%]}

2pE(0)
where ty = t* in case (i), and ty = 0 in cases (ii) and (iii).

Proof (i) Case of E(0) < 0.
From (5.14), we have

F'(t) > ~2pE(0),
which clearly leads to

F'(t) > F'(0) — 2pE(0)t.
Then

F'(t)>aluolly, Vt=t,

where t* as given in (5.23).
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(ii) Case E(0) = 0.
Using (5.14) we get

F'(t)>0, Vt>0.

Thus

F'(t) > F'(0), Vt>0.

Then, by (5.20),

F'(t) > alluoll3, Vt>0.

(iii) Case E(0) > 0.

The proof of this case consists of getting to a differential inequality: B"(t)

pB(t) > 0 pursued by a use of Lemma 3. Indeed, from (5.15) we have

F(t) = 2/ un, dx + a|u|}
Q

+ SEOIVul3~ 2 (g 0 Vi@

+2b1/ /FO/ +n)q&(“;‘,s)/Osqb(“g‘,z)dzd“g‘dpds.

Or, the last term in (5.24) can be estimated using Young’s inequality

/t/ro /_+oo($2+”)¢(§’3)/S¢(S,Z)dzd§dpds
-2//%/_ & +n)|o(&,)[" dt dpds
" %/0 /FO /:0(52+ﬂ)</os¢(§,2)dz)2d§dpds'

On the other hand,

f/usudxds—/ s = 3 ~ ol

By Young’s inequality, we get

t t
2 2 2 2
IIuIIZS/ IIMSIIQdH/ lully ds + lluoll5.
0 0

- pB'(t) +

(5.24)

(5.25)

(5.26)

(5.27)
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Now, we remake (5.24) using (5.25) and (5.27):

t t
2 2 2 2 2
FO) < [ull + ||ut||2+a/ ||us||2ds+a/ a1 s + alluo 2

_ %(1 _ft (s)ds)||Vu||2 — g0 Vi)

ol e

ol LS

+n ‘qbés’ dé dpds

s 2
+n)(f0 ¢(§,z)dz> de dp ds.

From the definition of F in (5.2), inequality (5.28) also becomes

F'(t) < F(t) +||ut||2+b1f /f 24 ) |¢(,5)|" d& dp ds
To /-

2 2
+a/ a2 s + a2
0

Thus, by (5.14), we get

t
F'(t) - p{F'(t) - F(O)} = 2l|ue|l3 + ap f llus|I3 ds — palluoll3 — 2pE(0)
0

Hence

t +00
2 2
+Pb1/0 /;O/_OO (&% +n)|o(,9)| dE dp ds.

F'(t) - pF'(¢) + pF(t) + ply > 0,

where

lo = alluoll; — 2E(0).

Posing

B(t)=F(t) +

leads to

B'(t) - pB'(t) + pB(t) = 0

By Lemma 3 and for p = § + 1, we conclude that if

then

B'(t)> (p-2yp*-p)B0) +alluol3,

F'(t)=B(t) > alluol3

Ve >0.

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)
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Theorem 5 Suppose that p > 2 and that either one of the next assumptions is verified:
(1) E(0) < 0;
(i) E(0) = 0 and (5.20) holds;

1
. 4 _ 22 §Z8
(iid) 0 < E(0) < 2= l0alholl) SO L nd (5.21) holds.

Then, in the sense of Definition 1, the solution (u, $) blows up at finite time T*.
For case (i):

J (%)
T <tg— . (5.34)
7 J (ko)
Moreover, if ] (o) < min{1, \/_Zb}, we get
1 VI
T <ty+ In— . (5.35)
V-b %G -](to)
For case (ii), we get either
J(t)
T <ty— 5.36
=t 5 (5.36)
or
J(to)
T* <to+ . 5.37
=to* o (5.37)
For case (iii):
J(to)
T < —=, 5.38
= (5.38)
or else
3y1+1 1
T 5t0+2517%{1— [1-d(t)]7 ), (5.39)
where y; = ’%L, c= (f)zr_lyl,](t), b and o are as in (5.40) and (5.54) respectively.
Note that £y, = 0 in cases (ii) and (iii). For case (i), we have as in (5.23): fy = t*.
Proof Consider
J(£) = [F(&) + a(T - Olluoll3] ™, telto, T). (5.40)
We differentiate on J(t) to get
1
J'(®) = ~yJ ()7 [F(6) - alluoll3] (5.41)

and again

J() = T (O 7 Ge), (5.42)
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where
G(t) = F'(O[F () + a(T ~ ) |uolI3] - (1 + y) {F'() - alluol3} . (5.43)
Using (5.14), we obtain

F'(8) = (p + 2)llmel3

+2p{—E(0)+af ||us||§ds—%<1—f0 g(s)ds>||Vu||§—%(goVu)(t)

+b1/ /;O/_ 24 n)|p(E,9)| dsdpds}

Consequently,
F"(t) > ~2pE(0)
t
Xp{||ut”2+ﬂ/ 15 s — ( —/ (5)d3>||w||2“(g°v” v (5.44)

+b1/ /FO/_ S + |¢(§,s)| déd,ods}

Or, from (5.15) and the fact that [|u||3 - ||uol3 = 2f(;f o usudx ds, we attain

t
F/(t)—a||u0||§:2/uutdx+2a/ /usudxds
Q 0 Ja

+2b1/0t/r0 /_:0(52+n)(f)(é,s)/ostb(é,z)dzdéd,ods.

Going back to (5.43) with (5.44) and (5.45) in hand, we get

(5.45)

G(t) = ~2pEQO) ()71

t 1 t 1
+p{llut||§+af ”MsH%ds_E(l_/ g(S)dS)IIVMH%— E(govbt)(t)
0

NG !

1 : 1
x [||u||§+a i ||u||§ds—§<1—/0 g(s)ds>IIVu||§—§(g°W)(t) (5.46)

+b1/0t/r0/_:0(52+n)</os¢(é,z)dz>2dédpds:|

¢ 1 1
—4(1+y1){/ uutdx+a/ /usudxds+ —g(t)lqull%— —(g/oVu)(t)
Q 0o Jo 2 2

+b1/0tﬁ0 /_:0(52+n)d)(é,s)/:¢>($,z)dzd$dpds}2.
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For the sake of simplicity, we introduce the following notations:

—||u||2+a/ ul2 s——( —f g(s)ds>||w||2——(gow)<t)

+b1/ ﬁ0[+w(52+n)</s¢(é,z)dz) d& dp ds,

B= /uutdx+a/ /usudxds+ g(t)IIVu||2——(g o Vu)(?)

+b1ffl_ f (&> +n)o(, s)/ b(&,2) dzdt dp ds,
C=lativa [ uldds- ;(1 -[ 9 ) Va3 - 3(g o Va0

+b//F/ €2+ n)|(&,5)| de dp ds.

Therefore
-1
Q(t) = —2pE(0)J(#) " + p{AC - B*}.
Note that, Vw € R and V¢ > 0,

Aw? +2Bw+C = |:w2||u||§ +2w/ Uy dx + ||ut||§:|
Q

+a/(;t|:w2||u||§ +2w/g‘2uusdx+ ||us||§] ds
+ (W +1) (—%(1 - /[g(s)ds) | Vae|5 - %(go Vu)(t))

+ w( (1,‘)||Vu||2 - —(g o Vu)(t))

nf [ ([ o)

r2u0(6,9) [ 062 de s lote,o) | di d s

Hence

Aw? + 2Bw + C

t
2 2
= [wihullz + ] +“/ [Wilullz + llusll2]” ds
0

+ (w2 + 1) <—% (1 —/0 g(s) ds) ||Vu||§ - %(go Vu)(t))

1 1
W(Eg(t)HVMH% - E(g/ o Vu)(t))

+by fot/ro '/_-:0(52 + n)|:w/os¢($,z)dz+ |¢($,s)|:|2d$dpds.

(5.47)

(5.48)

(5.49)
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It is clear that

AW’ +2B+C>0
and

B>~ AC<0. (5.50)
Then, from (5.47) and (5.50), we obtain

G(t) > ~2pEQ)(O7, t> to. (5.51)
Hence, by (5.42) and (5.51),

2 _
J'(t) < pTLLpE(O)J(t)“ﬁ, £> b (5.52)

Or, by Lemma [6], J'(£) < 0, where ¢ > £,.
Multiplication by J'(¢) in (5.52), followed by integration from ¢, to ¢, leads to

J®)? >0+ b](t)”ﬁ, (5.53)

where

-1 b2
o = [Z52(F (t0) ~ luoll3)? ~ B2 E(O) () 2 T (20) 71, 6550

_ P92
b= ”217—_415(0).

1
2p-4)(F'(to)-allu13)/ (to) 71
lep

Note that o > 0 is equivalent to E(0) < (
the existence of a finite time T* > 0 such that

, which by Lemma 4 ensures

lim J () = 0.
t—T*

That involves

) t 1 t
11n1_[||u||§ +a/ )3 ds - —(1—/ g(s)ds) Va2
t—>T* 0 2 0

: B (5.55)
- 5o Vu)(e) + blH(t)] =0,

ie.,

) t 1 t
11m[||u||§+a/ ||u||§ds——<1—/ g(s)ds)uwng
t—T* 0 2 0

(5.56)
- %(g o Vi)(£) + blH(t)] _ oo,

So, there exists T such that fo < T < T* and ||Vu|5 — +ooast —> T".
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Indeed, if it is not the case, then ||[Vu||3 remained bounded on [ty, T*), which by
Lemma 10 leads to

tli%[nuug +b1H(t)] = C < +o0,
contradicting (5.56). O

6 Conclusion
Much attention has been accorded to fractional partial differential equations during the
past two decades due to the many chemical engineering, biological, ecological, and elec-
tromagnetism phenomena that are modeled by initial boundary value problems with frac-
tional boundary conditions. In the context of boundary dissipations of fractional order
problems, the main research focus is on asymptotic stability of solutions starting by writ-
ing the equations as an augmented system. Then, various techniques are used such as
LaSalle’s invariance principle and the multiplier method mixed with frequency domain.
We prove in this paper under suitable conditions on the initial data the stability of a wave
equation with fractional damping and memory term. This technique of proof was recently
used by [4] to study the exponential decay of a system of nonlocal singular viscoelastic
equations. Here we also considered three different cases on the sign of the initial energy
as recently examined by Zarai et al. [17], where they studied the blow-up of a system of
nonlocal singular viscoelastic equations.

In the next work, we will try to extend the same study of this paper to a general source
term case.
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