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1 Introduction

There are numerous problems wherein fractional derivatives (non-integer order deriva-
tives and integrals) attain a valuable position [1-25]. It must be emphasized that fractional
derivatives exist in many technologies, especially they can be described in three differ-
ent approaches, and any of these approaches can be used to solve many important prob-
lems in the real world. Every classical fractional operator is typically described in terms
of a particular significance. There are many well-recognized definitions of fractional op-
erators, we can also point out the Riemann-Liouville, Caputo, Grunwald—Letnikov, and
Hadamard operators [26], whose formulations include integrals with singular kernels and
which may be used to check, for example, issues involving the reminiscence effect [27].
However, within the year 2010, specific formulations of fractional operators appeared in
the literature [28]. The new formulations diverge from the classical ones in numerous
components. As an example, classical fractional derivatives are described in such a man-
ner that in the limit wherein the order of the derivative is an integer, one recovers the clas-
sical derivatives in the sense of Newton and Leibniz. In addition, new fractional operators
[29-31] with a corresponding integral whose kernel may be a non-singular mapping have
been currently proposed; for instance, a Mittag-Leffler function [32]. In such instances,
integer-order derivatives are rediscovered by supposing suitable limits for the values of
their parameters.
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On the other hand, there are numerous approaches to acquire a generalization of clas-
sical fractional integrals. Many authors introduce parameters in classical definitions or in
some unique specific function [4], as we shall do in what follows. Moreover, in the present
paper, we introduce a parameter and enunciate a generalization for fractional integrals on
a selected space, which we call generalized k-fractional integral, and further advocate a
Pélya—Szego and Cebysev type inequalities modification of this generalization.

Inequalities and their potential applications are of great significance in pure mathemat-
ics and applied mathematics, many remarkable inequalities and their applications can be
found in the literature [33—46]. In view of the broader applications, integral inequalities
have received large interest [47-60]. Presently, many authors have provided the unique
versions of such inequalities which may be beneficial within the study of diverse classes of
differential and integral equations. Those inequalities act as far-reaching tools to look at
the classes of differential and integral equations [61-70].

Cebysev [71] introduced the well-known celebrated functional as follows:

TU,V) = ﬁ /gz UMV (L) dA

1 2 1 o
_(02_01 fm u(x)dx)(az_al /Gl vumx), (1.1)

where U/ and V are two integrable functions on [0, 07]. If i/ and V are synchronous, that

is,
(Z/I(k) - L{(w)) (V(A) - V(a))) >0

for any A, w € [01,07], then T(U, V) > 0.

Functional (1.1) has attracted the attention of many researchers due to its demonstrated
applications in probability, numerical analysis, quantum theory, statistical and transform
theory. Alongside facet with numerous applications, functional (1.1) has gained plenty of
interest to yield a variety of fundamental inequalities [72—76].

Another interesting and fascinating aspect of the theory of inequalities is the Griiss type

inequality [66] which states

— (R =
T, V)| < Q-gR-r
4

where the integrable functions ¢/ and V satisfy

g<U@®)<Q
and

r<V(}) <R
for all A € [01,0;] and for some ¢,Q,r,R € R.

Many famous versions mentioned in the literature are direct effects of the numerous
applications in optimizations and transform theory. In this regard Pélya—Szegé integral
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inequality is one of the most intensively studied inequalities. This inequality was intro-
duced by Pélya and Szegé [76]:

0B (G [y "
7 URV (R dr)? —4( a QR)' '

The constant i is a best possible constant such that inequality (1.2) holds, that is, it can’t

be replaced by a smaller constant.
By using the Pélya—Szeg6 inequality, Dragomir and Diamond [75] proved that the in-
equality

WU, V)| < 4((@_"& " UGy dx f " V0) da

03— 01)4/qrQR Jo,

holds for all A € [0y, 07] if the functions U and V defined on [0y, 03] satisfy
0<g<UML)<Q<o0, 0<r<V()<R<oo.

It has been extensively discussed that Pélya—Szegé and Cebysev type inequalities in con-
tinuous and discrete cases play a considerable role in examining the qualitative conduct
of differential and difference equations. As a result of these studies, many new branches
of mathematics have been opened up. Inspired by Pélya, Szegé, and Cebysev [71, 76], we
intend to show more general versions of Pélya—Szegd and Cebysev type inequalities.

Our present paper has been inspired by the resource of the above-defined work. The
principal aim of the present paper is to set up new Pélya—Szegé and Cebysev types integral
inequalities associated with generalized k-fractional integrals. We introduce parameter
k > 0 and generalize the results in such a way that the existing results can be explored too.
Thus, the results provided in this research paper are more generalized as compared to the

existing results.

2 Preliminaries
In this section, we demonstrate some important concepts from fractional calculus that
will play a major role in proving the results of the present paper. The essential points of

interest are exhibited in the monograph by Kilbas et al. [27].

Definition 2.1 (see [27,77]) Let p > 1 and r € R. Then the function I/(¢) is said to be in

L, [v1, 2] space if

- D or }7
UL, 01,00] = (/ lu@)|’¢ d§> < 00.

1

In particular,

1
vy »
Lp,O[Ulr UZ] :Lp[vl,UZ] = {u' ”u”Lp[vl,uz] = (/ |u(§)|p dé‘) < OO}'
v
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Definition 2.2 (see [78]) Let p > 1, U € L;[0,00) and ¥ be an increasing and positive
monotone function defined on [0, 00) such that ¥’ is continuous on [0,00) and ¥ (0) = 0.

Then U is said to be in x/, [0, 00) space if ||L{||X5/ < 00, where ||L[||X§ is defined by

Wi - ([ uerwoa)

for 1 <p<ooand

WUl = ess sup [W'(ENU(E)]-

0<¢<oo

In particular, if ¥()) = A, then x4 [0,00) coincides with L,[0,00); if ¥(A) = logA, then

x5 [0,00) becomes L,, 1[0, 00).

Definition 2.3 (see [27, 77]) Let 01 < 0, and U € Li([01,03]). Then the left and right

Riemann-Liouville fractional integrals of order ¢ > 0 are defined by

A

TEUG) - %Q) (=0 UC A (> o)

and
Q L ” _ el
TEUG) = 1 A € -NCUC e (<),

respectively, where I" (o) = fooo t°~te ! dt is the gamma function [79-87].
Now, we recall the definition of k-fractional integral [88].

Definition 2.4 (see [88]) Let 01 < 0y, k >0, and U € L1([01,02]). Then the left and right
k-fractional integrals of order ¢ are defined by

THURN) = : /k(l—f)i_lu(é)de“ (A >01)
7 krk(Q) o1

and

Joj U0 = / -0 U (<o),
A

kIi(0)

k
respectively, where I'(0) = fow t0-1¢~T dt is the k-gamma function [89].

A generalization of the Riemann—Liouville fractional integrals with respect to another

function is given in [27] as follows.

Definition 2.5 (see [27]) Let o1 < 03, 0 >0, and ¥ (¢) be an increasing and positive mono-

tone function defined on (01, 03]. Then the left and right generalized Riemann—Liouville
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fractional integrals of the function ¢/ with respect the function ¥ of order ¢ are defined

by

T UG = %Q) / A @) (W) - () U de (2.1)
and

T ot = s [ W@ - w0 Ut de, @2
respectively.

Next, we present a new fractional integral operator which is known as the generalized

k-fractional integral operator of a function with respect to another function.

Definition 2.6 Let 0] < 03, 0,k > 0, and ¥(¢) be an increasing and positive monotone
function defined on (o1, 03]. Then the left and right generalized k-fractional integrals of

the function ¢ with respect to the function ¥ of order g are defined by

TygiU0) = 7 FZ(Q) / @@ - v @) U@ de (23)
and
Tt = s [ wo@©o-von)ue .
;
respectively.

Remark 2.7 Several existing fractional operators are the special cases of Definition 2.6.
For example:
(1) Let k = 1. Then Definition 2.6 reduces to Definition 2.5.
(2) Let ¥(1) = A. Then Definition 2.6 reduces to Definition 2.4.
(3) Let (1) = A and k = 1. Then Definition 2.6 reduces to 2.3.
(4) Let ¥ (A) =log and k = 1. Then Definition 2.6 leads to the Hadamard fractional
integral operators given in [27, 77].
(5) Let >0, ¥ (1) = %, and k = 1. Then Definition 2.6 leads to the Katugampola
fractional integral operators in the literature [90].
(6) Let >0, ¥()) = %, and k = 1. Then Definition 2.6 becomes the conformable
fractional integral operators defined by Jarad et al. in [91].
(7) Letw()) = % and k = 1. Then Definition 2.6 becomes the generalized

conformable fractional integrals defined by Khan et al. in [92].

Throughout this paper, we suppose that ¥ (¢) is a strictly increasing function on (0, 00)
and ¥'(¢) is continuous, 0 < o7 < 0y with the condition that at any point o3 € [01, 03], we
have ¥ (03) = 0.
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3 Pélya-Szego type inequalities involving the generalized /C-fractional
integrals

In this section, we derive certain Pélya—Szego type integral inequalities for real-valued

integrable functions via generalized Riemann-Liouville k-fractional integral defined in

(2.3) and (2.4). Throughout this paper, we assume that ¥ (¢) is an increasing, positive,

and monotone function defined on [0, 00) such that ¥(0) = 0, and ¥’(¢) is continuous on

[0, 00).

Lemma 3.1 Let k,A,0>0,U and V, p1, p2, X1, and x be six positive integrable functions
defined on [0, 00) such that

0<p1(8) =UQ) = p2(8), 0<x1(8) =V(C) = x2(¢) (3.1)

forall ¢ € [0,)\]. Then one has
1
(T8 [ + p2xdUV]0)” = Tg [raxe? )T (1021 0. (3.2)

Proof 1t follows from (3.1) that

pE) UQ)

GG (3.8)
and

Z&_Pl(f)

VO 0@ (34)

forall ¢ € [0, A].
Multiplying (3.3) and (3.4), we obtain

[£1(£)x1(6) + p2(O)x2(O) JUEV(©) = 31 (@) x2(OU () + p1(8) 2()V2 (). (3.5)
Multiplying both sides of inequality (3.5) by

-1

W) (W) - ()

kI (o)

and integrating the obtained result with respect to ¢ to (0, 1), we get
TZ (o1 )1 + p2x)UV](R) = T2 [ xad2] 1) + TE* o102V ().

Applying the arithmetic-geometric inequality, we have

TE (o111 + UV = 2 Tg [t xall? | (T [0102V2) 2,

which leads to

i(ﬁ'k[(mxl + oo UV]W)? = T2 U2 W TE 10212 ().

Therefore, we obtain the desired inequality (3.1). O

Page 6 of 18
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Corollary 3.2 Let k,A,q,r,0,Q,R>0 withq < Qand r <R, and U and V be two positive
integrable functions defined on [0, 00) such that

0<g=<U()<Q<o0, O<r=<U()<R<o0 (3.6)
forall ¢ € [0,)\]. Then one has
ﬁ,kuz(x) ﬁ,kvz(x) - l( a @>2
T&uveyr  T4\VQR | gr

Corollary 3.3 Let k = 1. Then Lemma 3.1 reduces to the inequality for generalized

Riemann—Liouville fractional integrals as follows:

i(jﬁ [(o1x1 + PzXz)UV]()»))2 > To XU (W) Ty [ p1o2V?](M). (3.7)

Corollary 3.4 Let W (L) = A. Then Lemma 3.1 leads to the inequality for k-fractional inte-

gral as follows:

1
2 (T [(prx1 + p2x2)UV] (k))2 > T [x10aU? W IT* [ pro2V] ().
Remark 3.5 Let W(A) = A and k = 1. Then Lemma 3.1 becomes Lemma 3.1 of [67].

Lemma3.6 Letk,A,0,8 >0andU,V, p1, p2, X1, and x; be six positive integrable functions
defined on [0,00) such that (3.1) holds for all ¢ € [0,A]. Then we have

Ty p1o2 W Ty 10600 Ty U TP VA 1 38)
(T oUW T 31V ) + Tg oUW T %2V (0))> ™ 4
Proof From (3.1) we clearly see that
p(O) UG _
xi(m) V() —
and
@ : p1(2) -
V()  xem) =
which imply that
(Pl(f) Pz(f))U(C) - U¢) N 01(2)pa2(¢) (3.9)
x2(m) ) ) V) ~ V) xamxa(n) '

Multiplying both sides of inequality (3.9) by x1 (1) x2(n)V2(n), we have

P1(OUE) 1MV () + p2(OUE) x2() V(1)
> x1() x2 (MU () + p1(£) p2()V* (). (3.10)
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Multiplying both sides of inequality (3.10) by

1

RN ) (WK -w(©)*

and then integrating the obtained inequality with respect to { and n from 0 to A, one has

(TE*oid) W) (ToF 11 V) (1) + (TEE palh) 0 (T 2 V) ()
> (T2 U 0NTS x02) ) + (T VD) (T pro2) (V).

Making use of the arithmetic-geometric mean inequality, we obtain

(T pid) (TS V) ) + (TE5 palh) () (TS x2V) ()

> 2/ (TEU) NN (T 3050) N (TEV2) 0 (TE* 1) O,
which leads to the desired inequality (3.8). O

Corollary 3.7 Fork,A,0,8 >0,andU andV being two positive integrable functions defined
on [0, 00) such that inequality (3.6) holds for ¢ € [0, 1], we have

L U0)TEVA0) _ Tile + I 5 + k) i /QR
(Jﬁ'kuumﬁkm»z T oawon® V Qr "

Corollary 3.8 Let k = 1. Then Lemma 3.6 leads to a new inequality for generalized

Riemann—Liouville fractional integral as follows:

T 102N TE x1 %2 (W) TgU> (W) TSV (L) 1

<

—. 3.
TEpld N T2 V() + Tepd (TS V)~ & (3.11)

Corollary 3.9 Let W()\) = A. Then Lemma 3.6 leads to a new inequality for k-fractional

integral as follows:

T p1ps NI pe W T UM ITHV0) 1

(Tk oUW T 51 V(A) + T pod (W) T x, V()2 ~ 4 (3.12)

Remark 3.10 If ¥(A) = A and k = 1, then Lemma 3.6 reduces to Lemma 3.3 of [67].

Theorem 3.11 Let k,A,0,8 >0, and U, V, p1, p2, x1, and xo be six positive integrable
functions defined on [0, 00) such that (3.1) holds for all ¢ € [0,1]. Then we have

jg'( 2;”)@) ( fm)(mJﬁkuzum"vm) (3.13)

1 1

Proof 1t follows from (3.1) that

—102(2)
x1(¢)

o / w6 - w (@) T 2 Ui de
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1
kI(e)

e

A o
/0 w0 - (@) U de,

which implies

0.k ( :OZZ/{V
'4

)(k) > JZUP (). (3.14)

X1

Analogously, we obtain

£ x2(n)
p1(n)

A s
fo O (@ 0) - o) V) i,

A
1 / W) (¥ 0) - ¥ () Uvdn
0

kI(3)

=

/(Fk((S)
from which one has

Jé’k(xz%yx) > JEV2 (). (3.15)

Multiplying (3.14) and (3.15), we get the desired inequality (3.13). O

Corollary 3.12 For k,X,0,8 >0, and U and V being two positive integrable functions de-
fined on [0, 00) such that (3.6) holds for all ¢ € [0, 1], we have

Ty U R TFV0) QR
KUV THUve) T ar

Corollary 3.13 If k = 1, then Theorem 3.11 gives the following new result for generalized
Riemann—Liouville fractional integral:

uy uy

78 (”2 )(Wé ("2 )(A) > TgUP) TSV,
X1 P1

Corollary 3.14 Let W(A) = L. Then Theorem 3.11 leads to the following new result for

Riemann-Liouville k-fractional integral:

j@’k(%)awk(%) (M) = THRULW TRV ().

Remark 3.15 If W (1) = X and K = 1, then Theorem 3.11 reduces to Lemma 3.4 of [67].

4 Polya-Szeg6 type inequalities involving the generalized k-fractional
integrals

In this section, we present several Cebysev type inequalities for generalized k-fractional

integrals defined in (2.3) and (2.4).

Theorem 4.1 Let k, 1,0 >0, and U andV be two integrable and synchronous functions on
[0,00). Then one has

o + k)

(TEUV) () = 7 (T U)W (T V)6,
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Proof It follows from the synchronism of the functions ¢/ and V on the interval [0, co) that

UTPV(r) +UG)V(s) = U V(s) + Us)V(r).

Multiplying both sides of inequality (4.1) by

1 , o_
ka(Q)‘I’ (N (¥®) - W(r))k

for A € R gives

kr,i(g)w/(r)(‘p(” () UV +UEV)

1
kI(o)
> V(s)

- rkl@‘” (@0 - () UG

1 , o_
+U(S)kpk(g)‘1/(r)(l1’() w () V).

Integrating the above inequality with respect to r over (0, 1) leads to

kaQ)/ v l1’()‘)_"1’“))% U)V(r) dr

+U(s>V(s>W /0 oWy -w()d

kl’m

1 Ao
VO s /0 OO0 -v0) U dr
1

A

U TR |, W (W 0) - () V) dr.

Therefore, we get

A o
(Jﬁ‘kZ/{V)()L)+Z/l(s)V(s)ﬁ(m /0 () (E () - ()F dr

> V() (TZUNR) + Us) (TEV) ()
and

(T2 UV)0) + UEV() ((W)

= V() (T U)X + U (T V),

where

RN (7o)
T )/ '(r) W(x)—W( ))k dr = Pl

Multiplying both sides of inequality (4.2) by

kFi o WS (WR) -wE) " (L eR)

(4.1)

W) (@ () - w ()

(4.2)
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leads to the conclusion that

(T8 Uv)()

S(wu»%
Ti(o + k)

-1

o

'(s) (W (h) - ¥(s))

+
kI (e)
1

K
= (7 u)(k)kfk(g)

0
1 @1

e ' (s)(¥ (1) - W(s))

+(TZV)) U(s).

Integrating the above inequality over (0, 1) reveals

Q
21

ds

A
(T Uv)(n) fo W (s) (W (1) - ¥ (s))

kIx(o)

W)k
k(o + k)

1

+
kIi(0)

A Q
/ W (s) (W (1) - () F UG V(s) ds
0

» o -
ka(Q)/o (s)(W (1) - W (s)F V(s)ds

1
kI (o)

> (T U)(»)

+H(TFVYW)

A Q
/ W (s)(W (1) - W (s))FUs) ds.
0

Therefore,

CONE o ok )k
T+l v UV + (W) Moo

= (T URTZ V)0 + (Te V)0 (T U) ).
This completes the proof of Theorem 4.1. d

Corollary 4.2 Let k = 1. Then Theorem 4.1 leads to a new result for generalized Riemann—

Liouville fractional integrals as follows:

I'o+1)

Q
(FUV)) = G 5

(TeU) ) (T V) 2)-

Corollary 4.3 If W (1) = A, then Theorem 4.1 provides a new inequality for k-fractional
integral as follows:

, ek
> 5

(T Uv)(») T UYMW (THV) ).
Corollary 4.4 Let W (L) = A and k = 1. Then Theorem 4.1 leads to a new result for
Riemann—Liouville fractional integral as follows:

(@euv)on = "D gy (aev)on.

Page 11 0f 18
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Theorem 4.5 Let k, A,0,8 >0, and U and V be two integrable and synchronous functions
on [0,00). Then

(T UG @EE @I UV
(8 +k) (e +k)

= (T3 U)W V)0) + (T V)0 (T U) ).

Proof Multiplying both sides of inequality (4.2) by

1

0 V() (P ) -¥(s)F  (AeR)
gives
0.k 1 ’ %—1
(T uvy) ()L)ka((S) V() (T(h) - ¥(s))
1 31 (W ()
+ k]"k(S)lp ($)(P (1) =W () Us)V(s) P

1 ’ 3_
= (jﬁ'ku)(k)mw &) () - () V(s)

+(5WMME%EWhWMM—W®ﬁ4Wﬂ

Integrating both sides of the above inequality with respect to s over (0, 1) leads to

(T UV [

/ -1
A ' (s) (W () - W (s)*

ds
+wm%1
Ti(o + k) kIk(8) Jo

T [+, .
kne) ), YW -w©) Vs ds

(TEV)(n)
kI7(8)

A s
W (s) (W (1) - ()5 UES)V(s) ds

A 8
/ V() (W (A) - ¥ (s)) U (s) ds.
0
Therefore,

(TS UW@ONE  @ODFHT UG
(8 +k) (e + k)

> (T UV (TFV)) + (TFV)(Te ) (),

which is the proof of Theorem 4.5. d

Remark 4.6 Let ¢ = 3. Then Theorem 4.5 becomes Theorem 4.1.
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Corollary4.7 Letk = 1. Then Theorem 4.5 provides a new result for generalized Riemann—

Liouville fractional integrals as follows:

(TpUV)(W) (W (1))° . (W (W))(TpUV)(1)
r@+1) I'(o+1)

> (TgU)W(To V)R + (TZV) 0 ToU) (1),

Corollary 4.8 If V(L) = A and k = 1, then Theorem 4.5 gives a new result for Riemann—

Liouville fractional integral as follows:

A(TeUV)(A) s (T UV
reé+1) I'(o+1)

> (TU)M(TV)R) + (TV) (T U) ).

Theorem 4.9 Let k,X,0 >0, 01,09 € R with 01 < 09, and U; (1 < j < y) be a real-valued

increasing function on [01,05]. Then

17
( HU)(A |:Fk(Q+k):|y 1—[( i’kz/[j)()»)o (4.3)

(W(A)& j=1

Proof We use mathematical induction on y € N to prove Theorem 4.9. We clearly see that
inequality (4.3) holds for y = 1.
For y =2, since U, U, are increasing, we have

(th() -ty (), U (X) - Un(w)) = O

Note that the left-hand side of inequality (4.3) for y = 2 is the same as that of Theorem 4.1.
Therefore, inequality (4.3) also holds for y = 2.

Suppose that inequality (4.3) holds for some y > 2. We observe that U = r[leu, is in-
creasing due to lf; is increasing. Let V = U, 1. Then applying the case y = 2 to the functions

U and V produces
ok To I (o + k) L
T T [ty |0 = [ } P11 ) (T8 Uy ) )
j=1 (lI/( j=1

Lo+ ) Ty oy
z[wl(x))i} E[( v U)(),

in which the induction hypothesis for y is used inside the deduction of second inequality.
The proof of Theorem 4.9 is completed. d

Corollary 4.10 Let k = 1. Then Theorem 4.9 leads to the following new result for general-

ized Riemann—Liouville fractional integral:

Y r 1 y-1
( e )”‘[(eﬁ;)))} H(ﬁ“)“’
Jj=

j=1
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Corollary4.11 IfW(A) = A, then Theorem 4.9 leads to a new result for k-fractional integral
as follows:

o

y y-1v
(ja,k HZ/[]> ) > [M} H(jg'kblj)(k). (4.4)

j=1 A j=1

Corollary 4.12 Let W(A) = A and k = 1. Then Theorem 4.9 provides a new result for
Riemann—Liouville fractional integral as follows:

Y y-1Y
(Jﬁflw>u»z[53%?9} [T @5)

j=1 j=1

Theorem 4.13 Let k,A,0 >0, U and V be two positive functions defined on [0,00) such
that U is increasing and V is differentiable, and ¥ = inf,c[0,0c) V'(1t). Then one has

_ Ne+h

> (TS U NIV
(Wu»;(w YW(TEV)

(T8 Uv)()

Q

DA (A))k

_ 7&(@ (+ L)) (T2U)N ) + 9 (T°TU) (),
where L()) is the identity mapping.

Proof Let h(1) = V(A) — 91 and 7" (1) = 9 A. Then we clearly see that b is differentiable and
increasing on [0, 00), and from the proof of Theorem 4.9 we know that

2 ) = LN (70 678w - 1))
(200 1)) = HED (732)63(75 - )
T(o+K) ok k
=——— (TS U)M(Tg V) (L)
Lo (1w v)
(e + k) ok ok
-— U)(x 7)), 4.6
(WQ»%(W )OI T) () (4.6)
where
(TEUY -7)) M) = (TZUV) ) - 9 (TS TU) (1) (4.7)
and
ok o n ORWONE
(T3 )0 = el (4.8)
Substituting (4.7) and (4.8) into (4.6) leads to the desired result. a

Corollary 4.14 Let k = 1. Then Theorem 4.13 leads to a new result for generalized
Riemann—Liouville fractional integral as follows:

I'lo+1)
(P (r)e

(TgUV)(0) = (TsU) W (TEV))
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PAP (M) o 0
——————— (T U)N) + O (T ZU) (1).
Flox D) (JeW0)+ 2 (TET0)0)
Corollary4.15 IfW¥ (L) = A, Theorem 4.13 provides the following new result for k-fractional

integral:

(T UV)(0) > (T U)W (T*V)(2)

Ii(o + k)
A%
9AFH
- ———— (T U)R) + (T TU) ().
Fk(g+k)(‘7 )3 +0(T )()
Corollary 4.16 Let W (A) = A and k = 1. Then Theorem 4.13 leads to a new inequality for

Riemann—Liouville fractional integral as follows:

(euv)o = " (g iy(aev)on
paet!

5 Conclusion

In the article, we have established some new Pélya—Szego and Cebysev-type inequalities
for two synchronous functions via generalized k-fractional integrals. Our obtained results
are very general and can be specialized to discover numerous interesting fractional inte-
gral inequalities, and our approach may lead to a lot of follow-up research. Furthermore,
they are expected to find some applications for establishing the uniqueness of solutions in

fractional boundary value problems of the fractional partial differential equations.
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