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1 Introduction

The degenerate versions of Bernoulli and Euler polynomials, namely the degenerate
Bernoulli and Euler polynomials, were studied by Carlitz in [1]. In recent years, study-
ing various degenerate versions of some special polynomials and numbers drew attention
of some mathematicians and many arithmetic and combinatorial results were obtained
[4,5,8,12,13,15-17, 19, 20]. They can be explored by using various tools like combina-
torial methods, generating functions, differential equations, umbral calculus techniques,
p-adic analysis, and probability theory.

The aim of this paper is to study a degenerate version of the Daehee polynomials and
numbers, namely the degenerate Daehee polynomials and numbers, in the spirit of [1].
They were actually called the degenerate Daehee polynomials and numbers of the third
kind and recently introduced by Jang et al. in [4]. We derive their explicit expressions
and some identities involving them. Further, we introduce the multiple degenerate Dae-
hee numbers and higher-order degenerate Daehee polynomials and numbers. Again, we
deduce their explicit expressions and some identities related to them.

This paper is organized as follows. In Sect. 1, we state what we need in the rest of the
paper. These include the Stirling numbers of the first and second kinds, the higher-order
Bernoulli polynomials, the higher-order Daehee polynomials, the higher-order degener-
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ate Bernoulli polynomials, the degenerate exponential functions, and the degenerate Stir-
ling numbers of the first and second kinds. In Sect. 2, we recall the degenerate Daehee
polynomials and numbers (of the third kind) from [4] whose generating functions can be
expressed in terms of integrals on the unit interval. We find their explicit expressions and
some identities involving them. We also introduce the multiple degenerate Daehee num-
bers, the generating function of which can be expressed in terms of a multiple integral on
the unitcube or of the modified polyexponential function [7]. We deduce an explicit ex-
pression of them and some identities involving them. In Sect. 3, we introduce the higher-
order degenerate Daehee polynomials and numbers whose generating function can be
represented as a multiple integral on the unitcube. We derive their explicit expressions
and some identities relating to them. Finally, we conclude this paper in Sect. 4.
For n > 0, the Stirling numbers of the first kind are defined by

@n=)_ SimDa' (see[s, 14]), (1.1)

1=0
where (x)g=1, (x), =x(x—-1)---(x—n+1),(n>1).

As an inversion formula of (1.1), the Stirling numbers of the second kind are defined as

&= Sy(m D)), (1> 0) (see [8, 14, 16]). (1.2)
=0

For @ € N, the Bernoulli polynomials of order « are defined as

t o . o0 . tn
(et— 1) &t = ;BL )(x)a (see [4, 16]). (1.3)

B,(x) = qul)(x) are called the Bernoulli polynomials and Bff‘) = Bff‘)(O) the Bernoulli num-
bers of order «.

The Daehee polynomials are defined by

<w>(1 +1) = ZDn(x)i (see [2,3,6,9-11, 14, 15,18,21-34]).  (1.4)
t — n!
For x =0, D, = D,(0) are called the Daehee numbers.

Recently, Jang—Kim-Kwon-Kim studied some new results on degenerate Daehee poly-
nomials and numbers of the third kind (see [4]).

That is, they derived a new integral representation for the degenerate Daehee number
and polynomials, the higher-order A-Daehee numbers and polynomials, and the higher-
order twisted A-Daehee numbers and polynomials (see [4]).

The Daehee polynomials of order k are defined by

log(1 +£)\X L - £
(%) (1+1) :;fo)(x)a (see [4, 10)). (1.5)
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In [9], we note that

DP@ =my (mz_ n) boh), (1.6)

n=0

where b are the higher-order Bernoulli numbers of the second kind given by

Xx) 1
(log(1+t)> Zb £ (1.7)

Recently, Daechee numbers and polynomials have been studied by many researchers in
various areas (see [2, 3, 6, 9—-11, 14, 15, 18, 21-34]).

In [1], Carlitz considered the degenerate Bernoulli polynomials given by

o n

; i Wt
1+ A0 _1(1+M) ‘;ﬂn,xn! (x eR). w8

When x =0, B, = B,1(0) are called the degenerate Bernoulli numbers. For r € N, he also

defined the higher—order degenerate Bernoulli polynomials as

t r . "
ool 1) 2T nl 1el) 1.9
<(1+At)i _1> (1+48) nX(;'B (x) (see [16]) (19)

When x =0, 8!} = B (0) are called the degenerate Bernoulli numbers of order r.

The degenerate exponential functions are given by

) =1 +20%,e,(t) =el(t) = (1 +A8)7  (see [7-9, 1214, 16-20]). (1.10)
We note that
ei(t) = X(; (’“,)q—’f*t (see [8]), (1.11)

where (x)o,. = 1, (®)pp =x(x = A) -+ (x = (n=1)A) (n > 1).
Note that lim; o €} (£) = €%, lim; .o B\ (x) = BY (x).
Recently, Kim considered the degenerate Stirling numbers of the second kind given by

Xy = ZS“ n,0)(x);, (n > 0) (see [8]). (1.12)

Note that lim; ¢ Sy, (1,1) = Sa(n, 1).
From (1.12), we note that

; ex(t) - Zs“(n k)— (k > 0)(see [8]). (1.13)
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As an inversion formula of (1.12), the Stirling numbers of the first kind are defined by

@)=Y S1a(m D@, (1> 0)(see [8]). (1.14)

1=0

We see that log, (¢) = %(t)‘ —1) is the compositional inverse of e; (¢) satisfying log, (ex(¢)) =
e;(log, (2)) =t.
By (1.14), we get

7z (log,\ 1+ t) ZSI 5 (n, k)— (see [8]). (1.15)

Note that lim,_, ¢ log, (1 + £) = log(1 + £).

2 Degenerate Daehee numbers and polynomials
The degenerate Daehee polynomials are defined by (see [4])

w ZDM(x)— (A €R). 2.1)

When x =0, D,,, = D,,,(0) are called the degenerate Daehee numbers.
From (1.4) and (2.1), we note that lim,_, ¢ D,,; (x) = D, (x) (n > 0).
We observe that

log(l +1) / B log, (1 + t) t”
gy = 10800 ZDM .
t

When x = 0, we have

log(1+¢) [* ad t"
g(f /0 L+ dy=3 Dyy— (2.2)
n=0 :
On the other hand,

log(1+¢) (!
@/(14%)@&1},
0

log(1 +8) 5 2 (log(1 + )"

t — (m+1)!

1 1 t m+1
= Z Ogim:: o ZA’” 1 - log(l +1)"

=_ ZA’” 1 ZSl(n m) Z(Z 27718 (n, m))il—n'

n=1 \m=1

00 n+1
:Z<ni12w 1S10n+ 1, m)) (23)

n=0

Therefore, by (2.2) and (2.3), we obtain the following theorem.
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Theorem 2.1 For n > 0, we have

1 n+l
D,; = A8 (n + 1, m).
” "+1,§ 1 )

By replacing ¢ by e, (t) — 1 in (2.1), we get

S 1 .
a1 e(t) = ;Dm,k(x)m! (ex(t) 1)
= ZDm,k(x) ZSQ,}L(I’I, Wl)%
m=0 n=m .
= Z( Dy (%)S2,. (1, m)) % (2.4)
n=0 \m=0 .
On the other hand,
0= ) 2.5)

Therefore, by (2.4) and (2.5), we obtain the following theorem.

Theorem 2.2 For n > 0, we have

B (%) = Y Dy (%)S25.(n,m).
m=0

Note that
By(x) = 1im B,;() = ) Dyu(x)Sy(m,m) (2 0).
m=0
To find the inversion formula of Theorem 2.2, we replace ¢ by log, (1 + ¢) in (1.8) and get

oo

(140 = Y fa ) - (108,01 +0)”

m=0

00 ) £
= Z B (x) Z S1,.(n,m) ;
m=0 n=m

= Z( B (%)S1,5.(1, m)) ;—V: (2.6)

n=0 \m=0

log, (1 +¢)
t

Therefore, by (2.1) and (2.6), we obtain the following theorem.

Theorem 2.3 For n > 0, we have

Dyp(®) =Y B (®)S1(m, m).
m=0

Page 50f 13
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Note that

Dy(x) = 1im Dy (x) = 3 B()S1(m,m) (2 0).

m=0

From (1.10), we can derive the following equation:

ZDn,\(x)—n - Wu FO) = waﬁ(logk(l +1))

n=0

log (1+¢) log 1+t))
ety Z( 28

- Z(m + 1) (%), log, (1+1£))"""

1
(m 1)'(

% D m A D)@y Y Sialmm+ 1);—"! (2.7)

m=0 n=m+1

S 4 Dy, 3 S LD

n+1 n!
m=0 n=m

= Z WL Z(Wl + 1)(x)m,)\51,)\(n +1,m+ 1) }tfl—r: (28)

+1
n=0 m=0

Therefore, by (2.7), we obtain the following theorem.

Theorem 2.4 For n > 0, we have
1 n
Dy, (%) = — Z(m + 1)X)mpSio(m+ 1,m + 1).
n+1 =

For s € C, the polyexponential function is defined by Hardy as

e(x,als) = Z m, (Re(a) >0) (see [16]). (2.9)
n=0

In [7], the modified polyexponential function is introduced as
, -«
Elk(x) = HXZI: m (k € Z). (2.10)

Note that x e(x, 1|k) = Eir(x).
We observe that

0
5 — (1 + M2 % =y - ddog (1 + £) (1 + )12 %k, (2.11)
X1

Page 6 of 13
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Thus, by (2.11), we get

log(1+1¢) (1
Og(t+ )/ (1+t)kx1x2"'xk dx,
0

1 log, (1 + £)*2"*

_x2x3~”xk t

1 1 > log(1 + £))™
:_—Z)\mflwxgnx?...x;:‘

t XoX3 - Xp ot m!

1 o= A" 1(log(1 + )"
_2 (log( ) x£n71xgn71___xlr(n—1‘ (2.12)

£~ (m—-1)m

From (2.12), we can derive the following equation:

log(1+¢) (! !
@ / / (1 4+ 192 % dey dy - - dcy
0 0

1o~ A" Ylog(L+0))" 1

Tt (m—1)mk At

m=1

Eix (1 log(1 +2)). (213)

Now, we define the multiple degenerate Daehee numbers as the multiple integral on the
unitcube given by

log(1+¢) (! 1 2~
@f f (1 + g dxldxz---dxk=ZDfﬁ—,. (2.14)
¢ 0 0 e n!
Then, by (2.13) and (2.14), we get
1 . ad (k) t"
—Eik(3log(1 +2)) = ZDM;. (2.15)
n=0 :
Note that 1’393\ =Dy, (n>0).
We observe that
1 1 o= A"(log(1 +£))™
—Eir(Alog(1l +t)) = — _
7Dt log1 +0) = = Y; (m - 1)k
I w— A" 1 m
=+ ; — %(log(l +1))
1 o m X n
== e 2 Sitnm)—
=1 n=m
1 0 1 m—-1 "
= L St
n=1 m=1
00 n+l
1 km—l t"
:Z<n+1 ZWSI(H-FI’M)); (2.16)
n=0 m=1

Therefore, by (2.15) and (2.16), we obtain the following theorem.

Page 7 of 13
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Theorem 2.5 For n > 0, we have

50 Ly 1 L
ZDm’)\—‘(e - 1) = )\‘(TEI](()\I)

o m! -1)
00 [ o m m
t A t
_ B
Z n Z (m+ 1)k m!
) n I’l) )\,n_lB[ ) t"
_ Z Z A h 2 (2.17)
_ k
n=0(1_0 (l (I’l l+1) &
On the other hand
0 _ 1 " o0 N o0 n
> D (e =1)" = D) Y Salmm)—
m=0 e m=0 n=m
[e'9) n R t"
(S sinm) e
n=0 \m=0 ’ o

Therefore, by (2.17) and (2.18), we obtain the following theorem.

Theorem 2.6 For n > 0, we have

n ALB,
ZDm)\SZ(” m) = ;): (1>m

From (2.17), we note that

m=0
Ien =~ 1
(k) t m
=- > mD — (e -1
t ; m=Lh m!( )
1 o0 o0 n
(K
=7 ZmDEn)_M ZSg(n,m)—
m=1 n=m
1 o0 n n
ANk
= Z mDﬁn)_MS2(n, m);
n=1 m=1 !

n
1

00 +1
Z( Z © Mszmum))’f

(2.19)

Page 8 of 13
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On the other hand,
1 o At S
—E At) = — = —. 2.20
ik At ; (n—1)!nk ; (n+ 1% n! (2:20)

Therefore, by (2.19) and (2.20), we obtain the following theorem.
Theorem 2.7 For n > 0, we have

)\’Vl
m+1)f n+1

ZmDm 12S2(n +1,m)

1 n-1 R
= Z(m + 1)D(,5Y)XSZ(n +1,m + 1).
m=0

3 Higher-order degenerate Daehee numbers and polynomials
As an additive version of (2.14), we consider the degenerate Daehee polynomials of order

r given by the following multiple integral on the unit cube:

[ee]

# [log(L+2)\ [* !
Y D= = ( e )) / f (14 01400 ey,
’ n! t 0 0

n=0

- (w%”)ru 11 (reN). (3.1)

When x =0, D;V)A = DZ)A(O) (n > 0), are called the degenerate Daehee numbers of order r.
From (3.1), we note that

ot log,(1+8)\ 1 ;
Y Dy == (A— = -~ (log;(1+1))

t t

e t"
= F ;SI,)L(VI:V)E

ZSM(n+r,r)( 7'_:’1;)

~ i Siy(n+r,r)t"

Therefore, by comparing the coefficients on both sides of (3.2), we obtain the following
theorem.

Theorem 3.1 For n > 0, we have

Dnr,)x —Siam+rr) (reN).

1
)

Page9of 13
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By replacing ¢ by e, (t) — 1 in (3.1), we get

NN | t \ .
;Du(x)ﬁ(e,\(t) —1)f = <m> 0

o]

p o
=Y Bt (33)
n.
n=0
On the other hand,
ZD“w— (e -1)"
e} . e} £
=Y DY@ Sl k)=
k=0 n=k

Therefore, by (3.3) and (3.4), we obtain the following theorem.

Theorem 3.2 For n > 0, we have
B (x) = ZD (%)S2,.(n, k).

By replacing ¢ by log, (1 + t) in (1.9), we get

(20 0) ey = 3o a0
k=0 ’

oo . o0 t”
= BO® Y Sunh—
k=0 n=k ’

-y (Z B @510, k)) a3 (35)
k=0 :

On the other hand,

log, (1 +¢)
(ogk(t+ >1+t ZD k() (3.6)

Therefore, by (3.5) and (3.6), we obtain the following theorem.

Theorem 3.3 For n > 0, we have

)= B @)S1(m, k).

k=0

Page 10 0of 13
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From (3.1), we note that

[ee]

" log, (1 +¢) log, (1 +¢)
ZD2,1—=<% L

r- times

S ()P
h,...0,) A e

I +-+lp=n

5

n=0

By (3.7), we get

) n
D,; = Z (ll,ml)Dll,/\“'Dl,,x (n=0).

N+ +l=n

On the other hand, by (3.2), we get

o) r 1 1

t" log(1 +¢
2 :qur))t_ — (M) / e / 1+ t))»(x1+~~+xr) dxy - dx,
i n! t 0 0

1 r oo 1 m 1 1
:<°g(1+t)> Z)‘m%/o /0 (o1 + -+ x,)" dxy -

m=0

o]

1 m m 1 (log(1 + £))™"
‘FZA 2 ( )(11+1).--(z,+1) m!

l,...,1
m=0 L+ +lp=m L 7

1 . m 1 (m +r)!
‘FZA 2. (zl,...,z,)(11+1)---(1,+1) m!

_ - m m 1 (m +r)!
_ZA Z, <ll,...,l,>(ll+1)~~(l,+1) m!

m=0 L+ tlp=m
ad n
X Zsl(n+r,m+r)(n+r)!
n=m
00 n
(l g l ) (m+r) tn
- A" —hel” g (na, N
;(; 11+‘;lr:m (L+1)---(1,+1) 1n+r,m+r) (n:r) -

(3.7)

-dx,

(3.9)

Therefore, by comparing the coefficients on both sides of (3.9), we obtain the following

theorem.

Theorem 3.4 For n > 0, we have

. n

D= ). (11,...,zr)Dh'*”'DW
[ ++lp=m
o o\ Sinenmen ()
=2 ) (h,...,l)(h+1)-~-(1r+1>(”:’)'

m=0 L+ +lp=m

Page 11 0f 13
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4 Conclusion

In the spirit of [1], we studied the degenerate Daehee polynomials and numbers which
were actually called the degenerate Daehee polynomials and numbers of the third kind
and recently introduced by Jang et al. in [4]. We derived their explicit expressions and
some identities involving them. Further, we introduced the multiple degenerate Daehee
numbers and higher-order degenerate Daehee polynomials and numbers and deduced
their explicit expressions and some identities related to them.

The possible applications of our results are as follows. The first one is their applications
to identities of symmetry. For example, in [13] many symmetric identities in three vari-
ables, related to degenerate Euler polynomials and alternating generalized falling factorial
sums, were obtained. The second one is their applications to differential equations from
which we can derive some useful identities. For example, in [12] an infinite family of non-
linear differential equations, having the generating function of the degenerate Bernoulli
numbers as a solution, were derived. As a result, an identity, involving the degenerate
Bernoulli and higher-order degenerate Bernoulli numbers, were obtained. Similar things
had been done for the degenerate Euler numbers. The third one is their applications to
probability theory. Indeed, in [19] it was shown that both the degenerate A-Stirling poly-
nomials of the second and the r-truncated degenerate A-Stirling polynomials of the second
kind appear in certain expressions of the probability distributions of appropriate random
variables.

Finally, it is one of our future projects to continue to study various degenerate versions of
some special polynomials and their applications to mathematics, science and engineering.

We studied the degenerate Daehee polynomials and numbers which are different from
the degenerate Daehee polynomials and numbers of the third kind introduced by Jang et
al. [4].
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