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Abstract

We consider an infinite chain of coupled harmonic oscillators with a Langevin thermostat at
the origin. In the high frequency limit, we establish the reflection-transmission coefficients for the
wave energy for the scattering of the thermostat. To our surprise, even though the thermostat
fluctuations are time-dependent, the scattering does not couple wave energy at various frequencies.

1 Introduction

Heat reservoirs with some given temperature 1" are usually modelled at the microscopic level by
the Langevin stochastic dynamics, or by other random mechanisms such as the renewal of velocities
at random times with Gaussian distributed velocities of variance T'. This latter mechanism repre-
sents the interaction with an infinitely extended reservoir of independent particles in equilibrium at
temperature 7" and uniform density.

When such reservoirs are in contact with the system boundary and if energy diffuses on the
macroscopic space-time scale, then it is expected that a thermostat enforces a local equilibrium at
the boundary at the temperature 7". The situation is much less clear for kinetic (hyperbolic) space-
time scales. For instance, if the bulk evolution is governed by a discrete nonlinear wave equation, then
in the kinetic (high frequency) limit the wave number density is governed by a phonon Boltzmann
equation [15, 1]. If this system is coupled to a thermostat at the boundary, what are the appropriate
macroscopic boundary conditions which have to be added to the kinetic equation?

To make a study feasible, we very much simplify the set-up. We consider an infinite one-
dimensional chain of harmonic oscillators, characterized by its dispersion relation w(k), and couple
it with a single Langevin thermostat at the origin. An efficient way to localize the distribution of
the energy at wave number k is to use the Wigner distribution. In a space-time hyperbolic rescaling,
first ignoring the thermostat, the Wigner distribution converges to the solution W (¢, z, k) of a simple
transport equation, namely phonons of wavenumber £ have energy w(k) and travel independently
with group velocity w’(k)/2m. It will be proved that when the dispersion relation is unimodal, see
Section 2 for a precise definition, in the scaling limit, the thermostat enforces the following reflection-
transmission (and production) conditions at = 0: phonons of wave number k are generated with
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rate g(k)T and an incoming k-phonon is transmitted with probability py (k), reflected with proba-
bility p_(k), and absorbed with probability g(k), see formulas (2.28) below. These coefficients are
positive, depend on w(-), and satisfy

p+(k) +p-(k) +g(k) = 1.

With such boundary conditions the stationary solution of the transport equation is the thermal
equilibrium Wigner function W (t,z, k) = T.

The thermostat can be viewed as a “scatterer” of a time-varying strength: at the microscopic scale
a wave incident on the thermostat would produce reflected and transmitted waves at all frequencies.
It is remarkable that, after the scaling limit, the reflected and transmitted waves are of the same
frequency as the incident wave, all other waves produced by the microscopic scattering are damped
by oscillations in the macroscopic limit. The presence of oscillatory integrals, responsible for the
damping mechanism, presents the main mathematical difficulty of the model. To deal with the issue
we consider the high frequency limit of the Laplace transform of the Wigner distribution. The limit,
see (2.33) below, can be decomposed into the parts that correspond to the production, transmission
and reflection of a phonon. The calculation of the production term is relatively straightforward, see
Section 4. In contrast, the computations related to the scattering terms are remarkably difficult, see
Sections 5-9 for the proof. Moreover, the description of the limit is not intuitive and it is not clear
to us how to obtain it by a simple heuristic argument.

The multimodal case, that we shall not consider here, can be also dealt with using the technique
of the present paper. In this situation the level set of w(k) has generically 2N points (we assume
that w is even) for some positive integer N. The macroscopic description of the system is as fol-
lows: a k-phonon arriving at interface with group velocity (k) > 0 is transmitted as a k’-phonon
corresponding to the solutions of w(k') = w(k), with a positive group velocity. The probabilities of
transmission at a given k' can be computed explicitly in terms of the dispertion relation. On the
other hand, it reflects as a k’-phonon corresponding to a solution of w(k’) = w(k), with a group
velocity w’(k") < 0. The probability of absorption is the same as in the unimodal case.

We expect that introducing a rarefied random scattering in the bulk, in the same fashion as
in [1], leads to a similar transport equation with a linear scattering term, without modifying the
transmission properties at the interface with the thermostat [10].

There are rather few results on the high frequency limits of the Wigner transform in the presence
of boundaries, interfaces or sources. We mention [2, 4, 6, 8, 13] which, while highly non-trivial, are
all ultimately based on essentially explicit computations of the Wigner transform near the interface.
Our analysis also starts with computing the Wigner transform, but then passes to the limit in the
resulting expression. The thermal production of phonons can be seen quite straightforwardly in this
limit. However the scattering terms are much more difficult to handle and they constitute the major
part of our work.

Acknowledgement. TK was partially supported by the NCN grant 2016/23/B/ST1/00492, SO
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2 The dynamics and the main result

The infinite chain of harmonic oscillators

We consider the evolution of an infinite particle system governed by the Hamiltonian

1 1
H(pu CI) = 5 sz + 5 Z Oy — gy Gy Uy’ - (2'1)

yEZ y,y' €L

Here, the particle label is y € Z, (py,qy) is the position and momentum of the y’s particle, respec-
tively, and (q,p) = {(py,qy), ¥ € Z} denotes the entire configuration. The coupling coefficients «
are assumed to have exponential decay and chosen such that the energy is bounded from below.

A stochastically perturbed version of this system was considered first in [1], where the long time
behavior of the wave energy was analyzed, and then in [9], where the wave field itself was studied.
The stochasticity in [1, 9] was introduced as a random exchange of momenta between particles at
adjacent sites. Here, instead of random fluctuations “in the bulk”, we couple the particle with
label 0 to a Langevin thermostat at temperature 1" and with friction v > 0. Then the Hamiltonian
dynamics with stochastic source is governed by

dy(t) = py (1), (2.2)
dpy(t) = —(a*q(t)ydt + ( —ypo(t)dt + /29T'dw(t)) b0y, y € Z.
Here, {w(t), t > 0} is a standard Wiener process over a probability space (2, F,P). We use the

notation
(f*g)y = Z Fy—y 9y
Yy €L
for the convolution of two functions on Z.
It is convenient to introduce the complex wave function

Uy (t) = (@*aq(t))y + iy () (2.3)
where {@,, y € Z} is the inverse Fourier transform of the dispersion relation
w(k) :=/a(k). (2.4)

Hence |1, (¢)|? is the local energy of the chain at time ¢. The Fourier transform of the wave function
is given by

A~

b(t, k) == w(k)a(t, k) +ip(t, k), (2.5)
so that 1
() = G 0(0R) = 3" (6 B po(t) = [ Tt k),
Using (2.2), it is easy to check that the wave function evolves according to
dip(t, k) = (— iw(k)(t, k) — ivpo(t))dt + ir/2yTdw(t). (2.6)
Above, the Fourier transform of f, € 12(Z) and the inverse Fourier transform of f € L%(T) are
Fk) =" foexp{—2mizk}, fo= / f(k)exp{2mizk}dk, ze€Z, keT. (2.7)
TEZ T

For a function G(z, k), we denote by G : R x Z — C, G :R x T — C the Fourier transforms of G in
the k£ and x variables, respectively,

G(z,y) ::/Te_z’”kyG(w,k)dk, (z,y) eRxZ, G(n,k) ::/Re—%i”m(x,k)dx, (n,k) € R x T.
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The initial conditions

For simplicity sake we restrict ourselves to initial configurations of finite energy. In addition, we
assume that the initial energy density \wyF is finite per unit length on the macroscopic scale x ~ ey,
where € > 0 is the scaling parameter. More precisely, given € > 0, the initial wave function is
distributed randomly, independent of the Langevin noise w(-), according to aprobability measure pi.
on ¢%(Z), and

sup S el = sup (bl Zm)n. < o0, (2.8)

€€(0,1) yeZ e€(0,1)

where (-),. denotes the expectation with respect to p.. We will also assume that

(W(R)P(O). =0, kLET, (2.9)

Condition (2.9) can be replaced by (ﬁ(k)zﬁ(@»us ~ 0, as ¢ = 0 at the expense of some additional
calculations that we prefer not to perform in this article.

An additional hypothesis concerning the initial configuration will be stated later on, see formula
(2.18).

The Wigner distribution

To study the effect of the thermostat, we follow the evolution of the chain on the macroscopic time
scale t' ~ et, and consider the rescaled wave function %(f) (t) = 1y(t/e). A convenient tool to analyse
the energy density is the Wigner distribution (or Wigner transform) defined by its action on a test
function G € S(R x T) as

WO =5 Y B[00 (o) 0] & (50— ). (210)

yyeZ

Here, E. is the expectation with respect to the product measure p. @ P.
The Fourier transform of the Wigner distribution is

Wetn k) = SEe [0tk = SDiO ek + D], (tnk) € 0,00) x Ty x T, (2.11)
so that
(G WO (1)) = W.(t,n, k)G*(n, k)dndk, G € SR x T). (2.12)
TxR

We use the notation T, = [—a/2,a/2] for the torus of size a > 0, with identified endpoints.
A straightforward calculation shows that the macroscopic energy grows at most linearly in time,

A Olacey = [ 21§00 + 220 a4/ ) (), (2.13)

with p(a)( t) := po(t/e). Thus, we have a uniform bound

sup B[O O ar) < sup B Oz + 20Tt ¢ 20 (214)
£€(0,1] £€(0,1]

Let us denote by A the completion of S(R x T) in the norm
IGlai= [ sup|Gln. ldn (215)
R k€T
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and by A’ its dual. We conclude from (2.14) that (see [7])

sup ||[WE(t)]|a < oo, for each 7 > 0, (2.16)
te[0,7

hence W()(.) is sequentially weak-+ compact over (L'([0,7];.4))* for any 7 > 0. We will assume
that the initial Wigner distribution

We(n, k) := W(0,n,k), (n,k) € Tyje x T (2.17)

is a family that converges weakly in A’ to a non-negative function Wy € L'(R x T) N C(R x T). We
will also assume that there exist C,x > 0 such that

(W-(n,k)| < Co(n), (n,k) € Tyye x T, & € (0,1], (2.18)

where

1
p(n) == A+ R (2.19)

Assumptions on the dispersion relation and its basic properties

We assume, as in [1], that o is a real-valued even function of y € Z, and there exists C' > 0 so that
lay| < Ce W/C for all y € Z,

thus & € C°(T). We also assume that &(k) > 0 for k # 0, and if @(0) = 0 then &”(0) > 0, so
that a(k) = sin?(k)ao(k) for some strictly positive even function ag € C*(T). It follows that
the dispersion relation w(k) = y/d&(k) is also an even and continuous function in C*°(T \ {0}).
We assume that w is increasing on [0,1/2], and denote its unique minimum attained at & = 0
by wmin > 0, its unique maximum, attained at k = 1/2, by wmax, and the two branches of the inverse
of w(+) as w— : [Wmin, Wmax] — [—1/2,0] and w4 : [Wmin, Wmax] — [0,1/2]. They satisfy w_ = —wy,
Wi (Wmin) = 0, wy(wmax) = 1/2 and in the case w € C*°(T):

—1/2

Wl (W) = £(W — wWmnin) X (W), W — Wiin < 1, (2.20)

and
W (W) = £ (Wmax — ) TX (W), Wnax —w < 1, (2.21)

with y., x* € C°°(T) that are strictly positive. When w is not differentiable at 0 (the acoustic case)
instead of (2.20) we assume
W (w) = Exs(w), w— wmin < 1, (2.22)

leaving condition (2.21) unchanged.
An important role in the analysis will be played by the function

J(t) :/cos (w(k)t) dk, (2.23)
T
its Laplace transform
o A
e [T M ar = / A 2.2
T /0 IO = [ Gk Red >0 (2.24)

and the function .
g\ = (1 +yJ\) (2.25)



Note that ReJ(\) > 0 for A € C; := [\ € C: Re\ > 0], therefore
lg(N)] <1, XeC,. (2.26)
The function g(-) is analytic on C4 so, by the Fatou theorem, see e.g. p. 107 of [11], we know that

v(k) := ;i_r)lg)g(s —iw(k)) (2.27)

exists a.e. in T and in any LP(T) for p € [1, 00).
To state our main result we need some additional notation. Let us introduce the group velocity

&' (k) == ' (k)/(27)

and
v (k) Vv (k)? 2 2
= = = 1 — _ = . 22
olk) = gl ak) =I5 pel) ==, b= o (229)
We will show in Section 10 that
Rev(k) = <1 + +> (k)| (2.29)
2| ()|
It follows that
po (k) + (k) =1 —g(k) < 1, (2.30)
so that, in particular, we have
0<g(k) <L (2.31)

The main result

Our main result reads as follows.

Theorem 2.1 Suppose that the initial conditions and the dispersion relation satisfy the above as-
sumptions. Then, for any 7 > 0 and G € L* ([0, 7]; A) we have

lim [ (G(t), W.(£)dt = / dt [ Gt @ k)W (b, a, k)dadk, (2.32)
=0 Jp 0 RxT
where
w (t, x, k) =Wy (a: — (D/(k)t, k) 1[0,&)’(1@)1&]0(‘73) + g(k)Tl[O,w’(k)t} (LE) (233)

+ p(B)Wo (z — @' (k)t, k) Ljo oy (@) + p—(K)Wo (—z + &' (k)t, —k) 1j0,or 1y ().

The limit dynamics has an obvious interpretation. The first term is the ballistic transport of
those phonons which did not cross {z = 0} up to time ¢. The second term on the RHS of (2.33)
describes the phonon production of the thermostat. The third and the fourth term correspond
respectively to the transmission and reflection of the phonons at the boundary point {x = 0}. More
precisely, g(k)T" is the phonon production rate, p_(k) is the probability of reflection, and py (k) is
the probability of transmission at { = 0}. Notice that the phonons are absorbed by the thermostat
with probability 1 —p4 (k) —p_(k) = g(k). The scattering at the origin depends only on the friction



coefficient . At zero temperature the production of phonons is turned off, while the scattering
remains unmodified.
From (2.29) it follows that
g(k) = Re v(k) — [v(k)[*,

and we also know that v(ky) = 0 at the points where w’(kg) = 0. This means that the thermostat
does not generate phonons with zero velocity, which otherwise would have led to an accumulation
of energy at the boundary.

Our main theorem is for the averaged Wigner distribution. In general, one expects a suitable
law of large numbers for the quantity on the left of (2.32) with respect to p. ® P.

Our result can be written as a boundary value problem, which is a simple but useful exercise. In
case the bulk is governed by a wave equation with a small nonlinearity, one would expect a nonlinear
transport equation for the bulk, but the boundary terms would be dominated by the linear equation,
hence of the form as written below. Firstly W (¢, x, k) solves the homogeneous transport equation

oW (t, 2, k) + &' (k)0 W (t, 2, k) = 0, (2.34)
away from the boundary point {x = 0}. Secondly we denote the right and left limits of W by
W_(t, k) :=W(t,07,k), Wi(t,k):=W(0" k).
Then at {z = 0} the outgoing phonons are related to the incoming phonons as
Wit k) =p_(k)Wi(t,—k) +pr(k)W_(t,k) +g(k)T, for 0 <k <1/2, (2.35)

and
W_(t, k) =p_(k)W_(t,—k) + p+(k)W4(t, k) + g(k)T, for —1/2 < k <0, (2.36)

where in both equations the term for the production of phonons has been added.
By equipartition, the equilibrium Wigner distribution is given by

Wi(t,x, k) =T,

which indeed satisfies (2.35)-(2.36), as one should expect.

It is interesting to consider what happens when the strength of the thermostat v — +o0, so that
the oscillations of the particle in contact with the thermostat are sped up by a factor of «v. Then
g(\) ~~7L and v(k) ~ v71, hence g(k) — 0 (see (2.28)), and there is no phonon production or
absortion by the thermostat as the particle at the thermostat moves “too incoherently”. However,
there is still non-trivial reflection and transmission at the interface.

The paper is organized as follows. In Section 3, we define the Fourier-Laplace transform of the
wave function and explain how the functions J(¢) and g(\) appear in this context. The Wigner
transform can be decomposed into the ballistic part coming from the initial condition with no
scattering, the thermostat production part (which is independent from the initial condition) and the
scattering part. It is quite straightforward to analyze the former two terms and pass to the limit
€ — 0 in the corresponding expressions. Passage to the limit in the scattering term is much more
difficult. It is outlined in Section 5, where one of the scattering terms is analyzed in Lemma 5.1, and
the asymptotics for the other one is stated in Lemma 5.2. The scattering terms are put together in
Section 5.3. The bulk of the remainder of the paper, Sections 6, 7 and 8, is essentially devoted to the
proof of that Lemma. The critical steps are outlined in Lemmas 7.1-7.4. Each of these statements
is quite intuitive on the formal level but a rigorous justification is, unfortunately, rather lengthy and
with little room to spare in the estimates. In Section 9, we remove an extra assumption that the
initial condition is supported away from the non-propagating modes, made to simplify the proof.
Finally, in Section 10 we prove relation (2.29).



3 The Laplace-Fourier transform of the wave function and of the
Wigner distribution

In this section, we obtain an explicit expression for the Laplace-Fourier transform of the wave
function. We use the mild formulation of (2.6):

Dt k) = e= =Bt 0. k)—w/ iw(k) (1) o (5 ds+z\/27T/ D) gur).  (3.1)

Integrating both sides in the k-variable and taking the imaginary part in both sides, we obtain a
closed equation for po(t):

polt) = B8t ~ 7 [ It po(s)ds + VT [ It~ 5)dus), (3.2)
0 0
where J(t) is given by (2.23) and
p(t) = /T Tm (zﬁ(o, k)e‘i‘*’(k)t) dk, (3.3)

is the momentum at y = 0 for the free evolution with v = 0 (without the thermostat). Taking the
Laplace transform

—+o0
Fo()) = / eMpo(1)dt, Red > 0,
0

n (3.2) we obtain )

Po(N) = GRY(A) + V29Tg(N) T (A (N). (34)
Here, §(\) is given by (2.25), and p(\) and J(\) are the Laplace transforms of p)(t) and J(t),
respectively, and w(\) is the Laplace transform of the Wiener process. It is a zero mean Gaussian
process with the covariance

E[d(A)i(A)] = —

)\1 T /\2 Re /\1, Re )\2 > 0. (3.5)

Next, taking the Laplace transform of both sides of (3.1) and using (3.4), we arrive at an explicit
formula for the Fourier-Laplace transform of v, (t):

P(0, k) —ivpo(A) + iv2yTw(A)

bOk) = A+ iw(k)
_ (0. k) — iGN FEN) + V2ITI N BN)) + iv2yTa(\) (3.6)
A+ iw(k)
_ (0. k) — iy gNRE(A) + ig(A)VZTD(A)
A+ iw(k) '

Note that (3.6) implies, in particular, that, even at the zero temperature, and if the initial wave
function is monochromatic, that is, ¢/(0, k) = d(k — ko) for some ko, scattering at the thermostat
generates various modes k # kg, due to the damping at y = 0. This is a microscopic phenomenon
not observed on the macroscopic level, as seen from the discussion following Theorem 2.1.

Let us momentarily assume that g(\) is the Laplace transform of a signed locally finite mea-
sure g(dr). Then, the term (A+iw(k))"tg(A\)pJ(N), that appears in (3.6), is the Laplace transform of

t t—s
/0 ds/o e~ Wk E=5=7) g (dr)pl (s). (3.7)
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Now, the Laplace inversion of (3.6) gives an explicit expression for (¢, k):
t t—s
Dt R) =< G 0,1) — iy [ ds [ e garp)
0 0
t t—s
+iy/29T / ds / e~ Wk E=5=T) o (4 ) du (s) (3.8)
0 0

= (0,1 iy | Ot — 5, OB8(s) ds + iy/TT / ot 5,k) dus)
0 0

where .
o(t.) = [0y ) (39)
0
Likewise, we conclude from (3.4) that
t t t—s
po(t) = / po(t — s)g(ds) + \/QVT/O dw(s)/o J(t—s—T)g(dr). (3.10)
0

In order to understand how g(d7) looks like, note that a function g.(¢) that has the Laplace
transform

_ _ J(\
5.0 = g — 1= ——ZA_
14+~J(N)
is the solution of the Volterra equation
9x(t) +7J % g«(t) = =7 J(t), t=>0. (3.11)

Here, we denote by .
fie falt) = [ Flt=s)ao)ds

the convolution of fi, fo € L} [0,400). The solution g, of (3.11) is given by the convolution series

loc

—+00

ge(t) = > (=" (1), (3.12)

n=1

Here, J*™(t) is the n-time convolution of J with itself. As |J(¢)] < 1, we see that g, € C*°[0,+00)
and |g.(t)] < €Y, ¢t > 0. Then, we can represent g(dr) as

g(dt) = So(dt) + g.(t)dt, > 0. (3.13)

Here, dg is the Dirac distribution.
Observe that the existence of g(dt) with the above properties implies that

t
/0 elw(k)Tg(dT) = eiw(k)t(b(t, k) t;é V(k) (314)

in the sense that for Re\ > 0 the limit defined by (2.27) implies

+o0 et )
lim ; e_M/O BT g(dr) = @ (3.15)

e—0



We let o
B0, k) = / N (L . )dt, Red >0 (3.16)
0

be the Laplace-Fourier transform of the Wigner distribution defined in (2.10). The claim of Theo-
rem 2.1 is equivalent to the following: for any test function G € S(R x T) we have

lim [ G k)@, k)dndk = | G (0, k)N n, k)dndk, (3.17)
=0+ JrxT RxT

where

-~ T|&' (k)| g (k) Wo(n, k)
A, k) = 3.18
S Yo S A7 T I SR (o (3.18)
@' () |(p+ (k) = 1) [ Wol', k)dn’ L & R)lp— (k) / Wo(n', —k)dsy
A+ iw!(k)n R A+ (k) A+ (k) Jg A—iw (k)
and py(k) and g(k) are given by (2.28). The Fourier-Laplace transform of (3.18) leads to (2.33).
The rest of the paper is devoted to the derivation of (3.18).

4 The phonon creation term

Since the contribution to the energy given by the thermal term and the initial energy are completely
separate, we can derive the first term of (3.18) assuming Wy = 0. In this case (0, k) = 0 and (3.8)
reduce to a stochastic integral:

t
DR = VT [ ot~ 5.k du(s), (4.1)
0
To shorten notations denote @(t, k) = gei“(k)Tg(dT) = ekt k), and
1 /AN e
dcw(k,m) :== . [w (k—i— 5 ) w (k 5 ﬂ . (4.2)

We can compute directly

o~

t
W.(t.m, k) = T / e DM G5 Je k4 en/2)d* (s /e, k + en/2)ds
0

The Laplace transform of ¢(e't, k) is given by §(eA — iw(k)). Then we can compute directly the
Laplace-Fourier tranform of the Wigner distribution and obtain

[e%¢) t B B
We(A,m, k) = fyT/ dte_’\t/ dse0ew(km)s g (E_ls, k+ ﬂ) o8 (E_ls, k— ﬂ)

SR 2 2 (4.3)
_ L —(A+idew(k,m))s T -1 g Tk -1 _ ﬂ
3 /0 dse gb(s s,k + 2)(;5 (6 s, k 2)

and by using the inverse Laplace formula for the product of functions we have, for ¢ > 0, we obtain

R ~NT 1 . it gleo — iw(k + )G (X +idew(k,n) — o) —iw(k — L))
Ank)=-——1 do (4.4
De(Xm, k) N 27 (00 /C_M o\ +idw(k,n) — o) o (44
Since g is bounded and ReA > 0, there is no problem in taking the limit as € — 0 obtaining
A +iw!(k)n) '
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5 The scattering terms

If the thermal production at 0 was easy to prove, the scattering terms are much more challenging.
Since the terhmal part will not affect the scattering, we can set T = 0 and consider a non-zero initial
energy.

We will first prove (3.18) under a stronger assumption than (2.18): we will assume no energy
is concentrated around modes that have null velocity, more precisely that there exist C,§ > 0 and
K > 0 such that

[We(n, k)| < Colm (k= 2

2)X<k+g>= (1,k) € Tyye x T, € € (0,1], (5.1)

2
here o(-) is given by (2.19) and x € C(T) is non-negative and satisfies
x(k) =0 for k € L(9), (5.2)
with
L(8) = [k : dist(k, Q) < J] (5.3)

and Q, :=[k € T: (k) = 0] C {0,1/2}. The proof of Theorem 2.1 under the weaker assump-
tion (2.18) is presented in Section 9 below.

We could have continued to compute w, directly from the expression of the wave function, as we
did for the termal part. We find more practical to use the time evolution of W.(¢,n, k)

A straightforward computation starting from (2.6) and (2.11) shows that the Wigner transform
obeys, for T' = 0, an evolution equation

8t/W€(t7 m, k) = _iéew(kiv 77)/”78 (t7 7, k)
(5.4)

Fiy {/TEE [1/3(5) (t, k4 %7) B (¢, k’)] i — /TEE [(1/3(5))* <t, k— %) PO (¢, k’)] dk’} ,

Performing the Laplace transform in both sides of (5.4), we obtain

O+ 0.0k, 1)) we O\, 17, k) = Wa(n, k) — % [ag (Ak- %) 4 <>\, k+ %)} , (5.5)
where
(k) =i /0 T g, [(12)(6))* (t, k) plf (t)] dt. (5.6)

As d.w(k,n) — ' (k)n as e — 0, to get (3.18), we need to understand the limit of d.(\, k). Us-
ing (3.8) for "= 0, we may write

0 (A k) = oL (A, k) + 02 (A, k)

Here, 0’ (N k), 7 = 1,2 are the Laplace transforms of I.(t/¢), II.(t/e), where

(e k) = e [ (e — )i ®) glas) (57)

He

11, ) = — /0 g (ds') /0 6% (t — 5.k) (pQ(s)p0(t — ) . ds,

11



Now, with (3.17) in mind, we can introduce

26(/\) = RxT é* (777 k)&;é‘(/\, 7, k)dﬁdk - znzt(/\) + Sscat(/\)' (58)
X

The first term in the right side is

2 W.(n, k)
LA = / G*(n, k) ——="——dndk. 5.9
t( ) RxT (77 ))\+'l(55w<k,?’]) ( )
The scattering term in the right side of (5.8) is
icat()‘) = ‘Qicat,l + ‘Qicat,% (510)

with

Lt = —%AxT% [ag' (A,k—%)ﬂ Jy* ()\ k+ 2)}dndk j=1,2.  (5.11)

The ballistic term

We note that thanks to assumption 12), we can easily show that

€ - * /W (n, k) X /WO(U k)
Fnit(A) == RXTG( )—A+ = (km)d ndk — RXTG( )7A+ o

which is the second term in the right side of (3.18).

dndk, as e — 0, (5.12)

5.1 The limit of the first scattering term

Here, we use the notation

Stk = daw(k+ ) = 2wtk + en) - w(b)],

Sow(k,n) = 5€w< — %) = é {w(k‘) —w(k - 577)}.

(5.13)

We now compute the limit of £5.,, () in (5.10) that we can re-write, after a simple change of
variables as

. G*(n, k +en/2 G*(n,k —en/2
an) = =3 [ LR gy SLE= S
RxT - A+ 62 w(k,n) A+ 0z w(k,n)

2

(o) (A, k) | dna.

We will show the following.

Lemma 5.1 For any test function G € S(R x T) and X\ > 0 we have

_ Wl k) [ [ Gk :

Proof. From (5.7) and (3.3) we get

I.(t, k) = %/0 g(ds)/jr{@ (k )1[,( ) e ei(w(k)—w(l))t+iw(l)s (1[} (k )1/; (). i (k) +w(0)t—iw(t)s }d@
(5.15)

12



Using assumption I1) (see (2.9)) and (5.15) we conclude that
2K = /T (W (R)P(O)),.dE /0 " exp {iw(0)s} g(ds) / T et exp {i(w(k) — w(O))t} dt

_1 e(* (k) (€)> l s)e 7 exp {iw(k)s) ds
/Am( 0 ())/ g(ds) p {iw(k)s}d

/W (R)P(0) . dl i
_/T e +i(w(l) — wlk)) Gler ®)-

For any test function G € S(T x R) we can write, therefore, (cf. (5.13))

ke 1
RxT

A+ 30T w(k,n)
L[ Gtukre) {00 i),
R T '

)
«T A+ 0 w(k,n) e +i(w(l) —w(k))

Changing variables k := k' —en/ /2, £ :== k' + e/ /2 the right hand side of (5.16) can be rewritten in
the form

/ dn / Wi K)g(eA — iwo(K' — e/ /2)C* (0, K + en/2 — e /2)
R 7. N+ iddw(k —en' /2, )\ +ie Y (w(k +en'/2) — w(k' —en' /2

5 dk’dn/} . (5.17)

Here, T. C Ty, x T is the image of T? under the inverse map k' := ({4 k)/2, n' := (£ — k)/e. Note
that

- (eX —iw(k — e/ /2))G* (0, K + en/2 — e /2) _ v(k)G*(n, ')
e=0 [N +idTw(k! —en' /2, )|\ +ie Y wk +en'/2) —w(k —en/2))] X+ i (K)n][X +iw (k)]

a.e. in (n,7,k"). Using bounds (5.1) and (2.26) we can argue, via the dominated convergence
theorem that the limit of (5.17), as € — 0, is the same as that of

W, (1, K'Y (K )G (1, K iy dk'

war o+ i ()4 i/ (B (5.18)

Summarizing, the above argument proves that

G nk+en/20eAK) / v(BWoll k) [ [ G (n.k)
rxT A+ iw (k)n/ R A+ i’ (k)

I
5—1>I(r]l+ RxT A+ zéé’w(k:, 77)

dn} dn'dk, (5.19)
n
for any test function G € S(T x R). Similarly, we have

. G*(n,k — en/2)01)* (A, k) / v (k)W (', k) / G*(n, k) ,
1 dkdn = dn » dn'dk.
e—1>%l+ RXT A+ 0z w(k,n) 77 rRxT A —iw!(k)n/ R A+ (k)n e

(5.20)
As Wx(n, k) = W(—n, k), we conclude that (5.14) holds. OJ
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5.2 Asymptotics of the second scattering term

Let us split £5.,, 5(\) as

scat,2

@mﬂn:—%éwhﬂ}k—gyu )Qk+ fo%%%ﬁmw (5.21)

v 2 G*(n,k+en/2) | 5. G*(n,k —en/2)
— 02 (A 02)* (A k dndk
T it ) T an

= £§cat,21()‘) + 220111&,22()‘)7

with the two terms corresponding to writing

= Red? + ilmd?. (5.22)

We recall that

+o00 +o00 t
2\ k) = e/ e (¢, k) dt = —75/ e_)‘ddt{/ ) (g4 pi(s)g * pO(1)),, }dS-
0 0 )

0

We will prove the following.

Lemma 5.2 For any A > 0 and G € S(R x T) we have

v [ gR)W (', k)dy'dk [ G*(n,k)dn
1 A) = 2
0 Sscat 2(Y) 4 /RxT A+ (k) r A+ (k)n (5:23)
7 / g(k)W (if, —k)dn/ dk / G (n, k)dn
4 Jrxr A= (k) R A+ iw (k)n
The conclusion of this lemma is the consequence of the following two limits
[ )W k)dy dk / G (n, k)dn
el—l>%1+ stt 21(}) = 4 /RXT A+ ! (k) r A+ (k)n (5.24)
7 / g())W (', —k)di'dk [ G*(n, k)dn
4 Jpyr A — i (k)n r A+ i (k)n’
and
al—l>r(1)1+ ‘Qscat 22()‘) = 0. (525)
5.3 The limit of the full scattering term
Putting together the results of Lemmas 5.1 and 5.2, we see that
W-(f, k) G*(n, k) /
1 A)=— k dn ¢ dkd
;_)I%’Qscat( ) Y Rx’]I‘Re[V( )]/\+zw’(k)n’ /\+zw’(k:)77 n n
+1/ g(k)W (', k)dn' dk / G*(n, k)dn / g(k)W (', —k)dn'dk / G*(n, k)dn
4 Jrxr At (k) Jr A+ (k)n RxT A — W' (k) R A+ iw'(k)n
A |’ (k) |dndk
= [ Wir(n, k) +Weep(n, k)|G*(n, k) ———7~—dndk, 5.26
[ DWhr18) Wy 016 (k) (5.26)
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with the transmission term

_ T g(k)] [ W k)dy'dk _ oy [ W0 Ry dk
We used (2.29) in the last step. The other term in (5.26), corresponding to reflection, is
vg (k) [ WO, —k)dndk W (', —k)ddk
Wheep(n, k) = 7= . =p-(k , : 5.28
TR =3 Jar A= W o A= R 2

Combining the scattering terms in (5.26)-(5.28), together with the ballistic term in (5.12), we obtain
(3.18). Thus, the proof of Theorem 2.1 is reduced to the computation in Lemma 5.2.

6 The proof of Lemma 5.2: the limit of £, ,,()\)

We now turn to the proof of Lemma 5.2. In this section, we begin the rather long and technical
computation leading to (5.24).

A calculation of Red?

Recall that £5,, 5 (\) comes from the contribution to £5.,,5(\) that appears from Red2. Our first
task, therefore, is to compute Re Og. We have

o2 ) = e [ ] | " cos(w(k)s) (g W) s)ds pcos((hn)a +#8)(0) )

0

e ([ { [ sinetdga)io« ) ot sttt )0

— e </0+°° e—m% { Uot cos(w(k)s)g * pg(s)ds} 2 + [/Ot sin(w(k)s)g * pg(s)ds] 2} dt>us .

Integrating by parts, we obtain

2RedZ(\, k) = —7e’) /0 " ety <{ /0 t cos(w(k)s)(g x p8)(s)d8}2>
pe

0o t 2
—ye?\ /0+ e_/\atdt<{/0 sin(w(k)s)(g*pg)(s)ds} > = C. (N k) + Sc(\ k). (6.1)

e

He

The first term in the right side is
+oo t t
C-(\ k) = —752)\/ e_)‘atdt/ / dsds’ cos(w(k)s) cos(w(k)s') (g * p)(s)g * pO(s)),.  (6.2)
0 0o Jo
Using (2.9) and (3.3) gives
g N =3 [ [ otargtar) [ anare 000 oty o,
/ / (ar)g(dr’) / Aedl O =N~ o () (). (6.3)
T2

15



Now, symmetry implies that the two terms above make an identical contribution to C-(\,t), hence

(M k) ——s>\ / e Metdt / / dsds’ cos(w(k)s) cos(w / / (dr)g(dr'y | dede’
’]1‘2

xe tw(l)(s— T)ezw 6 ( )

+00 +oo
— ——s>\ / dj / dedl’ s (h(0)* (') / / Bt—t) = Ae(t+1')/2 gy g/
/ / dsds’ COS COS / / dT d’T zw(f (s—7) zw(f )(s'—77)

:_EEA/RCM 5 (OB () 0. | QL K, V)| dede

with o . o
QU kM) ::/ cos(w(k)s)ds {/ e_i‘“(g)(s_T)g(dT)/ e(_>‘€/2+iﬁ)tdt}.
0 0 s

Integrating out first the ¢ variable, and then the s varable, we obtain
QU0 kN = Wl_zﬂ/o e“"(Z)Tg(dT)/T cos(w(k)s)el=Ae/2HiB=wO)ls g
1 +o00 (2 e[—)\s/2+i[ﬁ+w(k)—w(£)]]7— e[—)\s/2+i(ﬁ—w(k)—w(2))]r
= / g(dr)e T . + .
2(\e/2 —1iB) Jo Xe/2 —i(B+w(k) —w(l)  Ae/2—i[B +w(k) +w(l)]

_ 1 { g(Ae/2 —i[B +w(k)]) n g(Ne/2 —i[B — w(k))]) }
2(0e/2 —if) \he/2 —i(B +w(k) —w(f)) " Ae/2 —i[B +w(k) +w(@)] [

Hence, after a change of variables 3 := ¢’ we get

C: =125 [ G [, D00 (), (6.5)

16 - 72 J )2+ 32
X{ gQe/2—ilefwkl) _ §(Ae/2—ifef —w(k)]) }
A2 =i{B+etwk) —w@]}  A2—i{f+eHw(k) +w()]}

" { g (Ae/2 +ief + w(k)]) n g (Ae/2 +ilef + w(k)])) }
A2+i{B+etwlk) —w)]}  A24+i{B +eHw(k) +w(@)]}

A similar calculation leads to

Mk = A / 5 /2d6 / AL O9 () (6.6)

24me? )2+ 8% Jr
Ae/2—zz—:ﬁ—|—w( )]  ge/2 —i[eB —w(R)]) }
N A2=i{B+ e w(k) +w(O)]}
)

) A2~ B+ Twlk) -

=(

{ )
w(l

{ JQe24ieEB—wk)])  GOe/2+ieB +w(k)]
w(l

)

X

A2+ —etwk) +w(@)]}  A2+H{B+ e w(k) - (5’)]}}
Putting (6.1), (6.5) and (6.6) together, gives

2Red2(\, k) = Re(\, k) + p-(\, k), (6.7)
with
A d T Tk (gl
R\ k) = _8152/ (W)ri = /T A= (0 (0, (6.8)
§0e/2 —ileprw®D 1

N2—i{B e wk) — WO} A2+ B + e 1w(k) — w(@)]}
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and

o a3 o §(0e/2 — ifeB + w(R)
PR = 5 [ e Lo B O O 5 Tl — e
f AOE/ D ) 3072 + i3 —wil)) _y

A2+ {8+ e Hwk)+w@)]}  AN2+i{8 — e Hw(k) + w(?)]

g(Ae/2 —i[ef —w(k)])
A2 —i{B + e w(k) +w(O)]}
{ 9 (Xe/2+ifef +w(k)]) g(Ae/2+i(ef —w(k)])) }}

A2+ i{B+etwk) +w()]} - A2+H{B —e M w(k) +w(@)] )]

The main contribution to £5.,, 9 (A) will come from the term R. (A, k) due to the difference w(k)—w(¢)
in the denominator that can become small. As pe(A, k) only has the sum w(k) +w(¥), we expect its

contribution to be small in the limit. More precisely, we will show the following result for the limit
of R-(\, k).

(6.9)

Lemma 6.1 Let .
G*(n, k +en/2)

Hi(\e) = R: (\ k - dndk 6.10
£(0,¢) RXT <A H) A+ i6Fw(k,n) ! (610)
and . A
v (k)PW (0, £k)dy/'dk [ G*(n, k)dn
Tir () = —2 : , , 6.11
Al W lrem il e (611
and yis .
l(k)|"W (0, £k)dn'dk [ G*(n,k)dn
Trer(N) i= —2 w/ : , , 6.12
S =227 f o TR — i (R)7] o AT i (B (6.12)
then
. 1
81—1>I(I)1+ Hi(Ne) = §(Itr()\) + Zrep(N)). (6.13)
On the other hand, p. (A, k) vanishes in the limit.
Lemma 6.2 For each A\ > 0 we have
Jim /\pe (A, k)|dk = 0. (6.14)

These two lemmas, together with (5.21)-(5.22) and (6.7) imply (5.24).

Proof of Lemma 6.2

A word on notation: for two functions f,g : D — R we say that f =< g if there exists C' > 0 such
that f(z) < Cg(z), © € D. We shall use the notation f ~ g if f < gand g < f.
Opening the parentheses in (6.9), we can write

4
k) =" pl(\ k).
j=1

We will only show that
lim / Ipt(\ E)|dk = 0, (6.15)
e—0 T
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as the other terms are analyzed in a similar fashion. To verify (6.15), it suffices to show that

3 1 dﬂ N Tk (ol
tin = [ e [ |00 @), (6.10)
g (Xe/2 —ilef + w(k))) G(Ae/2 +ilef + w(k)) ,
g ‘A/2 — {8+ e w(k) - (@]} ‘ 8 ‘A/2 B+ e (k) + (@] ‘ dkdtdl” = 0.
Change variables
ot 5_77, A VA 5_77/
(=Kt =k (6.17)
and let ,
72 (K )< 2 W) < T c (6.18)

be the image of T? under the inverse map, as below (5.17). The expression under the limit in (6.16)
can then be estimated by

13112 / dp / (We(n, k)]
e Jr (A2 + B2 Jpaxm,,, (N2 —i{B+ e w(k) — w(k +en'/2)]}]
dkdk'dn/

T2 B+ e (k) + w ey e e (6.19)
where
.= 1913 / dp / | W.(n, k)|
’ e Jr (A/2)? + B2 Jpaxr,,, A +iemt (WK —en'/2) + w(k' +en//2)) |
s dkdk' diy
(A2 —i{B + e Hw(k) — w(k +en'/2)]}]
and

oo gl / dj / W', 1)

T e RO+ B e, Dt ie (R — e /2) + w(k + e /2))]
y dkdk' dn/

A2+ i{B + e w(k) + wk — e /21

We used here the identity

1 B 1 1 1
(A\/2 —ia)(\/2 +ib) ()\/2 “ia )\/2+ib>)\—i(a— b)’

Now, we can estimate I; . as follows:

_ dp [We (o, &) dk'dif
I . < el / 7/ ’ ’
1e <ele|lglls e (V22 1 32 TXT,). wk! —en'/2) +w(k' +en'/2)

with

dk
r ::sup/ . <It+rC,
T aerJr lEA/2 —i(w(k) — A) | : :

with

Fi = su /wmax du
T e e N2 —i(u— AW (we(w)]
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Recall that w_, w, are the decreasing and increasing branches of the inverse function of the dispersion
relation w(-). Our assumptions on the dispersion relation imply that

W (wx(u)) ~ (Wnax — u)1/2, for wmax — u < 1.

The consideration near the minimum of w is identical unless wpyi, = 0, in which case |w'(k)| stays
uniformly positive near the minimum. Therefore, we have

1
du
It < sup/ je_l/zlogs_l.
7 At ) B AV

We obtain therefore

1 AN ! 71/ +oo 1/2 1
L. =< e?log 5_1/ (We(n', K')|dn’ dk / / log e™"dqdu Lo,
’ T.x1 WK —en'/2) + w(k' +en'/2) (u+e(gA1))(1+ ¢g3+2%)

as ¢ — 0, due to (5.1) and (2.19), and since if wpyin = 0, then w(k) behaves as |k| near the mini-
mum k = 0. One can easily verify that the right hand side vanishes, with € — 0. Similarly we obtain
also that

lim I, =0,

e—0+

which finishes the proof of Lemma 6.2. [J

7 The proof of Lemma 6.1

7.1 Outline of the proof

We now turn to the proof of Lemma 6.1, the main ingredient in the computation of the limit
of £5.421(A). We will only consider the term H (A, ), as the computation of the limit of H_ (), ¢)
is essentially the same. We will focus on the harder case when the dispersion relation w(k) is smooth
both at its maximum k£ = 1/2 and its minimum k& = 0, so that the inverse function has a square root
singularity at each of these points. That is, the two branches of its inverse w4 : [Wmin, Wmax] — [0, 1/2]
and w_ := —w satisfy

Wi (w) = +(w — wmin)_1/2x*(w), W — Wiin < 1,

and
W;:(w) = i(wmax - w)_l/zx*(w)a Wmax — W K 1,

with x., x* € C°°(T) that are strictly positive.
Using (6.8) and the change of variables (6.17) we can write

Hi(\e) = (7.1)

2 dBdn / W.(n/, k')dkdn/ dk’
dme RxTy. (A/2)2 4 B2 Jrxrz A2 = i{B + 7 w(k) — w(k +en'/2)]}
y g (A\e/2 —i[eB + w(k)]) | LGk +en/2)

N2+ i{B+ewk) —wk —en/2)]} T A+idTwlk,n)

In fact, we may discard the contribution due to large 7', thanks to assumption (5.1). More precisely,
let H (X, €) be the expression analogous to H4 (A, &) corresponding to integration over 1’ and k' over

) 1—ep/
72 = [0 K) ) < g, W) < 2T oy, (72
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with § as in (5.2). Due to (5.1) and (2.19) we have

1 d”/ 2K
< = — — L. 7.
H+()‘7 6) H+(/\7 5)‘ 2 /17/>5/(21005) (1 ("7/)2)3/2 ) v e ! ( 3)

In what follows we restreict ourselves therefore to studying the limit of ﬁ+()\, €).

The main contribution to the limit comes from the regions where w(k) ~ w(k’), that is, where
either k ~ k’ — this generates the transmission term, or k ~ —k’ — this is responsible for the reflection
term in the limit. The smallness of these regions will compensate for the factor 1/ in front of the
integral in (7.1). To distinguish the contributions of these two regions, we decompose

I,(\ ). (7.4)
>

ve{—,+}

Here Z,(\, €) correspond to the integration over the domains Ta L L=

Tgb = [(k‘,n',k/) €T xT?: signk = wsign(k’ + 677//2)],

so that the integration over 7. 53 o will generate the transmission term, and over T?’,_ the reflection.
Changing variables k' := 1k + en”’ /2, and using the fact that w(k) is even, gives

Love) = A / dBdn W.(n, ik + e’ /2)dkdr dny’
S 8T Jrur,,. (V2)2 4 B2 s, M2 —i{B + e w(k) —w(k +o(en /2 +en’ [2))]}
g (\e/2 —i[eB + w(k)]) | G*(n,k +en/2)

XA/2+i{5+€_1[W(1€) —wk+u(—en/2+en2)]}  A+iddw(k,n) (7.5)

Here, TgL C T x Ty/. x Ty, is the pre-image of Tgb under the mapping (k,n’,n") — (k, 7, tk+en” /2):

//

1—eln|
2

T3, = |(k,n',n") s k€T, || < (/H <

, signk = sign (k + t(en/ /2 + &1 /2)) } .

(7.6)

We will pass to the limit ¢ — 0 in expression (7.5) in several steps. The first step will be to

replace the quotient e~ w(k) —w(k+u(en’ /2-+en” /2))] in the first denominator by —w’(k)(n'+n") /2.
That is, we will show the following.

250 )

Lemma 7.1 We have

lim {Z,(\,€) — ZMN )} =0, e {— +} (7.7)
where
(1) _ A dfdn W (1, Lk‘—l—sn”/Z)
L= 750 feen,, DI 2 s, =B — (B T 772} (78)
|G (Ne/2 —i[ef + w(k))) |? G*(n, k +en/2)

) A2+ i{f+ e Hwlk) —w(k+u(—en/24+en"/2))]} X N+ 62 w(k, 1) dkdn’dn”.

Next, we will replace a similar term in the second denominator by w'(k)(n' —n")/2.
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Lemma 7.2 We have

i {ZO (A e) = ZP (N e)} =0, e {~+}, (7.9)

where
T\ o) e ’y)\ dBdn W (n, Lk+€n”/2) 710
e =y /M% O+ B Js No—ip —wmr + 2y )

19 (Ne/2 —ilef + w(k)]) I? G*(n,k +en/2)
N2+ {8+ w! (k) —n")/2} ~ A +idTw(k,n)

The third step will be to replace the term |§ (\e/2 — i[e + w(k)]) |? in (7.10) by its limit |v(k)|?.

dkdn .

Lemma 7.3 We have

lim 7P\, e) = ZP (N o) =0, v € {~ +}, (7.11)
E—r
with
IO(r,e) = 12 dpdy / W.(7, Lk+en”/2)dk:dn’d77”
87 Jrxty,. (M2)2+ B2 Jrz, A2 —i{B — w/(k)(n +n")/2}

" v (k)? G*(n,k+€77/2)
N2+ B+ w0 —1)/2 " A+ iddwlk.y)

(7.12)

Next, we will approximate the Wigner transform W. (n',k+en’/2) by /V[Z(n’ ,tk), the test func-
tion G*(n, k +en/2) by G*(n, k), and 6T w(k,n) by w'(k)n, respectively.

Lemma 7.4 We have

lim IZ® (N e) —IW (N e)| =0, ve{—,+}, (7.13)
with
IO e) = A dBdn / W.(n/, Lk)dkdn’dn”
’ 87 Jrxr (A/2)2 + B2 Jrxme A2 —i{B —w/(k)(n +1")/2}
v (k)| G*(n, k) (7.14)

N2+ {8+ w/ ()7 —n")/2} " A+ i (k)

The last step will be to pass to the limit in /I/TZ (1, k) and integrate in 3, which is done in Section 7.5.

7.2 The proof of Lemmas 7.1 and 7.2

We only present the proof of Lemma, 7.1 since the proof of Lemma 7.2 is very similar except somewhat
simpler. We will also only consider : = 4 (the transmission case) in the proof of Lemma 7.1, as the
reflection case can be treated in a similar fashion.

Let us drop the subscript +, setting

I(he) =T (\e), TN e) =TV e),
to reduce the number of subscripts. We split the domain of integration T3 ' into four regions

T2 =k ") € T2 0 1tk > 0, ia(k —erf /24 en/2) >0, w0 € {~,+},  (7.15)

21



and write

 Taaha 200,09~ 3 A0

L1,L0=1% L1,L0=1%

We will only consider the case ¢; = 15 = +, as the other cases can be done similarly, and set
I(he) =Tpr(he), W) =T (A o).
Our goal is to show that for any ¢ > 0 we have

limsup |[Z(\, &) — ZW (A, €)| < 0. (7.16)

e—0

We perform the change of variables
wo = w(k), wyimwlk— e /24 e [2), waimwlkten /24 en"/2)  (TA7)

in the integrals over k,n’,n", to get
Z(\e) —IM (N e) (7.18)

_ V_M/ dfdn / We (e o (w2) — we (w1)], (1/2)[wo (w2) + wi (w1))
Are? [y, (A/2)* + B2 A2 —i{B+ e (wy —wa)}

A (wy, wo, B)[F (e /2 — i(eB+wo)) 2 G*(,ws (wo) + n/2) ﬁ 1
Iy

A2+ + e (wo —wi)} A+ 02 w(wo (wo), m) wi(w;))

dwodwl dw2 N

with D, C [wmin,wmax]?’ — the image of Tg oAt under the change of variables mapping,

e~ tow, (W', w)
AN2Fi{f+eHw—w)+ e lw(wi(w))dws (W', w)}’

AY (w' w, B) == (7.19)

and
Swy (W', w) = wi(w) —wi(w') — oy (w)(w —w').

Let us explain some difficulties in passing to the limit in (7.18). Formally, we have a factor of ¢ 2
in front of the 1ntegral compensated by the terms of the order Lin the first two denominators.
The factor of e* in the first argument in W seemingly would then bring a collapse of one variable
of integration and show that the overall expression is small in the limit. However, there are two
obstacles: first, the factors w'(w (w;)) have a square root singularity at wmin and wmax, so that the
effect of the e~! terms in the first two denominators is reduced. Second, the terms of the size 3 are
not necessarily small and may influence the limit since the domain of integration in 3 is all of R.

In order to deal with the first issue, using assumption (5.1), we see that there exists 6y > 0 such
that for all (wy,ws), for which we have

—

. (1 oy (02) — g ()] 3 o () + w+<w1>]) 0, (7.20)

provided that either wy, wy € [Wmin, Wmin+00), OF W1, W2 € (Wmax — 90; Wmax), and (wo, w1, wz) € De
for some wy.
We can further write

I\ e) —IW (N e) ija,
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where the integration is split into the regions |w; — wsy| > dp/4 and otherwise. From (5.1) and (7.18)
we conclude that |J; c| < €. If, on the other hand |w; — wa| < dp/4 we only need to be concerned
with the integration over wy € I(dy/2), where I(0) := [Wmin + J, Wmax — 9], as otherwise the integrand
vanishes because of (7.20). The above implies that wy € I(d9/4). Since wy € C°(I(d9/4)) we can
can find C > 0 such that, after integration in 7, we have, with a constant depending on A:

1 g [eme e (w2 — wn))
Joe| X Re = —/ —/ dw / /
| 2’€| c g2 RxTy/¢ 1+ 52 . 0 1(60/4) J1(60/2) 1 + |5 +em l(wo o ZU2)|

Wmin

1A (wy, wo, B)|duwy dws

=R+ RZ
1+|5+€_1(ZU0—ZU1)| € €
The two terms above correspond to the integration in wy over the regions I'(p) := [wmin, Wmax| \ ()
and I(p), with p < dp/8. We have
1
Rl < =3 / <1 + > dwo/ / w2 — wl)) dwidws
&3 Jr(p) (w+ wp)) 1(50/4) J 150 /2
1 1 dg
X X X 7.21
/nal+\5+€_1(wo—w2)\ 1+ |8+ Hwo —wi)] 1+ 52 (7.21)

2
53 (o) 0 L ),

— dwyg (wg — wy)) dwidw
3; '(p) (w+ wp)) 1(50/4) 50/2 2~ W) dunde,

x/ _1 X dp . (7.22)

R 1+]8+e Y wy —wj)? " 1+ 52

An elementary estimate

1 dp 1
< R 2
/Rl+(6+a)2><1+62—1+a2’ e (7.23)

implies that

1 _ dwldwg
R1< / <1+7>dw/ / Calw—w .
el Z ' (w4 (wo)) ’ 1(60/4) 1(50/2 (1z = w1)) 14 e72(wo — wy)?

If wy € I'(p) we have |wyg — w;| > do/8, thus

Rl =< i (1 + > dZU(]/ / 'l,U2 — wl)) dwy dws.
5 I'(p) (W+ ?,U(] 0 8
We conclude that

1 1
lim su Rl / <1 + 7> dwy, € (0,1). 7.24
B R Z G S\ Tty ) 0 2O (r29)
Selecting p > 0 sufficiently small, we deduce
limsup R} < o. (7.25)

e—0
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Next, we fix p > 0 sufficiently small, so that (7.25) holds and look at the term R2, that involves
integration in wp over the region I(p). Note that wy € C*°(I(p)) and

inf w'(w > 0,
o (Wi (w))

hence

R2 < / / / e (wy —wn)) 1A (ws, wo) | dwodwy duws
: 1+52 1(60/4) J1(50/2) 1+|5+€ Ywo —wo)| — 1+[8+e Y wo —wr)|

After the change of variables w} := e~ (wy — wp), wh = e~ (we — wp), B := B — wh, the expression
in the right side can be estimated by

A ()
0 (Clwy —wy))  |AY (w2, wo, )]  dB 1), 72
= d dwid =7 7, (7.26
* /np wO/WO o w2/1+m+w2—w1\x T Bru? “Trpg e e (120)

with
A o w, ) = e 1w, (W, w)~
) S B e e o () ()]
and
~ wWHew
dewy (W', w) = —/ (W (v) — W (w))dv = wy(w) + W (w)ew — wy(w + ew’). (7.27)

The two terms in the right side of (7.26) correspond to splitting the region I.(6y) C [~Ciet, Cre1]?
of integration in wy, wy (the image of I(dp/4) x I(d9/2) under the above map) into two sub-regions,
corresponding to the integration over

Be(p') = [wz : |wa| < p/e]

and its complement, with p’ > 0 is to be determined later. Note that in both regions we have the
estimates

lim e *.wy (w',w) =0 for each w,w’, (7.28)
e—0
and (Cuw)d )
¢ (Cw) dw
= , BER. 7.29
fEFra T (72

As the domain of integration in (7.26) depends on ¢, even with (7.28) in hand, we still can not apply
the Lebesgue dominated convergence theorem directly. In addition, we have the estimate

1AD (w, wo, B)] < | 6o (w, wo)| = ew?, (7.30)

for all wy and w in the domain of integration in (7.26). Integrating out the w;-variable using (7.29)
and (7.30), we obtain

p'/e 2 p'/e 2
/ dwo/ dw/ W 5 _/ dwo/ v du2) <. (7.31)
I(p) p/e Rl"i'(ﬁ“‘w) 1+5 p/€1+w

It follows that

lim Z(M < (7.32)

e—0
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for a sufficiently small p’ € (0,1).
For the second term in the right side of (7.26), we use (7.29) to integrate out the w;-variable
once again, and write

(2) _ + ww0)| dp _ 720 (2,2)
A / dwo//dw T+ (Bt w)? ><1_|_52 VA S ASES (7.33)

Here, I C [p'/e < |w| < C4/¢] is the projection of I. N BE(p’) onto the we-axis. The first integral in
the right side of (7.33) corresponds to integration over the set

[(B,w) € R : |8+ w| < [w]**]
and the second over its complement. We split again
18(2,1) :I( )+IE(_)’

according to the integration in w over IF = I N [w > 0] and its complement, so that

(21 / dwo / e by (w, w0)|dw/ dp ~
1(p) I 1+ w? [8—w|<|w3/1) 1 4|8 — e~ 1w/ (w4 (wo))dews (w, wo)]

(7.34)
Let us set
2o, ) = €71 (e () B (0, ) = o — 0L ) — e {00)
| T w)
so that
w — ze(w,wp) > w?, for all wy € I(p) and w € I, (7.35)
for all € > 0 sufficiently small. Then, we have
wiwt g wtw?i—ze g3 1+w+uw*— 2
Z = _— = =1 ).
= (w, wo) /w_ws/4 14+ |8 — 2| /10—1113/4—25 1+ 4] Og<1—|—’w—w3/4—zg>
It follows from (7.35) that by taking e sufficiently small we may ensure that
limsup  sup | Ze(w, wp)| = 0. (7.36)
=0 wOGI(P)ﬂUGIJ
Then, using (7.30), we get
2
(2,1) cw dw o
Z Z- — .
G dw | 1zl <G (7.37)
for € > 0 sufficiently small. A similar calculation yields the same estimate for Ié?;l), thus
limsup Z>Y < o, (7.38)

e—0

As for 1'5(2’2) we can write

722 < / dwo/ e bew (w, wO)’dw/ dﬁ~ .
I(p) . 1+ w?/2 R (1+ |8+ et (w(wo))dew (w, wo)]) (1 + 52)
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Using an elementary estimate

1 s 1
X = , € R, 7.39
/Rl+\6+a\ 1482~ 1+a ° (7.39)

we obtain

15(2’2)‘</ dwo/ 6_1|55w+~(w,wo)|dw ‘
i) e L+ |t (wy (wo))dewo (w, wo) 1 (1 + w??)

Here, we can use the Lebesgue dominated convergence theorem and (7.28) to conclude that

lim Z>? = 0.

€
e—0

This finishes the proof of (7.16).

7.3 The proof of Lemma 7.3

Let us note that the integration in n” both in expression (7.10) for 7® and (7.12) for 7% would
bring out the factor of [w'(k)]~! that is not integrable. This singularity should be compensated by
the g-term in (7.10) and by its limit [ (k)| in (7.12), as can be seen from (2.27), (2.28) and (2.31).
The following auxiliary result will allow us to use this argument.

Lemma 7.5 For each ky such that w'(ks) = 0, we have

lim limsup sup |g(e —i[f +w(ks)])| =0. (7.40)
=0 =0 Be(=5,8")

Proof. As follows from (2.25), it suffices to show that

lim liminf inf |J (e —i k)] | = 400, 7.41
Y gt 08 ) V(2 =5+l | = 4o o

with J(-) as in (2.24). Consider the point k, = 1/2 where w attains its maximum wyay = w (k) > 0,
and write

. , i dr dt
J(e—ilp+ o)) = 5{ /T EtAtol) o) /T i+ B+ w(ks) —w<€>}'

Hence, (7.41) would follow if we can show that for each M > 0 there exist £¢, g € (0,1) such that

‘/Tz'e+6+cj(€k*)—w(€)‘ > M, e (—d0,d), ¢ € (0,20). (7.42)

The real and imaginary parts of the expression under the absolute value in (7.42) are

_ [8 4+ w(ks) — w(0)]dl o edl
= /11‘ 2B —wep = /11‘ 2+ [B+wlk) —w(O)]

Changing variables u := w({) — 3, we obtain

Wmax—0 d
=(8)] > / : v

62 + [wmax - u]2 8 ‘w,(w"‘(u + 5))’ '

Wmin—
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Choosing a sufficiently small §y > 0, we see that
| (wi(u+ B))| <7/(2M) for |B] < dp and u € (Wmax — 005 Wmax + %0),

hence

2M /Wmax +do Edu
w

inf . > '
56(1_1%0750) l7=(B)] > . €2 + [Wmax — u)?

max —060

It follows that for a sufficiently small €y we have

inf j >M, e¢e(0,¢e
PRUSNACIE (0.20)

and (7.42) follows. O
We now turn to the proof of Lemma 7.3. Once again, we will only consider ¢ = + and drop the
subscript + in the notation. Let o > 0 be arbitrary. For p € (0,0/4), with 6 > 0 as in (5.2), we let

L(p) = [k : dist(k, Q) < p], Q:=[keT: ' (k)=0]C{0,1/2}, (7.43)
with p to be specified further later. We can write
AN e) —T® (N e) =T (N e) + I3\, ),

with the two terms corresponding to the integration in (7.10) and (7.12) in the k-variable over L¢(p),
the complement of L(p), and L(p) itself, respectively. Since |w’(k)| is bounded away from 0 on L¢(p),
an elementary application of the Lebesgue dominated convergence theorem implies that

lim Z(\, e) = 0. (7.44)

e—0
Assumption (5.1), (5.2) on the support of Wg(n, k) in k allows us to write
T2\, )| < Z%H (N e) + T2 (N e), (7.45)

where

F2()¢) / db 1612 (8, %) o o()dkdn/dn”
T R (M2)2 4+ B2 JrpyxBGe)xase) LT B W (R)( —n") /2] 1+ B —w (k)0 +n")/2

with

A(6,e) = [n": 8/(2e) <|n"| <6/e], B(8,) :=[nf: || <5/(2'%)] (7.46)
and
01e(8,k) =19 (Ne/2 —ileB+wR) P, G2e(B,k) = v (k)* < [ (K)|- (7.47)
The last inequality above follows from (2.26) and (2.29). It follows that
=92 ds |w' (k)] e(n')dkdn'dn”
P02 | AT fsaomasn TF T @0 =TT S0G 7773
< C(Jy +J2), (7.48)

with
7 ._/ o(n)|w' (k)|dkdn' dn”
T L BGexaee L+ W E@ £ 02

(7.49)
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and a constant C' > 0 independent of ¢, p. We used the Cauchy-Schwarz inequality and (7.23) in the
last inequality in (7.48). Note that

()|’ (k)|dkdn' dn

Ji ::/ . 7.50
Lp)xB(e)x A(s,e) L+ [/ (k)(n" £1")]2 (7.50)
Changing variables n” := w'(k)(n' & n") we conclude that
/ dk,d /d /!
Ji < / pl)dkdndi (7.51)
Lipyxrz 1+ (1"
provided that p > 0 is sufficiently small.
As for the term Z%'()\, ), using Cauchy-Schwarz inequality we obtain
ill(/\’ 5) = Ke,+ + Ks,—,
with
K. +(p) / dp d1,6(B, k)p(n')dkdn' dn”
7:|: :_
: L+ 62 Jo(pyxB@Ge)xAGe) L+ 18—/ (k) (" £1)/22 (7.52)

= K! (p,p)+ K2 (p, 7))

The terms in the right side correspond to integration over the regions

KL (o) = 1B,k on") € R x Lp) x R x A(8,) : [if| < §/(2'%¢), |8] = p'e™],
K2 (p:p') = (B ko) € R x Lp) x R x A(d,¢) = || < 6/(2%¢), |B] < p'e™],
with p/ > 0 to be chosen later. Since w'(ks) = 0, for each p’ > 0 we can find p sufficiently small so

that
18—/ (k)" +n)/2| = Bl/2,  on KL (p,p).

Therefore, for each p’ > 0 we can find p > 0 sufficiently small so that

1 ds
Kii(por) = - /

——— — 0, — 0, 7.53
181>pre-1) (1 + B82)? e (7:53)

with the pre-factor e~! coming again from the integration over ” in (7.52) . Finally, we can write

dp o(n')dkdn' dn”
K2, (p.p)) <m p,p’/ / ,
e+(p:0) < melp,) T+ B2 JL(yx (i 1<s/@e) x As.e) L+ 18 — ' (R) (0" + 1) /22
where
& :=p + sup |w(k) —w(k)], me(p,p) = sup [G(eX—i[B + w(k.)])]>.
keL(p) p'e(—=d",0")

Using (7.23) again gives

Ndkdn' dn"
K2 (p,p) =m p,p’/ o)
et(p:) (0. Lip)x [l <6/(21002) x A(5,¢) 1+ [w/ (k) (0" +17)|?

me(p p')/ _ dkdy”
T kA 10,22) 1+ W (k)02
dk 12|w' (k)| 8lw’ (k)|
= me(p, p' / — [arctan <7 — arctan .
E( ) L(p) ]w’(k‘)\ 9 5e
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Using a well known trigonometric identity we write

(M) — arctan (M) = arctan ((12 — /5 R {1 + W}_l)’
€

arctan

2¢ 5 g2
therefore
0 dk (k/e) % g, k
2
K (p,p") = me(p, P/)/O - Arctan <m) = me(p, P/)/O - Arctan (m) = me(p, o).

Lemma 7.5 implies now that we can choose p, p’ so small that

lim sup K€27+(p, )= o. (7.54)
e—0

Combining (7.53) and (7.54) we conclude that for each o > 0 there exists p € (0,1) such that

limsup K. 4+ (p) < o. (7.55)

e—0

The analysis for K. _(p) is very similar, finishing the proof of Lemma 7.3.

7.4 The proof of Lemma 7.4

As usual, we only consider ¢+ = + and drop the correspon(}ing subscript +. A straightforward
computation using (5.1), the regularity of the test function G(n, k), and (7.23) shows that we can
replace G*(n, k +en/2) in (7.12) by G*(n, k), and 6Fw(k,n) by «'(k)n, so that

IZG) (X, ) —ZG) (N, e)] = 0, as e — 0, (7.56)
where
FO)(r¢) = A dBdn ’WE@', k+ en" /2)dkdn dn"
87 Jrxr,,. (M/2)2+ B2 Js, A2 —i{B — w/(k)(n +n")/2}
v (k)2 G*(n. k) (7.57)

N2+ H{B+w (R — 02 A+ i (k)

We change variables k' := k + e’ /2 in the right side to obtain

—

= (3) _ A dpdn W.(n, k)dkdn' dn’
PO = /m% (V22 + P2 /U N2 =B — (k- el ) + )2}
lv(k —en’/2)[? G*(n. k)
O Vo F R ey o ) Sl W M (7.58)
_ / dpBdn W.(n, k)dkdn iy’
87 Jrxt,,. (A/2)2+ 5% Ju. A2 —i{B— (k)0 +1")/2}
(k)P C0R) L n o

N2+ B+ (k) —n")/2 " A+ i (k)
with, cf (7.6),

i

1—e¢ln
2

U, = [(k,n’,n”) ckeT, |y < k| < , sign(k — en /2) = sign (k +en/2) | . (7.59)

2100,
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The term o(1) in the right side of (7.58) appears because we have, once again, approximated the
arguments in G* and o/ by k in the very last factor, despite the latest change of variables. The
error A., that we now need to estimate, appears in (7.58) because we have replaced the arguments
of W’ by k in the first two factors.

Thanks to assumption (5.1), the integration over k in (7.58) is only over the complement of the
set L(0), see (5.3). We can write then (cf (7.46))

G*(n, k)|
Al < / de(k,n', 0" o0 ‘%’dkdndn’dn” =AL+ A 7.60
1A ¢(8)xRx B(5,e) xR el )l )\)\ + iw’ (k)n| °F (7.60)

The terms AL and A correspond to the integration in " over the domains A’(d,¢) := [|n| < 6/(2¢)],
and A”(6,¢) = [[n"| = 6/(2¢)], and

roN L ag 1
L= | e i o T T
) (k= e 2) . 1
A2+ i{B+w(k—en'/2)(n —n")/2} A2 —i{B (k) +1")/2}

v (k)|?

S o) (o

Using (7.23) we can estimate, for (k,n,n") € L¢(0) x B(d,e) x A'(d,¢):

d=(k,n',n") = ! ! (7.62)

+ .
— 1+ (77/ _ 77//)2 1+ (77/ + 77//)2
As d.(k,n',n") — 0 pointwise, we can apply the dominated convergence theorem in (7.60), to get

lim AL = 0. (7.63)

e—0
To estimate A”, observe that (7.23) implies
de(k,n',n") 2> (d (ks n") + d2 (ko "))
==
with

vk —en/2)?
L+ [w'(k—en”/2)(n +m")]*

v (k)|?
14 [w' (k) (0" + )2

ve{— +}

(7.64)
As 0] is larger than §/¢ on A”(4,¢) and |w'(k)| is bounded away from 0 on L¢(J), the decay
of p(n') allows us to apply the dominated convergence theorem, to obtain

2 (k' ") = A2 (k' ") =

. . G* n,k
lim d? (km’m”)w(n’)M

, dkdndn'dy” =0, o€ {—,+}. (7.65
€20 J1e(5)xRx B(5,e) x A7 (5,¢) |A + i’ (k)| =ty (765)

For the terms d;’L, we consider only the case « = +, as the other case can be done similarly. Note
that
B(3,e) x A"(8,e) C A1(d,¢) = [(n,n") e Rx A"(d,¢) = | + "] > [n"|/2].
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Hence,

G*(n, k)|
dlk, /’ /! / | .7 dkdd/d//
/LC(J)XRXB(cS,s)xA”(J,e) e (o1 )(p(n)|>\+lw'(k)77| e
G*(n, k)|
<D, := / d(k, ', 0" ey |,7’dkdndn’dn”. 7.66
= Lo xRx AL (56) o )l )|/\+Zw'(k‘)77| (7.66)

For any «' € (0,1) we can write

\V(k—E??'//Q)P "
D. < / dkd
: @)xA”(5,) L+ W (k —en”/2)n"] K

vk — e j2) dhdr
= X - - 7.67
/Lc@)xwﬂ W e W = (7.67)

dkdn’ o ,
4/ " 77,:@’ 11+k' j/ #ngﬁ —>O, as ¢ — 0.
Le(§)x A" (6 |w ( —E&n /2)| |77 | A" (8,€) |77 |

We obtain from (7.65) and (7.67) and its analog for « = — that

lim A” =0, (7.68)
e—0

which, together with (7.63) gives
hn%) A.=0. (7.69)
e—

We have shown that
FO(e) = A / dBdn / W (1, k)dkdy'dn’"
’ 87 Jrxty,. (A/2)2+ 8% Ju. A2 —i{B = (k)(n' +n")/2}

v (k)[* G*(n, k)
N2+ B+ (k) —n")/2) A+ i (k)

Now, the dominated convergence theorem allows us to pass to the limit in the domains of integration
n (7.58), leading to (7.14).

+o(1).

7.5 The end of the proof of Lemma 6.1
As a result of Lemmas 7.1-7.4, together with (7.4), we know that

dBdn W.(1/, Lk)dkdn’dn”
My - Z/Rz (A/2)2 + 2 /M@ A2 = i{B —w' (k)" +n")/2}

. (k)P __Gmb)
A2+ B+ w (k) —n")/2} A+ (k)n

as ¢ < 1. Recall the elementary formula: for g+ € C such that Imgy > 0 > Img_ we have

+o(1), (7.70)

d 271
/ q = (7.71)
r(@—as)@—a-) ar—aq-
Performing the integral in the n” variable in (7.70) we obtain
A dpdn / V() PWe (', k)dkdy' G (. k)
H = X : +o(1). (7.72
5L o TR T o T i Ty + 0 072
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Integrating out the S-variable we get (recall that @'(k) = w'(k)/(27))

Lk G*(n, k ,
g/mz ' (k )\—FL(ZZJ (k:)) 7" Aﬂg/(k))ndkdndn +o(1). (7.73)

An analogous formula holds for H_(\,e). Letting ¢ — 0 we obtain (6.13), finishing the proof of
Lemma 6.1.

8 Proof of Lemma 5.2: the limit of £, 5, (\)

We now turn to the computation that leads to (5.25) the second and final ingredient in Lemma 5.2:

al—l>r(1)1+ ‘Qscat 22()‘) =0. (81)

Observe that, as follows from (5.21) and (5.22), we have

e o= -2 [ o2 (k)] [G*(”’ kxen/?)  Gmk—en/ 2 and (3.2)
seat,22 mxr o LA+isTw(k,n) A +idzw(k,n)
with
+oo t
2O\ k) = e /0 e"\stdt{ /0 e (g5 p(s)g % Y1), }ds. (8.3)

A lengthy calculation, similar to that at the beginning of Section 6, leads to an expression

2 za)\’yw Blgler/2—ip)[*dp
Im0o (/\ k) / { E)\/2 /@ + w(k )]2}{(6)\/2)2 + [,8 - w(k)P}

<1/)( ¢* f’ dfdf’
<. N2 —ilF —wl(l >]}{eA/2+zw SO} 8.4
hence
. _iely? G*(n,k +en/2)  G*(n,k —en/2)
S =5 [ Ntitw(kn) | Ao (k) (85)

y w(k)Blg(eA/2 — iB)|? e (O (¢)) . dBdndkdldl
{E2/2) + [B+wk)ZH(EN2)2 +[8 —w(R)P}HeA/2 = ilB — w(O]HeA2 +i[B — w()]}

After the change of variables 8’ := 713, we get

c M Blg(eX/2 —iep)|*dp
Locat,22(A) = - Tw(k‘)ge(k‘)dk/R (22 + [+ e w®EHO/2)2 + [ — e lw(k)2)

(D(0)* (0)) . dedl

) /T2 {2 —i[B — e tw(OIHA/2 +i[B — e~ Tw ()]} (8.6)
with
[ [Gmk ey Gk —en/2)
Gel) = /]R At idtw(k,n) A+ oz w(k, 1) (8.7)

_ / G*(n, k +en/2)[2w(k) — w(k +en) — w(k — en)] g
A N+ [T wlk, mP) "
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Let us first assume that w € C°°(T). Then we can estimate

1G=(k)] = eflw”[loc /RU2IICA¥*(77, ocdn < ¢, (8.8)

while the last integral in the right side of (8.6) is bounded by

= < /. W)M@D < 2 (1) =1 (89

e

Hence, we have

o e”'w(k)8dB
o 3] = / A P R - (#10

_ (k)8 B

= / d’“/ e 5+s—1w< Y1+ B — e (M)
(k)8 dB

*E/ dk/ e 0T 5+6‘1w( )12}{1+[ —rlw(k)}?}

B k)/e -1 w( (—1 (k:)— +o0 — 1 (k:)+ﬁ) g
N /dk/ 1+ [2etw(k) — B2 1+52 /dk/ 1+ 5+2a—1w(/<;)]2 14 82

Using the dominated convergence theorem, we conclude that

ilg%) £§cat,22()‘) =0. (811)

Finally, consider (8.6)-(8.7) when w € C*°(T \ {0}). Let 0 > 0 be arbitrary, and take A > 0, to
be chosen later. We can write

Locat22(N) = ‘8270%1:‘,,22()‘) + ‘8270?1:‘,,22()‘)7

where the terms in the right hand side correspond to the integration over [k : |k| < Ae] and its
complement. As w is Lipschitz, we have

1G-(h)] = /R G (1, oo < 1

Using (8.9) we write

o ~Lw(k)Bd8
)] = /nwe] dk/o {1+ B+ wk)PHI+[8 - w(k)P}
o =~ (k)3d8
: /[RISAE} dk/o [ r e @B+ — = WP}~ (8.12)

Finally, we write
2 ,21 22
£icat,22()‘) = £icat,22()‘) + ‘gicat 22()‘)

corresponding to the partition of the integration domain in 7 into [n : || < A/4] and its complement.
In the first case, as |k| > Ae and |n| < A/4, we can still use estimate (8.8), hence

iy 25240 (3) =0
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In the other case, we can estimate

+o0 -1
e22 0y G (0. ) lood dk e 'w(k)BdB
‘ scat,22( )’ = /[17|>A/4] ’T,‘H (77 )H T,/“k>A€] /0 {1 + 8_1(,0(]{7)5}{1 + [5 - 8_1W(k7)]2}

= / nlIG* (1, oo < o, (8.13)
[ln]>A/4]

provided that A is sufficiently large. This finishes the proof of (5.25), and that of Lemma 5.2 as
well.

9 End of proof of Theorem 2.1

In the present section we show Theorem 2.1 assuming that the Fourier-Wigner transform of the initial
data satisfies (2.18) rather than the stronger assumption (5.1). Suppose that o > 0 and G € S(RxT)
are arbitrary. Let us decompose the solution of (2.6) as

72)(75’ k) = 7211(15, k) + &2@7 k)7

where
- iw e _ 1 INY*T 71 i w
a6,k = { — i) () = 7 [ 168 = 4KV Yt + i/ Tdu) o)
B0, k) = Bk xa (k)
and
d@2(t,k) . N I\ \* /
T =~ ) o [ [3r) - @ r) ] av. 02

P?(0,k) = (k)[L — xs(k)],

with xs € C(T) such that 0 < x <1, x5 =0 on L(d) (see (5.3)), xs = 1 on L(20) and 6 chosen so
small that

lim sup eB. [[{/(1 = x5) | 72(p) < - (9.3)

e—0+

Let we(A,n, k) and @ 1(\,n, k) be the Laplace transforms of the Fourier-Wigner functions correspond-
ing to ¢(t, k) and ¢1(t, k) via (2.11). Using estimates (2.14) and (9.3) we see that

limsup sup / ‘@E(A,n, k) — )\ 1,k ‘ dk < o, for each A\ > 0.
e—0+ n€Ty)e JT

It follows, in particular, that

G*(n, k)@= (N, n, k)dndk — G* (n, k)@t (A, k)dndk| < o. (9.4)
RxT RxT

lim sup
e—0+

In addition, the initial condition for ¢! (¢, k) satisfies assumption (I3’) in (5.1). As we have already
proved Theorem 2.1 under this hypothesis, we conclude that

lim G* (n, k)WL (N, n, k)dndk = G* (n, k)@" (A, n, k)dndk, (9.5)
e=0+ JrxT RXT
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with @' (\,n, k) given by (3.18), but with /Wo(n, k) replaced by X%(k’)/ﬂ?o (n, k). Thus, for a sufficiently
small § > 0 we have

G*(n, k)@ (A, m, k)dndk — G*(n, k)D(\, 1, k:)dndk;‘ <o. (9.6)
RxT RxT

We have thus shown that

lim sup

e—0+

G* (n, k)@= (N, m, k)dndk — G* (1, k)@ (N, k‘)dndk‘ < 0, (9.7)
RxT RxT

which ends the proof of Theorem 2.1.

10 The properties of v(k)
In this section, we prove relation (2.29). The function
v(k) :=lim g(e — iw(k))
e—0
can be determined from the identity
v(k) (1 + v lim J(e — zw(kz))) =1.
e—0

Recalling (2.24), we write

. . . e —iw(k))dl 1 e
limy J(e —iw(k)) = limy | = —(iw(k))(2 )+)w2(5) = Li%/T = (k) 1 iw(0)
+2 lim it :i/¢+ilim/ e
2e—0 Jpe—iwk) —iwl) 2 Jrwk)+w(l) 2e=0)pic +w(k) —w(l)
Let us set
) = 1/ e _ /1/2 e _ /wm dv
2 Jrutwll)  Joo utwl) o [w(wiM)l(u+0)
and w
H(u) = 1 lim/ d—€ = lim " — dv. ,
2e=50 Jpie+u—w(l) 50 ), W (wit(v))|(ie +u—v)
so that

(k) :

v(k) = )
1+ y(G(w(k)) + H(w(k))

In our situation, with u = w(k) € (Wmin, Wmaz ), we have

H{w(k)) = m {Ho(w(k:)) + lim / o d—”} , (10.2)

e=0Jy . ie+w(k) —v

(10.1)

with a continuous, bounded and real-valued function Hy(u). For any a,b € R and ¢ € (a,b), we have

b (c—a)/e (c—a)/e o _
/ ,divz/ v :/ M:—m—l—logc T4 o0(1). (10.3)
o le+c—w —(b—c))e L —(b—c)fe 1HW b—c
As G(u) and Hy(u) are real-valued, using (10.3) in (10.1) immediately gives
_ ™ 2
Rev(k) = (1 + ’w,(k)‘>\u(k)\ , (10.4)

which is (2.29).
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