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Abstract
Let K be a field and put A := {(i, j, k,m) € N i< j and m < k}. For any given A € A
we consider the sequence of polynomials (r4,,(x)),en defined by the recurrence

ran(X) = fu(X)ran—1(x) — v x"rg n—2(x), n > 2,

where the initial polynomials 74,0, 74,1 € K[x] are of degree i, j respectively and f, €
K[x],n > 2, is of degree k with variable coefficients. The aim of the paper is to prove the
formula for the resultant Res(r4 , (x), 74,,—1(x)). Our result is an extension of the classical
Schur formula which is obtained for A = (0, 1, 1, 0). As an application we get the formula for
the resultant Res(r4 5, 74,,—2), where the sequence (r4 ,),enN is the sequence of orthogonal
polynomials corresponding to a moment functional which is symmetric.

Keywords Resultant - Recurrence relations - Orthogonal polynomials
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1 Introduction

Let N denotes the set of non-negative integers, N the set of positive integers and for given
k € N we write N> for the set of positive integers > k.

Let K be afield and consider the polynomials F, G € K[x]. TheresultantRes(F, G) of the
polynomials F, G is an element of K which gives the information of possible common roots.
More precisely, Res(F, G) = 0 if and only if the polynomials F', G has a common factor
of positive degree. The computation of resultants is, in general, a difficult task. Of special
interest is the computation of resultants of pairs of polynomials which are interesting from
either a number theoretic or analytic point of view. The classical result is the computation
of resultant of two cyclotomic polynomials ®,,, ®,. More precisely, Apostol proved the
formula
p?™ if 2 is a power of a prime p,

Res(®,,, ®,) = .
1 otherwise,
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where ¢ is the Euler phi function [1].

On the other side, we have a result of Schur which allow computation of resultants of con-
secutive terms in the sequence (7, (x)),en of the polynomials defined by a linear recurrence
of degree two. More precisely, if ro(x) = 1, 71(x) = ajx + by and we define

rn(x) = (apx + bp)ry—1(x) — cprp—2(x), n>2,

with a,, by, ¢, € C satisfying a,c, # 0. Under these assumptions, we have the following
compact formula proved by Schur [9] (see also [10, p. 143]):

n—1
nn—1) 2(1’171‘) .
Res(r.ra—1) = (=) 7 [ [a/" Vel

i=l1

In factm Schur obtained a slightly different result, i.e., he obtained the expression for
]_[;’: 1 "n—1(xX; n), Where x; j is the ith root of the polynomial ;.

The importance of the Schur method lies in its applications in the computation of
discriminants of orthogonal polynomials. Indeed, Favard proved that each family of orthog-
onal polynomials corresponds with the sequence (r;,(x)),en for suitably chosen sequences
(an)neN, (bn)nen and (c,)yen (for the proof of this important theorem see [2, Theorem 4.4]).
Computation of discriminants of certain classes of orthogonal polynomials can be found in
[10, Theorem 6.71].

The method of Schur was generalized by Gishe and Ismail [4]. As an application, the
authors reproved and generalized the result of Dilcher and Stolarsky from [3] concerning
the resultant of certain linear combinations of Chebyshev polynomials of the first and the
second kind. All these results were recently extended by Sawa and Uchida [8, Theorem 3.1]
by a clever application of the Schur method. However, in all mentioned results we have a
strong assumption on the sequence considered sequences of polynomials, i.e., the degree of
nth term need to be equal to n. Thus, it is natural to ask whether the method of Schur can be
generalized for other families of recursively defined polynomials. Of special interest is the
situation when the polynomial near r,,_1 in the recurrence defining the sequence (7, (x)),eN
is of degree > 2. Moreover, one can ask whether the initial polynomials rg, 71 can have
degrees not necessarily equal to 0 and 1 respectively. The aim of this note is to offer such a
generalization and apply it to get some new resultant formulas. For the precise statement of
our generalization and the main result, we refer the reader to Sect. 3.

Let us describe the content of the paper in some details. In Sect. 2 we present remainder of
basic properties of the notion of resultant. In Sect. 3 we prove the main result of the paper, i.e.,
the expression of the resultant of consecutive terms of the sequence (74, ,)nen (Theorem 3.1).
Finally, in the last section, we apply our main result to present some applications. In partic-
ular, under some mild assumptions on the coefficients of recurrence defining the sequence
(ra.n)nen we present the expression for the resultant of the polynomials r4 ,, 74 n—2.

2 Remainder on basic properties of resultants
Let K be a field and consider the polynomials F', G € K[x] given by

F(x) = apx" + ap_1x" "+ -+ a1x + ap,

2.1
G(x) = bypx™ + bm_lxmil + -+ bix + bo.
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On a generalization of Schur theorem concerning resultants 3

The resultant of the polynomials F', G is defined as

Res(F. G) = al'blt, [ [ [ e — B

i=1j=1

where oy, ..., o, and By, ..., B, are the roots of F and G respectively (viewed in an appro-
priate field extension of K). There is an alternative formula in terms of certain determinant.
More precisely, Res(F, G) is the element of K by the determinant of the (m + n) x (m + n)
Sylvester matrix given by

a, dy—1 an—p ... 0 0 0
0 a, ap—1...0 0 0
0 0 0 ...ajay 0
0 0 0 ...0aao
by bpy—1 by ... 0 0 0

m
0 by bpy—1...0 00
0 O 0 ...b1by O
0 O 0 ... 0 b1 b

The expression of a resultant as a determinant of the Sylvester matrix allows to consider it
for polynomials with coefficients in commutative rings (even with zero divisors). However,
in the sequel we concentrate on the case when considered polynomials have coefficients in a
field K.

We collect basic properties of the resultant of the polynomials F, G:

Res(F,G) =ay [ [ Gl = by, [ F B0 2.2)

i=1 i=1
Res(F, G) = (—1)"" Res(G, F), (2.3)
Res(F, G1G,) = Res(F, Gy)Res(F, G»). 2.4)

Moreover, if F(x) = ap is a constant polynomial then, unless F = G = 0, we have
Res(F, G) = Res(ap, G) = Res(G, ap) = ay' . 2.5)

The proofs of the above properties can be find in [6, Chapter 3]. Finally, we recall an
important result concerning the formula for the resultant of the polynomial G and F, provided
that F(x) = q(x)G(x) + r(x). More precisely, we have the following.

Lemma 2.1 Let F, G € K[x] be given by (2.1) and suppose that F (x) = q(x)G(x) + r(x)
for some q,r € K|[x]. Then we have the formula

Res(G, F) = bat 798" Res(G, r).
The proof of the above lemma can be found in [7] (see also [3]).

For possible generalization of the notion of resultant for polynomials with many variables
we refer the reader to [5].
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4 M. Ulas

3 Generalization of Schur theorem

In this section we state and prove the main result of this paper: the generalization of Schur
theorem. Let K be a field. We define the set

A:={G,j, k,m)eN*: i< jandm <k}

and for given A € A we consider the sequence of polynomials (r4 ,(x))sen defined in the
following way:

i J
rao®) =Y psx’, rai(x) =) qux’,
s=0 s=0
Fan(x) = fu()ran—1(x) — vy x"rgn—2(x) for n =2,

where

k
fa(x) = Z an,sxs-
s=0

We assume that py, gg, vy, ans € K (in the appropriate range of parameters s, n) and
piqjank 7 0 for each n € Nx>. Moreover, we assume that a yg; — v2 p; # 0 for given i, k.
In other words degra,0 = i,degra,1 = j and deg f, = k for each n € Nx,.

Theorem 3.1 Under the above assumptions on A, ra 0,741 and f, forn € Nx2 we have the
following formula

Res(ran(x), ran—1(x))

n—2
n_ 2k—m)(n—2) m(n—1) k+j—m—i k+j
= (—D)Zim A 2o g gl ’<”v5+z’>x
u=0

n—1
—s=1) _(2k—m)(n—s—1
(Hal"i’f,os a0 >)Res<m,1<x>,m,o(x)),

s=1

where eq(u) = (u —2)k + j)(u — Dk + j + 1) and

{q,-, ifi <jvi=jAm<Kk),
Ty =

az,kqi —v2pi L s —
ar ifi=jAm=k.

Proof Forn € Nx, we write R, = Res(ra ., ra n—1). First of all note that from the assump-
tions on i, j, k, m, the assumption as xq; — vap; # 0 and simple use of the recurrence
relation defining the sequence (74 ,)neNy We immediately note that the leading term L, of
the polynomial r4 , is given by

L qi T2 agin, ifi<jvi=jam<k),
n — — . . .
Ta ]_[;1:11 as1k, ifi=jAm=k,

and it is non-zero. In consequence, we see that

degran,=m—1Dk+j.
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On a generalization of Schur theorem concerning resultants 5

In order to give the value of the constant term, say Cp,, of 74 p, i.€., the value r4 ,(0), we
consider two cases: m > 0 and m = 0. If m > 0, then by simple induction one can prove
that

n—1

Co=ran(0) =qo [ [ as+10-

s=1

If m = 0O then the value C,, = r4 ,(0) satisfies the recurrence relation C, = a,,0Cy—1 —
v, C,—2. In the generality we are dealing here, we can not give an exact form of C,, and in
fact we will not need it.

We are ready to prove our theorem. However, in order to simplify the proof a bit, we first
compute the resultant of the polynomials r4,2(x), r4,1(x). We have the following chain of
equalities

Ry =Res(ran,7ra,1) = Res(fara,1 — vax™rao,ra1)

= (=1)/ D Res(ra 1, fora 1 — v2x"ra o) by (2.3)
= (1) DG Res(ra 1, —v2x™ 4 0) by Lemma 2.1
= (1) DI (1) Res(ra.1, %)™ Res(ra.1. 74.0) by (2.4)
= (=) EHH Dl g g T Res(r 1, 74 0), by (2.2), (2.5)

where in the last equality we used the identity Res(r4,1, x) = r4,1(0) = qo.
Now let us assume that n > 3 and consider the polynomials 74 , (x), 74,,—1(x). We have
the following chain of equalities:

Rn = RCS(I’AJ,, rAA,nfl) = Res(fnrA,nfl - UnxmrA,nfL rA,nfl)

= (_1)((”_1)k+j:)((n_2)k+j:) ReS(VA,nfl s fnrA,nfl - UnxmrA,an) by (2.3)
= (=)= DID@=2kA) [ 22 Reg (g 1, —0, X" 7 g p—2) by Lemma 2.1
= (=)= DRED =D LR Res(ra y—1, —vnx™) Res(ran—1, 7an—2) by (2.4)
_ ( 1)(()171)k+j)((n72)k+J)LZk—m(_U )<n72)k+jrA,n71(0)mRn—l by (22)’ (25)

= (- 1)eA(n) (n— 2)k+JL2k mCm |Rn I

Note that the first five equalities are true for all m € N not only m > 0. We will need this
observation later.

If m > 0, then from the above computations we have obtained recurrence relation for the
value of R, = Res(r4.,, ra,n—1). More precisely, we have

R, = (_l)eA(n) (n— 2)k+jL2k mCm ]Rn -

n—1

We consider the case i < j VvV (i = j Am < k) first. By simple iteration of the above
recurrence together with the expression for R, we obtain the formula

n n—1
R, = (_I)ZZ=3 ea(u) (1_[ Ul,(tu2)k+1) (1_[ Lik—mc;n> R,

u=3 u=2

n
— (_1)2:5:2 eA(u)véq(;)an‘Hfmﬂ (l_[ U;uZ)IH»])

u=3

n—1 u—1
2k—m 2k—m
[T (s T etitis) | <
u=2 s=1
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6 M. Ulas

We note the identity
n—1lu—1 n—1
m 2k—m __ mn—s—1) (2k—m)(n—s—1)
1_[ l_[as+l,0as+l,k = n“s+1,0 i1k )
u=2s=1 s=1
and after simplification of the resulting expression we get the first formula from the statement
of our theorem with T4 = g;.
Performing exactly the same reasoning as above we get the formula from the statement
in the case when i = k and m = k with Ty = (a xqi — vapi)/azk.
Let us back to the case m = 0. We put R), = Res(ra ,(x), ra,n—1(x)). First of all let us
note that performing exactly the same reasoning as in the case of computation of R, in case
when m > 0, we easily get the equality

Ry = (=) D0 g i Res(ra 1, 74.0)
Note that R}, is equal to R, with m replaced by 0.
Letn > 3. In order to find recurrence relation for R, we follow exactly the same approach
as in the case of R,. In particular, we have

R, = (—1)(("_1)“’:)(("_2)“’:)Lﬁk_l Res(ran—1, —vn) Res(ran—1.74.n-2)
= (1) DREDODRED I (Y2 R by (2.5)

= (eI 2k R

Again, from our reasoning, we see that R}, is equal to R,, with m replaced by 0, where we taken
into account the convention that 4 ,—; (0)° = 1 for any value of 4 ,—1(0). In particular, we
allow r4,,—1(0) to be 0.

Summing up, our formula for Res(ra ,, r4,,—1) from the statement of our theorem holds

for each m € N. O

Remark 3.2 The formula for Res(ra ,, ra.,—1) presented in Theorem 3.1 is not the most
general one. Indeed, one can consider slightly more general recurrence and obtain similar
result. More precisely, for given A € A one can consider the sequence (ga,, (x)),eN defined
in the following way:

i J
ga0(X) =Y px’. gar(x) =Y gux',
s=0 s=0

gan(x) = fu(X)ran—1(x) —vh(x)ra—2(x) for n>2,

where p;q; # 0 and

k m
Fo) =) anx’, h(x) =) bx',
=0 s=0

where a,, ¢b,, # 0 for each n € Nx;. In particular % is fixed and does not depend on n.
Moreover, in order to guarantee the good behavior of degree of the polynomial g4 , we
need to assume az xq; — vab,, p; # O for given k, i, m. With the above definitions and the
assumptions, we get the equalities degga o = i,degga,1 = j and for n > 2 we have
deg ga,n = (n — 1)k + j. Thus we see that the leading term L 4 ,, of the polynomial g4 , has
the form:
n—1
Lan="Ta 1_[ As 11k,

s=1
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On a generalization of Schur theorem concerning resultants 7

where
{q,-, ifi<jvi=jam<k),
Ta =

@kqi—V2bmpi . _
o ifi=jAm=k.

Now, if we put G, = Res(ga.n, 84.n—1) then, using essentially the same reasoning as in
the proof of Theorem 3.1, we get the recurrence relation for the sequence (G ),en, in the
form:

—2)k+j 5 2k—
Gy = (=) Ay L2 Res(gan—1. 1) Gt
By independent computation we get the equality
Gy = (=)@ vl gh ™ 7" Res(ga.1. )G,
and the explicit formula

AW ke j—m—i g (n—2)(2k—
Gn = (—I)Zu:Z qj+j " lT/in ) ™)

n—2 n—1
k+j 2k— —s—1
X (l_[ vZ+2j> (l—[ a§+1,1:n)(n "D Res(ga.s. h)) Gi.
u=0 s=1

However, in order to compute Res(ga.», g4.,—1) With the help of the above formula we
need to know the value of Res(ga s, ) for each s = 1,...,n — 1, which in general is a
difficult task (due to the complicated and essentially unknown form of the coefficients or
gA.s)- We have simple expression for Res(ga s, /1) only in the case when i (x) = x™. This is
exactly the case presented in Theorem 3.1.

4 Applications

In this section we offer some application of Theorem 3.1. We consider the sequence (r,),eN
governed by the recurrence: ro(x) = 1, r1(x) = a;x + by and

rn(x) = (apx + bp)rp—1(x) — Cnxmrn72(-x)v n>2, 4.1)

where a,, b,,c, € K and a,c, # 0 forn € Ny and m € {0, 1}. For m = 0 we get the
recurrence considered by Schur. In this case the result of Schur gives the expression for
the resultant of the polynomials r,, and r,_;. Now, we show that under some assumptions
on the sequences (a;)neN, , (bp)nen, One can get nice expression for the resultant of the
polynomials r,,, r,—2. More precisely, we prove the following

Theorem 4.1 Letm € {0, 1}. Let ay, b, ¢, € K forn € Ny and suppose that a,c, # 0. Let
us consider the sequence of polynomials (r;,(x))nen defined by (4.1) and suppose that for
eachn > 2 we have a,_2b,, = a,b,_>. Moreover, let us put d, = afiz' Then, if m = O the
Sollowing formulas hold:

n—1
d(n—i 2i
Res(ra, 1) = [ [(@2i-1a20)*" ™ (caicairidain)™,

i=1

n—1
"n+1 2n—1 A(n—i) 2i
Res = | |(a2ia2i+1) (c2ir102i 42021 43)"" .
a1x+b1’a1x+b1 E 1420+ i+ i+ i+
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8 M. Ulas

If m = 1 we have the following formulas:
n—1

3 03 i 2
Res(ron, r2(—1)) = l_[(azi_lazini—lei)n "(caig102i42d2i42)”
=1

n—1
2n+1 2n—1 1—n 3 3 n—i 2i
es ; = by 7" [ [ b2i+1(03:03; 4 1 bai1b2)"  (cairacaiyadains) .
<a1x+b1 a1x+b1> 1 i1 i+ 2021721 i i+ i+ i+

Proof Inorderto apply Theorem 3.1 for computation of Res(r2,, r2¢,—1)) andRes(r2n+1, r2n—1)
we need to express r;, in terms of r,_» and r,_4. First, solving (4.1) with respect to r,_1 we
get
! (rn + cnx"rp—2)
rp—1 = —(r, CpX rp—2),
n—1 anx + bn n n n—2
: ( + "rn—4)
rpe3 = ————(rp_2 + cn_2x"rn_4).
n—3 ay_ox + bn—2 n—2 n—2 n—4
Next, from the relation (4.1) with n replaced by n — 1 and the above expressions we get

1

————(ra + cax"rn—2)
anx +bn n n n

4.2
Cn—]xm m ( )
= (an-1X +by_1)rp—2 — ——————— (2 + cp2x"'ry_a).
ap—2x + by
Observing now that the condition a,b,_» = a,_2b, implies that the expression

apx + by _ ay(apx + by) _ Gn (anx + by) _ Gn
ap—2x +by2  apap2x +apby—2  ap2(ayx +ab, a,—>

=dp.

does not depend on x. Thus, the relation (4.2) can be rewritten in the following equivalent
form
rn=hy (x)rn—Z - Cn—lCn—Zdnxmrn—4a (43)

where
hp(x) = an—lanx2 + (@nbn—1 + an—1bp)x — (cp + cp—1dy)x" + bp_1by.

First we consider the case m = 0. Having the above recurrence relation (4.3) it is an
easy task to get the expression for Res(r2,, r2(,—1)). Indeed, we replace n by 2n and apply
Theorem 3.1 to the polynomial r4 , (x) = r2,(x), n € N, with

A=(,j, k,m)=1(0,2,2,0), fu(x) =hon(x), vn = con—1cm—2don, Ta = araz.
After necessary simplifications we get the expression from the statement of the theorem.
Next, we note that 71 (x) = ajx + by and from the identity a; b3 = azb; we getrz(x) =0

(mod ajx + by). In consequence, from the relation (4.3) we immediately get that rp,41 =0
(mod ajx + by) for each n € N. Thus, in order to apply Theorem 3.1 we write r4 ,(x) :=

r;f;ijr(bxl) for n € N with
A=(,j, km)=(1,2,2,0), fu(x)=ho1(x), vy = cop—1c2nd2n+1, Ta = aza;.

After necessary simplifications we get the first part of our theorem.
In case m = 1 we perform exactly the same reasoning. We replace n by 2n and apply
Theorem 3.1 to the polynomial r4 , (x) := r2,(x), n € N, with

A=(, J k,m) =(0,2,2,0), fn(x) = hou(x), vy = cop—1c2n—2don, Ta = ajaz.
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On a generalization of Schur theorem concerning resultants 9

Finally, in order to consider the last formula from the statement of our theorem, we note
that 71 (x) = a1 x + by and from the identity a1b3 = a3b; we getrz(x) =0 (mod ajx + by).
In consequence, from the relation (4.3) we immediately get that 1,41 = 0 (mod ajx + by)
for each n € N. Thus, in order to apply Theorem 3.1 we write 74, (x) := 20109 for p e N

. ayx+b
with

A=(,j, k,m)=(1,2,2,0), fu(x)=hot1(x), vn = c2n—1C2ndon+1, Ta = azas.
After necessary simplifications we get our last formula. O

Remark 4.2 The condition saying that a,b,—> = a,_2b, for n € Nx3 seems to be quite
strong. However, it is clear that for b,, = 0 this condition is satisfied. Notice that in this case
we deal with an important class of orthogonal polynomials which corresponds to moment
functionals which are symmetric. We recall the necessary definitions. Let (u,),en be a
sequence of complex numbers and let £ be a complex valued function defined on C[x]
satisfied the conditions

LIx"] = pn,  Llon Fi(x) + o2 Fa(x)] = a1 LIF1 ()] + a2 LI F2(x)],

foreachn € Nand ay, as € C.
The moment functional is used in the definition of orthogonal polynomials. Indeed, the
sequence (Q,(x)),eN is an orthogonal sequence if:

(1) deg Qn = n,
(2) LIQm(x) Qs (x)] = 0 for m # n and L[Qy(x)*] # 0.

The moment functional is called symmetric if all of its moments of odd order are O, i.e.,
L[x¥*+1] = 0forn € N. However, this is equivalent with the condition b, = Oforn > 1 (see
[2, Theorem 4.3]) and guarantees the existence of our compact formula given in Theorem 4.1.

This condition is satisfied by the Legendre, Hermite, Chebyshev, Bessel, Lommel . . . and
many other sequences of orthogonal polynomials (see [2, Chapter V]). We present three
illustrative examples.

Example 4.3 The sequence (P, (x)),en of Legendre polynomials is given by Py(x) = 1,
P;(x) = x and the recurrence relation

2n
Pn(x) =

—1
xPy1(x) — i w_o(x) forn > 2.
n

In particular, we have

2n —1 n—1
an = s n=0, ¢ =
n n

It is clear that a,_»b,, = a,b,—2(= 0) for n > 2 and we get
_(n— 2)2n — 1)

n(2n —5)
After necessary simplifications, we get the following formulas:

Res(Prn(x), Pr(n—1)(x))

_ﬁ( 5(2s — D)(ds + 3) )23<(4s+1)(4s+3))4(”3'1)
SN+ Des+Dés -/ \26s+ D@s+ 1)

n

)
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10 M. Ulas

Res ( Popy1(x) ’ Py (x)>

X X

_ﬁ( 525 + 1)(4s + 5) )k<<4s+3)<4s+5))4<”—s—1>
TN+ nes 3@ +n) 26+ D@Es+3) ’

with the convention that 0° = 1. As a simple consequence of our computations, we get that
the polynomials P,, P,_> are co-prime or their only common rootis x = Oforeachn € Nx,.

Example 4.4 In the case of the Hermite polynomials (H),),eny wehave Hy(x) = 1, Hj(x) = x
and, for n > 2, we have the recurrence relation
Hy(x) = 2xHy—1(x) = 2(n — 1) Hy—2(x).
In particular, we have
a, =2, b,=0, ¢, =2n—-1).

It is clear that a,—2b, = a,b,—2(= 0) for n > 2 and we get that d, = 1. In consequence,
after necessary simplifications, we get the following formulas:

n—1

Res(Hay (x), Hagno1)(x) = 2"~V TT(@s — D)™,

s=1

—1
Res <H2n+1(x) , H2n71(x)> _ 27n2—3n—2 ri_[((ZS + l)S)zs.
X X s=1

Example 4.5 Using Theorem 3.1 we prove a resultant formula for the sequence of polynomials
with combinatorial coefficients. For given a € N and n € N we consider the polynomial

n . .

20\ (2(n —1Q)\ ;

V = L

£ ()C)
i=0
The sequence (V,,(x),cnN is not a sequence of orthogonal polynomials. It is clear that Vj(x) =
1, Vi(x) = 2(x + 1). For n > 2, the recurrence relation
22n — 1) 16(n — 1)
Va(x) = T(X + DVio1(x) — Tan—z(X)-

holds. This relation can be proved easily by induction on n with the help of the recurrence
satisfied by the sequence of central binomial coefficients ((Zn")) neN. We omit the details. Now
in order to get the formula for Res(V,,(x), V,,—1(x)) it is enough to apply Theorem 3.1 with
22n —1) _16(n—1)

n o n '

A = (0, 1, ]7 1)7 QO ZQI :25 al‘l.O :an,l =

After necessary simplifications we get the formula

n—1 s S /0 41 n—1
Res(V LV, — 23n(n—1) v .
es(Vu(x), V—1(x)) sl:! 25 + 1 s41

Note that the sequence of polynomials (V;,(x)),cn (or to be more precise: the recurrence
relation defining the sequence) satisfies also the assumption of Theorem 4.1. Thus, one can
also compute the value of the resultant Res(V,,(x), V,,—2(x)).
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