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COHOMOLOGY OF p-ADIC STEIN SPACES

PIERRE COLMEZ, GABRIEL DOSPINESCU, WIESLAWA NIZIOL

ABSTRACT. We compute the p-adic étale and the pro-étale cohomologies of the Drinfeld half-space of
any dimension. The main input is a new comparison theorem for the p-adic pro-étale cohomology of
p-adic Stein spaces.
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Let p be a prime. Let Ok be a complete discrete valuation ring of mixed characteristic (0, p) with
perfect residue field k and fraction field K. Let F' be the fraction field of the ring of Witt vectors
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Or = W(k) of k. Let K be an algebraic closure of K and let C' = % be its p-adic completion; let
G = Gal(K /K).

1.1. The p-adic étale cohomology of Drinfeld half-space. This paper reports on some results of our
research project that aims at understanding the p-adic (pro-)étale cohomology of p-adic symmetric spaces.
The main question of interest being: does this cohomology realize the hoped for p-adic local Langlands
correspondence in analogy with the ¢-adic situation 7 When we started this project we did not know what
to expect and local computations were rather discouraging: geometric p-adic étale cohomology groups of
affinoids and their interiors are huge and not invariant by base change to a bigger complete algebraically
closed field. However there was one computation done long ago by Drinfeld that stood out. Let us recall
it.

Assume that [K : Qp] < oo and let Hx = Pk \P!(K) be the Drinfeld half-plane, thought of as a rigid
analytic space. It admits a natural action of G := GLy(K).

Fact 1.1. (Drinfeld) If ¢ is a prime number (including ¢ = p!), there exists a natural isomorphism of
G X Yy -representations

Hg (He, Qe(1)) = (Sp*™(Qe))*,
where Sp*™(Qy) := € (P (K), Q¢)/Qy is the continuous Steinberg representation of G with coefficients
in Qg equipped with a trivial action of 9k and (—)* denotes the weak topological dual.

The proof is very simple: it uses Kummer theory and vanishing of the Picard groups (of the standard
Stein covering of H) [11, 1.4]. This result was encouraging because it showed that the p-adic étale
cohomology was maybe not as pathological as one could fear.

Drinfeld’s result was generalized, for £ # p, to higher dimensions by Schneider-Stuhler [59]. Let d > 1
and let H% be the Drinfeld half-space of dimension d, i.e.,

HY =Pi\ |J H,
Heo

where 2 denotes the set of K-rational hyperplanes. We set G := GLg41(K). If 1 < r < d, and if ¢

is a prime number, denote by Sp,(Q¢) and SpS°™(Qy) the generalized locally constant and continuous

Steinberg Qg-representations of G (see Section 5.1.1), respectively, equipped with a trivial action of ¥x.

Theorem 1.2. (Schneider-Stuhler) Let r > 0 and let £ # p. There are natural G X Y -equivariant
isomorphisms

H;(Hé, Q@(T)) = Spiont(Qf)*7 groét (Héu Qf(r)) = Spr(Qf)*

The computations of Schneider-Stuhler work for any cohomology theory that satisfies certain axioms,
the most important being the homotopy property with respect to the open unit ball, which fails rather
dramatically for the p-adic (pro-)étale cohomology since the p-adic étale cohomology of the unit ball is
huge. Nevertheless, we prove the following result.

Theorem 1.3. Let r > 0.

(1) There is a natural isomorphism of G x 9k -locally convex topological vector spaces (over Qp).
Hi (HE, Qp(r) = Spi™(Qp)*.

These spaces are weak duals of Banach spaces.
(2) There is a strictly exact sequence of G X Y -Fréchet spaces

0 — (! (Hf)/ ker )@ x C ——= Hy, o4 (HE, Qp(r) —= Sp,(Qp)" — 0.

(3) The natural map HZ (HE, Q,(r)) — HE ot (HZ, Qp(r)) identifies étale cohomology with the space

of G-bounded vectors' in the pro-étale cohomology.

IRecall that a subset X of a locally convex vector space over Qp is called bounded if p"x, +— 0 for all sequences
{zn},n € N, of elements of X. In the above, z is called a G-bounded vector if its G-orbit is a bounded set.
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Hence, the p-adic étale cohomology is given by the same dual of a Steinberg representation as its
l-adic counterpart and is invariant by scalar extension to bigger C’s. However, the p-adic pro-étale
cohomology is a nontrivial extension of the same dual of a Steinberg representation that describes its
{-adic counterpart by a huge space that depends very much on C.

Remark 1.4. In [11] we have generalized the above computation of Drinfeld in a different direction,
namely, to the Drinfeld tower in dimension 1. We have shown that, if K = Q,, the p-adic local Langlands
correspondence for de Rham Galois representations of dimension 2 (of Hodge-Tate weights 0 and 1 and
not trianguline) can be realized inside the p-adic étale cohomology of the Drinfeld tower (see [11, Theorem
0.2] for a precise statement). The two important cohomological inputs were

(1) a p-adic comparison theorem that allows us to recover the p-adic pro-étale cohomology from the
de Rham complex and the Hyodo-Kato cohomology; the latter being compared to the /-adic étale
cohomology computed, in turn, by non-abelian Lubin-Tate theory,

(2) the fact that the p-adic étale cohomology is equal to the space of G-bounded vectors in the p-adic
pro-étale cohomology.

In contrast, here we obtain the third part of Theorem 1.3 only after proving the two previous parts.
In fact, for a general rigid analytic variety, we do not know whether the natural map from p-adic étale
cohomology to p-adic pro-étale cohomology is an injection (this is, of course, true for quasi-compact
varieties).

Remark 1.5. The proof of Theorem 1.3 establishes a number of other isomorphisms (see Theorem 6.26)
refining results of [59, 35, 14].

Remark 1.6. (i) For r > d + 1, all spaces in Theorem 1.3 are 0.

(ii) For 1 < r < d, the spaces on the left and on the right in the exact sequence in Theorem 1.3
describing the pro-étale cohomology of Hfé, despite being huge spaces, have some finiteness properties:
they are both duals of admissible locally analytic representations of G (over C on the left and Q, on the
right), of finite length (on the left, this is due to Orlik and Strauch ([51] combined with [54])).

Remark 1.7. For small Tate twists (r < p — 1), the Fontaine-Messing period map, which is an essential
input in the proof of Theorem 1.3, is an isomorphism “on the nose”. It is possible then that our proof
of Theorem 1.3, with a better control of the constants, could give the integral p-adic étale cohomology of
the Drinfeld half-space for small Tate twists, that is, a topological isomorphism

Hgt(Hcé‘v Fp,(r)) = Sp,(Fy)".
It also seems likely that the same result holds for all twists, but proving so would probably require
different techniques. We plan to address this problem in a future work.

1.2. A comparison theorem for p-adic pro-étale cohomology. The proof of Theorem 1.3 uses the
result below, which is the main theorem of this paper and generalizes the above mentioned comparison
theorem to rigid analytic Stein spaces? over K with a semistable reduction. Let the field K be as at the
beginning of the introduction.

Theorem 1.8. Let v > 0. Let X be a semistable Stein weak formal scheme® over Ok. There exists a
commutative Gy -equivariant diagram of Fréchet spaces®

0 — (1 (Xg)/ Ker d)xC ——= H}, e, (X, Qp(r) —= (Hic(Xp) BB V=040 ——0

| : e

00— (1 (Xk)/ker d)@x C —Ls Q"(X g )a—o®x C can Hrp(Xo) —————> 0

2Recall that a rigid analytic space Y is Stein if it has an admissible affinoid covering Y = U;eNU; such that U; € U;41.
The key property we need is the acyclicity of cohomology of coherent sheaves.

3See Section 3.1.1 for the definition.

4The completed tensor product is taken with respect to a Stein covering of X ; see Section 3.2.1 for details.
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The rows are strictly ezact, the maps B and uk ® 0 are strict (and have closed images). Moreover,
ker(g) ~ ker(tgk ® 6) ~ (H{IK(XIC)@FB:;)NZO*":PTﬂ'

Here Hjji (Xk) is the overconvergent Hyodo-Kato cohomology of Grosse-Klonne [23], tux : Hijx (Xk)®F
K3 H Ir(X¢) is the Hyodo-Kato isomorphism, B, is the semistable ring of periods defined by Fontaine,
and 6 : B}, — C is Fontaine’s projection.

Ezxample 1.9. In the case the Hyodo-Kato cohomology vanish we obtain a particularly simple formula.
Take, for example, the rigid affine space A%. For r > 1, we have H]; (A%) = 0 and, by the Hyodo-Kato
isomorphism, also Hfj (A% ) = 0. Hence the above theorem yields an isomorphism

H” oo (AL Q, (1) & (1AL ker )@k C.

proét

This was our first proof of this fact but there is a more direct argument in [13]. Another approach,
using relative fundamental exact sequences in pro-étale topology and their pushforwards to étale topology,
can be found in [39].

Remark 1.10. (i) We think of the above theorem as a one-way comparison theorem, i.e., the pro-étale
cohomology HJ, .« (Xc, Qp(r)) is the pullback of the diagram

r =~ —0.0=p" L 0 r ~ can o~ =~
(Hp (X))@ pBE)N=00=p" 80, o (X VB C &2 Q" (X )amo @k C

built from the Hyodo-Kato cohomology and a piece of the de Rham complex.

(ii) When we started doing computations of pro-étale cohomology groups (for the affine line), we
could not understand why the p-adic pro-étale cohomology seemed to be so big while the Hyodo-Kato
cohomology was so small (actually 0 in that case): this was against what the proper case was teaching
us. If X is proper, 2" "1(Xf)/kerd = 0 and the upper line of the above diagram becomes

0 = Hyou (Xo, Qp(r)) = (Hip (Xk)@rBLH)N P75 (Hip (Xx)@Bg)/Fil” — 0.

Hence the huge term on the left disappears, and an extra term on the right shows up. This seemed to
indicate that there was no real hope of computing p-adic étale and pro-étale cohomologies of big spaces.
It was learning about Drinfeld’s result that convinced us to look further.

1.3. Proof of Theorem 1.8. The starting point of computations of pro-étale and étale cohomologies in
these theorems is the same: the classical comparison theorem between p-adic nearby cycles and syntomic
sheaves [66], [12]. When applied to the Stein spaces we consider here it yields:

Proposition 1.11. Let X be a semistable Stein formal scheme over Ok . Then the Fontaine-Messing
period morphisms

o™ RTsyn(Xoc, Qp(r)) = Rl procs (X, Qp(r)),
o™ Rlgyn(Xoc, Zp(r))Q = Rl ee(Xc, Qp(r))
are strict quasi-isomorphisms after truncation T<,.

Here the crystalline geometric syntomic cohomology is that defined by Fontaine-Messing
Rlsyn(X oo, Zp(r) = [RTr(X60)?™P = Rler(Xo0)/F"], F'RIw(Xog) i= Rlw(Xos, ),

where the crystalline cohomology is absolute, i.e., over W (k). The syntomic cohomology RI'syn (X6, Qp(T))
is defined by taking RI'syn(—, Z,(r))q on quasi-compact pieces and then gluing.

The next step is to transform the syntomic cohomology (that works very well for defining period maps
but is not terribly useful for computations) into Bloch-Kato type syntomic cohomology (whose definition
is motivated by the Bloch-Kato’s definition of Selmer groups; it involves much more concrete objects).
This works well for the pro-étale topology® but only partially for the étale one. For the pro-étale topology,

5At least when X is associated to a weak formal scheme.
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it is done by the top part of the commutative diagram

can

Rlgyn(Xoe, Qp(r) ————— Rla(Xoc, F)P ————=Rla(Xo, F)/F"

: lz :

-~ _ _.r L (2 —~
Rlsyn(Xe, Qp(r)) (RTuk (X))@ pBH)N=0¢=7" 22— s (RTqr(Xx)®xBJR)/F"

! - [

Q27(Xg)&C O (Xg)®xC QSN (Xg)®KC.

Here RI'e; (X, F) and its filtrations are defined by the same procedure as RI'syn (X6, Qp(r)) (starting
from rational absolute crystalline cohomology). The horizontal triangles are distinguished (the top two
by definition). The construction of the top vertical maps and the proof that they are isomorphisms is
nontrivial and constitutes the technical heart of this paper. These maps are basically Kiinneth maps,
that use the interpretation of period rings as crystalline cohomology of certain “base” rings (for example,
A ~ Rl (0¢)), coupled with a rigidity of p-eigenspaces of crystalline chomology, and followed by a
change of topology (from crystalline to overconvergent) that can be done because X is Stein (hence X}
has proper and smooth irreducible components). To control the topology we work in the derived category
of locally convex topological vector spaces over Q,, which, since Q,, is spherically complete, is reasonably
well-behaved.

The bottom vertical maps in the diagram are induced by the projection 6 : B:{R — C' and use the fact
that, since X is Stein, we have RTqr (Xk) ~ Q*(Xk). The diagram in Theorem 1.8 follows by applying
H" to the above diagram.

1.4. Proof of Theorem 1.3. To prove the pro-étale part of Theorem 1.3, by Theorem 1.8, it suffices to
show that

(1.12) (Hi (Xp)®rBEHN =097 > Sp (Q,)".

But we know from Schneider-Stuhler [59] that there is a natural isomorphism Hjp (Xx) ~ Sp,.(K)* of G-
representations. Moreover, we know that both sides are generated by standard symbols, i.e., cup products
of symbols of K-rational hyperplanes thought of as invertible functions on Xy (this is because Sp,.(K)*,
by definition, is generated by standard symbols and Iovita-Spiess [35] prove that so is Hjp(Xk)) and
that this isomorphism is compatible with symbols [35]. Coupled with the Hyodo-Kato isomorphism and
the irreducibility of the representation Sp, (K)* this yields a natural isomorphism Hf;x (X%) =~ Sp,.(F')*.
This isomorphism is unique once we impose that it should be compatible with the standard symbols.
It follows that we have a natural isomorphism H{j (X5)?=P" =~ Sp,(Q,)*, which implies Hfj (X}) =
F ®q, Hijx(Xk)#=P" and (1.12).

The situation is more complicated for étale cohomology. Let X be a semistable Stein formal scheme
over Ok. An analogous computation to the one above yields the following quasi-isomorphism of distin-
guished triangles

r

Rlsyn(Xo6: Zp(r))q — = Rl(Xoo)g ” Rle(Xoc)q/F"

! :

~ — —p XL ~
Rlyn(Xoc: Zp(r)Q —= (RLex (X1 /0000, Ast) gy 7" 5 (RTr(X) @0 Acr i)/ F7,

where ﬁ% denotes OF equipped with the log-structure induced by 1 — 0 and Ay, Aqr x are certain
period rings. But, in general, the map vy is difficult to identify. In the case of Drinfeld half-space
though its domain and target simplify significantly by the acyclicity of the sheaves of differentials proved
by Grosse-Klonne [24, 26]. This makes it possible to describe it and, as a result, to compute the étale
syntomic cohomology.
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Let now X be the standard formal model of H%. Set HK, := (Rl"cr(Xk/ﬁ%)@)ﬁFAst)g:O’“":pr. We
show that there are natural G x ¥k-equivariant (quasi-)isomorphisms

(1.13) H'HK, ~ H{ (X, Wi, )q. H"'HK, ~ (H§ (X, WQ, N®e.A%P)q

log
(RTar(X) @6 Acr,ic) [ F" = ®ro12i0(H' (X, )@ Acr i) [ F7 [,
where WQfog is the sheaf of logarithmic de Rham-Witt differentials. They follow from the isomorphisms
(114) Hét (sz WQ{og)(/g\)ZpW(E) :) Hér(XE/W(E)O)v
ik 2 Hey(Xi/Op) @6, K =~ Hig(X) @6, K.

The second one is just the original Hyodo-Kato isomorphism from [30]. The first one is a restatement of
the fact that Xy is pro-ordinary, which, in turn and morally speaking, follows from the fact that Xy is
a normal crossing scheme whose all closed strata are classically ordinary (being products of blow-ups of
projective spaces). Now, the acyclicity of the sheaves Qé( and the fact that the differential is trivial on
their global sections (both facts proved by Grosse-Klénne [24], [26]) imply (1.13).

Hence, we obtain the long exact sequence

(HY (X7, WL )87, ASTP) 25, i 2 (HY(X, Q" D@y Oc)q — HL,

log syn

(Xlﬁcv Z;D(T))Q - Hgt(XE7 WQTog)Q -0

We check that the map ~{jk is surjective: (a bit surprisingly) the Hyodo-Kato isomorphism gk above
holds already integrally and ~{;x = tux ® 6, where 0 : A9~ — O¢ is the canonical projection. This
yields the isomorphism

H

syn (

Xﬁcv Z ( ))Q _) Het(Xka WQlog)
Hence it remains to show that there exists a natural isomorphism
(115) Hgt (sz WQ{og) = Spcont(Qp)*'
We do that showing that we can replace k by k and using the maps
T J T - N con
Hegt(Xka WQlog) ®Zp K = HdR(X ) G-bd o (Spr( ) )G bd t(Q;D) ®Qp K.

Here, the second isomorphism is that of Schneider-Stuhler. The map f (a composition of natural
maps with the Hyodo-Kato isomorphism) is injective by pro-ordinarity of Y. It is surjective because
HY (X, W) is compact and nontrivial and Spe°™(Z,)/p =~ Sp,.(F,) is irreducible — a nontrivial fact
proved by Grosse-Klonne [28, Cor. 4.3]. This yields an isomorphism (1.15).

Part (3) of Theorem 1.3 follows now easily from the two previous (compatible) parts and the fact that
(Sp,.(K)*)¢Pd ~ Spe™(Q,)* ®q, K and H]p(Xk) P4 ~ Hip (X) ®g, K (the latter isomorphism uses
the fact that X can be covered by G-translates of an open subscheme U such that Uk is an affinoid),

Acknowledgments. This paper owes great deal to the work of Elmar Grosse-Klonne. We are very grateful
to him for his patient and detailed explanations of the computations and constructions in his papers.
We would like to thank Fabrizio Andreatta, Bruno Chiarellotto, Ehud de Shalit, Veronika Ertl, Laurent
Fargues, Luc Illusie, Arthur-César Le Bras, Arthur Ogus, and Lue Pan for helpful conversations related
to the subject of this paper. This paper was partly written during our visits to the TAS at Princeton
and the Tata Institute in Mumbai (P.C, W.N), BICMR in Beijing (P.C.), Fudan University in Shanghai
(W.N.), and the Mittag-Leffler Institute (W.N.). We thank these institutions for their hospitality.

1.4.1. Notation. Let Ok be a complete discrete valuation ring with fraction field K of characteristic 0
and with perfect residue field £ of characteristic p. Let w be a uniformizer of Ok that we fix in this
paper. Let K be an algebraic closure of K and let 0% denote the integral closure of Ok in K. Let W (k)
be the ring of Witt vectors of k with fraction field F' (i.e, W (k) = Or); let e be the ramification index of
K over F. Set ¥x = Gal(K/K), and let o be the absolute Frobenius on W (k).

We will denote by Ok, 05, and 0%, depending on the context, the scheme Spec(€k) or the formal
scheme Spf(0k ) with the trivial, the canonical (i.e., associated to the closed point), and the induced by
N — Ok,1 — 0, log-structure, respectively.
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We will denote by A, B, B;'[, BQ'R the crystalline, semistable, and de Rham period rings of Fontaine.
We have B, = B,[u] and ¢(u) = pu, N(u) = —1. The embedding ¢ = i : BJ, — BJj is defined by
U — Uy = log([@’]/w) and the Galois action on B is induced from the one on B, via this embedding.

Unless otherwise stated all formal schemes are p-adic, locally of finite type, and equidimensional. For
a (p-adic formal) scheme X over O, let X denote the special fiber of X; let X,, denote its reduction
modulo p".

If f:C — (' is a map in the dg derived category of a quasi-abelian category, we set
[C Lo '] = holim(C — ¢’ « 0).

2. REVIEW OF p-ADIC FUNCTIONAL ANALYSIS

We gather here some basic facts from p-adic functional analysis that we use in the paper. Our main
references are [60], [56], [16].

2.0.2. Derived category of locally conver K -vector spaces. A topological K-vector space® is called locally
convez (convex for short) if there exists a neighbourhood basis of the origin consisting of &'kx-modules.
Since K is spherically complete, the theory of such spaces resembles the theory of locally convex topo-
logical vector spaces over R or C (with some simplifications).

We denote by Ck the category of convex K-vector spaces. It is a quasi-abelian category” [56, 2.1.11].
Kernels, cokernels, images, and coimages are taken in the category of vector spaces and equipped with
the induced topology [56, 2.1.8]. A morphism f : F — F is strict if and only if it is relatively open, i.e.,
for any neighbourhood V of 0 in E there is a neighbourhood V' of 0 in F such that f(V) > V' N f(E)
[56, 2.1.9].

Our convex K vector spaces are not assumed to be separated. We often use the following simple
observation: if F' is separated and we have an injective morphism f : E — F then E is separated as well;
if, moreover, F' is finite dimensional and f is bijective then f is an isomorphism in Cg.

The category Ck has a natural exact category structure: the admissible monomorphisms are embed-
dings, the admissible epimorphisms are open surjections. A complex E € C(Ck) is called strict if its
differentials are strict. There are truncation functors on C'(Ck):

T<nE = = E"? 5 E" ' S ker(d”) =0 — -
TonE =+ =0 = coim(d"') = E" — E"T! — ...
with cohomology objects
H"(E) := 7<p7sn(E) = - -+ = 0 = coim(d" ') — ker(d") = 0 — ---

We note that here coim(d"~!) and ker(d") are equipped naturally with the quotient and subspace topol-
ogy, respectively. The cohomology H*(FE) taken in the category of K-vector spaces we will call algebraic
and, if necessary, we will always equip it with the quotient topology.

We will denote the bounded derived dg category of Cx by 2°(Ck). It is defined as the dg quotient
[15] of the dg category C®(C) by the full dg subcategory of strictly exact complexes [47]. A morphism
of complexes that is a quasi-isomorphism in 2°(Ck), i.e., its cone is strictly exact, will be called a
strict quasi-isomorphism; this happens if and only if the induced morphism on cohomology groups is an
isomorphism in Cf (for the sub-quotient topology). We will denote by D?(Cf ) the homotopy category
of 7°(Ck) [56, 1.1.5].

For n € Z, let D%, (Ck) (vesp. D%, (Ck)) denote the full subcategory of D?(Ci) of complexes that
are strictly exact in degrees k > n (resp. k < n)%. The above truncation maps extend to truncations

6For us, a K -topological vector space is a K-vector space with a linear topology.

7An additive category with kernels and cokernels is called quasi-abelian if every pullback of a strict epimorphism is
a strict epimorphism and every pushout of a strict monomorphism is a strict monomorphism. Equivalently, an additive
category with kernels and cokernels is called quasi-abelian if Ext(—, —) is bifunctorial.

8Recall (61, 1.1.4] that a sequence A 5B i> C such that fe = 0 is called strictly exact if the morphism e is strict and
the natural map ime — ker f is an isomorphism.
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functors 7<,, : D*(Cx) — D%, (Ck) and 7>, : D*(Cx) — D%, (Ck). The pair (D%, (Ck), D%, (Ck))
defines a t-structure on D’(Ck) by [61]. The heart D’(Ck)Y is an abelian category LH(Ck): every
object of LH(Ck) is represented (up to equivalence) by a monomorphism f : E — F, where F is in

degree 0, i.e., it is isomorphic to a complex 0 — F i> F — 0; if f is strict this object is also represented
by the cokernel of f (the whole point of this construction is to keep track of the two possibly different
topologies on E: the given one and the one inherited by the inclusion into F').

We will denote by H™ : D*(C) — DP(LH(Ck)) the associated cohomological functors. We have an
embedding I : Cx — LH(Ck), E — (0 — E), that induces an equivalence D*(Cx) = D*(LH(Ck))
that is compatible with t-structures. The above t-structure pulls back to a t-structure on the derived dg
category 2°(Ck). Note that if H™(E) lies in the image of I then it is isomorphic to H™(E); we will say
in that case that the cohomology H™(E) classical.

We will often use the following simple facts:

(1) If, in the following short exact sequence in C(LH(Ck)), both A; and As are in the essential
image of I then so is A:

0—- A — A— Ay — 0.

(2) A complex E € C*(Ck) is strictly exact in a specific degree if and only if 2°(I)(FE) is exact in
the same degree.

2.0.3. Open Mapping Theorem. Let f : X — Y be a continuous surjective map of locally convex K-vector
spaces. We will need a well-known version of the Open Mapping Theorem that says that f is open if
both X and Y are LF-spaces, i.e., countable inductive limits of Fréchet spaces®.

If E, F are Fréchet, f : E — F is strict if and only if f(FE) is closed in F' (the “if” part follows from
the Open Mapping Theorem, the “only if” part from the fact that a Fréchet space is a metric space and

a complete subspace of a metric space is closed).

2.0.4. Tensor products. Let V., W be two convex K-vector spaces. The abstract tensor product V ®x W
can be equipped with several natural topologies among them the projective and injective tensor product
topologies: V @k » W and V ®g . W. Recall that the projective tensor product topology is universal
for jointly continuous bilinear maps V' x W — U; the injective tensor product topology, on the other
hand, is defined by cross seminorms that satisfy a product formula and is the “weakest” topology with
such property. There is a natural map V @, W — V @k W. We denote by V& oW, a = T,¢, the
Hausdorff completion of V ®x o W with respect to the topology a.
Recall the following facts.

(1) The projective tensor product functor (—) @k, W preserves admissible epimorphisms; the injec-
tive tensor product functor (—) ® k. W preserves admissible monomorphisms.

(2) The natural map V ®x. W — V ®x . W is an isomorphism'® [55, Theorem 10.2.7]. In what
follows we will often just write V ®x W for both products.

(3) From (1), (2), and the exactness properties of Hausdorff completion [67, Cor. 1.4], it follows
that the tensor product functor (=)®@xW : Cx — Ck is left exact, i.e., it carries strictly exact
sequences

0—-Vi—=>Vo—=>V3>0

to strictly exact sequences
0= VixkW — Va@xW — VaRxW.

Moreover, the image of the last map above is dense [67, p.45]. It follows that this map is surjective
if its image is complete as happens, for example, in the case when the spaces V., W are Fréchet
[67, Cor. 1.7].

IWe will say strict LEF-spaces if the maps in the inductive system are strict inclusions. If the spaces involved are actually
Banach, we will sometimes use the notation LB instead of LF'.
10Here we used the fact that our field X is spherically complete.
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(4) For V = lim V;,, there is a natural isomorphism
V@KW = (im V)@ kW = Im (V@ - W).

For products this is proved in [58, Prop. 9, p.192] and the general case follows from the fact that
tensor product is left exact.

(5) Let {V,}, n € N, be a regular’! inductive system of Fréchet spaces with injective nuclear!?
transition maps. Then, for any Banach space W, we have an isomorphism [41, Theorem 1.3]

(lig V)@ W & lim(V, & W),

2.0.5. Acyclic inductive systems. A locally convex K-vector space V is called nuclear [55, 8.5] if there
exists a neighbourhood U of 0 “small” in the sense that, for every map f : V — B, with B a Banach
space, f(U) is contained in the union of the translates of the unit ball of B by elements of a finite rank
Ok-module. Note that a Banach space is nuclear if and only if it is finite dimensional (take f : B — B
mapping x to p~ Nz, for N big depending on U).

In an Archimedean setting, nuclear spaces can be defined by requiring that the natural map from the
projective tensor product to the injective tensor product with any locally convex space is an isomorphism.
For a non-Archimedean spherically complete K this map is always an isomorphism, and such a definition
would not ensure the good properties of nuclear spaces we want; hence the above definition.

Nuclear spaces are closed under the following operations [55, Theorem 8.5.7]: subspace and Hausdorff
quotient, projective limit, tensor product, completion, countable inductive limit.

Nuclear Fréchet spaces are Montel [60, Cor. 19.3]. It follows that [71, Theorem 3.3], if V = lim V,, is
an inductive limit of nuclear Fréchet spaces with injective transition maps, then V is regular if and only
if it is acyclic, i.e. if and only if L' lim V,, = 0.

Lemma 2.1. Let A3, n € N, be complezes of nuclear Fréchet spaces with strict differentials and cohomol-
ogy groups that are finite dimensional Hausdorff. Assume that these complexes form a regular inductive
system with injective nuclear transition maps Ay, — As . Let A* = lim | As. Then, for any Banach
space W, we have

H (A QW) ~ (H A& W.
In particular, this cohomology is classical.

Proof. First, note that the inductive system {A4%},n € N,i > 0, is acyclic. We claim that so is the
inductive system {A’@xW},n € N,i > 0. We will use for that the following criterium of acyclicity [71,
Theorem 1.1].

Proposition 2.2. An inductive system {Vy,}n,n € N, of Fréchet spaces with injective transition maps
is acyclic if and only if in every space V,, there is a convex neighbourhood U, of 0 such that

(1) U, CUpy1,n €N, and

(2) For every n € N there is m > n such that all topologies of the spaces Vi, k > m, coincide on U,.

The inductive system {A?},n € N,i > 0, being acyclic satisfies the above criterium; to see that so
does the system {A;@KW}, n € N, > 0, it is enough to use the U,’s chosen for the original system and
to tensor them with a lattice in W.

Now, consider the following series of isomorphisms

HI(A*®@xW) ~ Hi(lim AL @ W) ~ lim H (AL, & W)
~ lim(H' A3 B W = (i H'(43))8 W = H(A%)B W
n n
UInductive system {Vi, }, n > 0, with injective transition maps is called regular if for each bounded set B in V = h_r}nn Vo

there exists an n such that B C V;, and B is bounded in V,,.

12A map f 'V — W between two convex K-vector spaces is called nuclear if it can be factored f: V — V3 ﬁ} Wy - W,
where the map f; is a compact map between Banach spaces.
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The first and the fourth isomorphisms follow from the fact (5) recalled above; the second and the fifth
one — from exactness of hg It remains to show the third isomorphism, i.e., that

HI (AW ~ (H A)@xkW, neN.
For that, write A2 := AY % Al 4 ... We have two strictly exact sequences

0 = kerd! — Al — coimd} = imd} — 0,

0 —imd? ; — kerd? — H'A? — 0.
Since kerd? ~ imd? ; @ H'A: (use the Open Mapping Theorem and the fact that H?A? is finite
dimensional), _

ker(d; @ 1w) =~ (kerd; )@k W ~ ((imd;—1) QW) & (H' A*Q@xW).
It follows that it suffices to show that
(im di,1)®KW = im(di,1 X lw)

But this is clear in view of the fact (3) recalled above since all the spaces involved are Fréchet.

3. SYNTOMIC COHOMOLOGIES

In the first part of this section we will define and study overconvergent syntomic cohomology. Its
construction mimics the construction of Selmer groups by Bloch and Kato [6]. An analogous construction
for schemes was given in [72]. In the second part of the section we modify the syntomic cohomology of
Fontaine-Messing so that it also resembles Bloch-Kato Selmer groups.

3.1. Overconvergent Hyodo-Kato cohomology. We will review in this section the definition of the
overconvergent Hyodo-Kato cohomology and the overconvergent Hyodo-Kato isomorphism due to Grosse-
Klonne [23]. We will pay particular attention to topological issues.

3.1.1. Dagger spaces and weak formal schemes. We will review, very briefly, basic facts concerning dagger
spaces and weak formal schemes. Our main references are [42, 20, 68], where the interested reader can
find a detailed exposition.
We start with dagger spaces. For § € RT, set
T,(0) = K{67'X1,...,6 ' Xp} = {D_a,X" € K[[X1,...,X,]] | | 1‘1m |lay|61T = 0}.
—00

Here |v| = 31" v, v = (v1,...,v,) € N™. We have T, := K{X1,...,X,,} = T,(1). If § € pQ, this is an
affinoid K-algebra; the associated Banach norm |s|5 : T, (8) = R, |3 a, X "|s = max, |a,|d!*l. We set

KXy, X = | Tu(®)=JTu0)
6>1,6€pR 6>1
It is a Hausdorfl LF-algebra.

A dagger algebra A is a topological K-algebra isomorphic to a quotient of the overconvergent Tate
algebra K[X1,...,X,4]". Tt is canonically a Hausdorff LF-algebra [1, Cor. 3.2.4]. It defines a sheaf of
topological K-algebras ¢ on Sp 2 A being the p-adic completion of A, which is called a dagger structure
on Sp A. The pair Sp(A) := (| Sp A| O'") is called a dagger affinoid.

A dagger space'® X is a pa1r (X O") where X isa rigid analytic space over K and 07 is a sheaf
of topological K- algebras on X such that, for some affinoid open covering {U - X }, there are dagger
structures U; on U; such that 67|U; ~ ﬁT The set of global sections I'(X, &) has a structure of a convex
K-vector space given by the projective hmlt LY (Y, 07|Y), where Y runs over all affinoid subsets of
X. In the case of dagger affinoids this agrees with the previous definition.

Let X = Sp(A) — Y = Sp(B) be a morphism of affinoid dagger spaces and let U C X be an affinoid
subdomain. We write U €y X if there exists a surjection 7 : B[X1,..., X,]l — Aand § € pQ,§ > 1, such

133ometimes called rigid analytic space with overconvergent structure sheaf.
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that U C Sp(A[0~'7(X1),...,0 7 17(X,)]T). A morphism f: X — Y of dagger (or rigid) spaces is called
partially proper if f is separated and if there exist admissible coverings Y = (JY; and f~1(V;) = U Xy,
all ¢, such that for every X;; there exists an affinoid subset )N(ij C f~4(Y;) with Xij €y Xu A partially
proper dagger space that is quasi-compact is called proper. This notion is compatible with the one for
rigid spaces. In fact, the category of partially proper dagger spaces is equivalent to the category of
partially proper rigid spaces [20, Theorem 2.27]. In particular, a rigid analytification of a finite type
scheme over K is partially proper.

A dagger (or rigid) space X is called Stein if it admits an admissible affinoid covering X = (J;on Ui
such that U; ct U,y for all i; we call the covering U;,i € N, a Stein covering. Here the notation
U; ct Uj;1 means that the map 171 = Sp(C) C ﬁi+1 = Sp(D) is an open immersion of affinoid rigid
spaces induced by a map D ~ T,(8)/I — C ~ T, /IT, for some I and § > 1. Stein spaces are partially
proper.

We pass now to weakly formal schemes; the relation between dagger spaces and weak formal schemes
parallels [38] the one between rigid spaces and formal schemes due to Raynaud. A weakly complete Ok-
algebra AT (with respect to (w)) is an @-algebra which is w-adically separated and which satisfies the
following condition: for any power series f € Ox{X1,...,X,}, f = > a,X", such that there exists a
constant ¢ for which c(v,(a,)+1) > |v, all v, and for any n-tuple 1, ..., x, € AT, the series f(z1,...,2n)
converges to an element of AT. The weak completion of an O -algebra A is the smallest weakly complete
subalgebra AT of A containing the image of A.

A weak formal scheme is a locally ringed space (X, &) that is locally isomorphic to an affine weak
formal scheme. An affine weak formal scheme is a locally ring space (X, &) such that X = Spec(A'/w)
for some weakly complete finitely generated ¢k -algebra AT and the sheaf € is given on the standard basis
of open sets by I'(X7, 0) = (A})T, f € AT, For a weak formal scheme X, flat over O, the associated
dagger space X is partially proper if and only if all irreducible closed subsets Z of X are proper over
Ok [31, Remark 1.3.18].

A weak formal scheme over O is called semistable if, locally for the Zariski topology, it admits étale
maps to the weak formal spectrum Spwf(Ox[X1,..., X,]|T/(X1--- X, —@)), 1 < r < n. We equip it
with the log-structure coming from the special fiber. We have a similar definition for formal schemes. A
(weak) formal scheme X is called Stein if its generic fiber Xk is Stein. It is called Stein with a semistable
reduction if it has a semistable reduction over Ok (and then the irreducible components of Y := X are
proper and smooth) and there exist closed (resp. open) subschemes Yy, s € N, (resp. Us,s € N) of YV
such that

(1) each Y; is a finite union of irreducible components,
(2) Ys C Uy C Yiy1 and their union is Y,
(3) the tubes {]Us[x},s € N, form a Stein covering of X.

We will call the covering {Us}, s € N, a Stein covering of Y. The schemes Us, Y; inherit their log-structure
from Y (which is canonically a log-scheme log-smooth over k°). The log-schemes Y are not log-smooth
(over k%) but they are ideally log-smooth, i.e., they have a canonical idealized log-scheme structure and
are ideally log-smooth for this structure!?.

3.1.2. Qverconvergent Hyodo-Kato cohomology. Let X be a semistable weak formal scheme over 0.
We would like to define the overconvergent Hyodo-Kato cohomology as the rational overconvergent rigid
cohomology of X, over O'%:

Rk (Xo) := RIig(Xo/O%).
The foundations of log-rigid cohomology missing '® this has to be done by hand [23, 1].

MRecall [50] that an idealized log-scheme is a log-scheme together with an ideal in its log-structure that maps to zero in
the structure sheaf. There is a notion of log-smooth morphism of idealized log-schemes. Log-smooth idealized log-schemes
behave like classical log-smooth log-schemes. One can extend the definitions of log-crystalline, log-convergent, and log-rigid
cohomology, as well as that of de Rham-Witt complexes to idealized log-schemes. In what follows we will often skip the
word “idealized” if understood.

155¢e however [65].
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Let Y be a fine k% log-scheme. Choose an open covering Y = U;¢;Y; and, for every i € I, an exact
closed immersion Y; < Z; into a log-smooth weak formal ﬁ%—log—scheme Z;. For each nonempty finite
subset J C I choose (perhaps after refining the covering) an exactification'® [37, Prop. 4.10]

Yy =iesYi % 2, L H(Zi)ieJ
0%
of the diagonal embedding Y; — Hﬁ% (Zi)icy- Let Q.Z,/ﬁo be the de Rham complex of the weak formal
. F

log-scheme Z; over 0%. This is a complex of sheaves on Z; tensoring it with F' we obtain a complex
of sheaves Q3 on the F-dagger space Z;p. By [23, Lemma 1.2], the tube |Y;[z, and the restriction
Q].Y][ZJ = QY vy, of Q% to]Y[z, depend only on the embedding system {Y; < Z;}; not on the
chosen exactification (¢, f). Equip the de Rham complex T'(]Y;[z,,*) with the topology induced from
the structure sheaf of the dagger space |Yy[z,.

For Ji C Ja, one has natural restriction maps 6.5, s, :|Y,(z,, =Y, [z,, and 5;11,J29

].YJl [ZJ1 - Q].YJQ [ZJ2 ’

. on ]Y.[z,. Consider the
complex RI'(]Y,[z,,*). We equip it with the topology induced from the product topology on every
cosimplicial level. In the derived category of F-vector spaces this complex is independent of choices
made but we will make everything independent of choices already in the abelian category of complexes
of F-vector spaces by simply taking limit over all the possible choices. We define a complex in 2°(Cr)

(3.1) RTyig(Y/O%) := hocolimI'(]Y, [z,,Q*),
where the limit is over the data that we have described above. Note that the data corresponding to affine

coverings form a cofinal system. We set

H,(Y/0)) = HRDyig(Y/OR),  Hjiy(Y/OR) i= HRTg(Y/63).

rig

Well-ordering I, we get a simplicial dagger space |Y,[z, and a sheaf Q]'Y.[

The complex RIyig(Y/0%) is equipped with a Frobenius endomorphism ¢ defined by lifting Frobenius
to the schemes Z; in the above construction. In the case Y is log-smooth over k° we also have a monodromy
endomorphism!'” N = Res(V(dlog0)) defined by the logarithmic connection satisfying pp N = N.

Proposition 3.2. Let Y be a semistable scheme over k with the induced log-structure [23, 2.1].

(1) If Y is quasi-compact then H} (Y/OY) is a finite dimensional F-vector space with its unique
locally convex Hausdorff topology.
(2) The endomorphism ¢ on HZ,(Y/0%) is a homeomorphism.

rig
(3) Ifk is finite then Hgg(Y/ﬁ%) is a mized F'-isocrystal, i.e., the eigenvalues of v are Weil numbers.

Proof. All algebraic statements concerning the cohomology are proved in [23, Theorem 5.3]. They follow
immediately from the following weight spectral sequence [23, 5.2, 5.3] that reduces the statements to the
analogous ones for (classically) smooth schemes over k

(3.3) B = @ ] HRE W/ Or) = H(Xo/6)).
j>0,j>—k N€EO2j 111
Here ©; denotes the set of all intersections IV of j different irreducible components of X that are equipped
with trivial log-structure. By assumptions they are smooth over k.
Let us pass to topology. Recall the following fact (that we will repeatedly use in the paper)

Lemma 3.4. ([20, Lemma 4.7],[21, Cor. 3.2]) Let Y be a smooth Stein space or a smooth affinoid dagger
space. All de Rham differentials d; : QX (Y) — QiTH(Y) are strict and have closed images.

Remark 3.5. The above lemma holds also for log-smooth Stein spaces with the log-structure given by
a normal crossing divisor. The proof in [21, Cor. 3.2] goes through using the fact that for such quasi-
compact log-smooth spaces the rigid de Rham cohomology is isomorphic to the rigid de Rham cohomology

16Recall that an ezxactification is an operation that turns closed immersions of log-schemes into exact closed immersions.
"The formula that follows, while entirely informal, should give the reader an idea about the definition of the monodromy.
The formal definition can be found in [48, formula (37)].
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of the open locus where the log-structure is trivial (hence it is finite dimensional and equipped with the
canonical Hausdorff topology).

We claim that, in the notation used above, if Y is affine, then the complex
P(]YJ [ZJ ) Q.) = RP(]YJ [ZJ ) Q.)

has finite dimensional algebraic cohomology H* whose topology is Hausdorff. Moreover, its cohomology
H* is classical. Indeed, note that, using the contracting homotopy of the Poincaré Lemma for an open
ball, we may assume that the tube | Xy [z, is the generic fiber of a weak formal scheme lifting Xo s
to 0%. Now, write H' = kerd;/imd;_; with the induced quotient topology. By the above lemma, the
natural map coimd;_1 — imd;_ is an isomorphism and imd;_; is closed in ker d;. Hence H' is classical
and H' 5 H' is Hausdorff, as wanted.

Note that, by the above, a map between two de Rham complexes associated to two (different) embed-
dings of Y7 is a strict quasi-isomorphism. This implies that, if Y is affine, all the arrows in the system
(3.1) are strict quasi-isomorphisms and the cohomology of RT'yig(Y/ 0%) is isomorphic to the cohomology
of T(JY,[z,,*) for any embedding data.

This proves claim (1) of our proposition for affine schemes; the case of a general quasi-compact scheme
can be treated in the same way (choose a covering by a finite number of affinoids). Claim (2) follows
easily from claim (1). O

Remark 3.6. In an analogous way to RIig(Y/0%) we define complexes RTyig(Y/0F) € 9°(Ck). For
a quasi-compact Y, their cohomology groups are classical; they are finite K-vector spaces with their
canonical Hausdorff topology.

3.1.3. Overconvergent Hyodo-Kato isomorphism. Set r+ := k[T],r! := Op[T]" with the log-structure
associated to T. Let X be a log-scheme over r* := k[T (in particular, we allow log-schemes over k).
Assume that there exists an open covering X = U;c;X; and, for every 4, an exact closed immersion
X; & X; into a log-scheme log-smooth over 7 := Op[T]. For the schemes in this paper such embeddings
will exist locally. For each nonempty finite subset J C I, choose an exactification (product is taken
over 7)
Xy ZzﬂieJXié)fZ]AHXi
icJ

of the diagonal embedding as in Section 3.1.2.

Let 2’y be the weak completion of X ;. Define the de Rham complex Q'%J Jpt 88 the weak completion of

the de Rham complex QB?J - The tube ] X[, with the complex (Q’%J/TT ®Q)x, (4, is independent of

/
the chosen factorization (¢, f). For varying J one has natural transition maps, hence a simplicial dagger

space | X,[2, and a complex

(3.7) Q% /rt @ Q)i xu o

One shows that in the derived category of vector spaces over Q,

RF(]X.[%. ) Q}K./TT & Q|]X.[~V.)

is independent of choices. We make it though functorial as a complex by going to limit over all the choices
and define a complex in 2°(Cr)

R@yig(X/rT) := hocolim P (1 X, [, (%, /0 © Q)l1x.10, )

where the index set runs over the data described above.
Cohomology RI'ig(X/ 1) is equipped with a Frobenius endomorphism ¢ defined by lifting mod p Frobe-

nius to the schemes X; in the above construction in a manner compatible with the Frobenius on 7 induced
by T+ TP. If X is log-smooth over k°, we also have a monodromy endomorphism N = Res(\/(dlogT'))
defined by the logarithmic connection satisfying poN = N¢. The map po : RIyig(X/rT) — Rlyig(X/0%)
induced by T — 0 is compatible with Frobenius and monodromy.
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For a general (simplicial) log-scheme with boundary (X, X) over ¥ that satisfies certain mild condi-
tion'® the definition of the rigid cohomology RT'yig ((X, X)/rT) is analogous. For details of the construction
we refer the reader to [23, 1.10] and for the definition of log-schemes with boundary to [22].

Let Xy be a semistable scheme over k with the induced log-structure [23, 2.1]. Let {X;}:cr be the
irreducible components of Xy with induced log-structure. Denote by M, the nerve of the covering
[T;c; Xi = Xo. We define the complex RIyig(M,/0%) € 2°(Ck) in an analogous way to RTvig(Xo/O%)
using the embedding data described in [23, 1.5].

Lemma 3.8. Let O denote 0% or ;. The natural map
Rl—‘rig(Xo/ﬁ) — Rl—‘rig(M./ﬁ)
is a strict quasi-isomorphism.

Proof. Tt suffices to argue locally, so we may assume that there exists an exact embedding of X into a
weak formal scheme X that is log-smooth over 0.

First we prove that above map is a quasi-isomorphism. The complex RT'i,(M, /) can be computed
by de Rham complexes on the tubes |M;[x, where, for a nonempty subset J C I, we set Mj = NjcsX;
with the induced log-structure. To compute RI'ig(Xo/0), recall that, for a weak formal scheme X and
a closed subscheme Z of its special fiber, if Z = U;c1Z; is a finite covering by closed subschemes of Z,
then the dagger space covering |Z[x= Ujer]Z;[x is admissible open [23, 3.3]. Hence RI'iz(X(/0) can
be computed as the de Rham cohomology of the nerve of the covering X = U;cr]M;[x. Since the two
above mentioned simplicial de Rham complexes are equal, we are done.

Now, strictness of the above quasi-isomorphism follows from the fact that the cohomology groups
of the left complex are finite dimensional vector spaces (over F' or K) with their canonical Hausdorff
topology and so are the cohomology groups of the right complex (basically by the same argument using
the quasi-isomorphism RIyig(M;/0) = RTyig(M¥/0) [23, Lemma 4.4], where MY denotes the open set
of My, where the horizontal log-structure is trivial.) O

Let J C I and M = M; = NjesX;. Grosse-Klonne [23, 2.2] attaches to M finitely many log-
schemes with boundary (Py;,Vi}), 0 € J' ¢ J. We think of (P{;,V;}) as the vector bundle V;}
on M (built from the log-structure corresponding to J') that is compactified by the projective space
bundle PA‘Z . It is a log-scheme with boundary over r* which, in particular, means that Vz\‘/][/ is a genuine
log-scheme over r+ (however this is not the case for P]\JZ[, ). We note, that in application to the Hyodo-Kato
isomorphism for M all we need are index sets J' with just one element. This construction of Grosse-
Klénne corresponds to defining the Hyodo-Kato isomorphism using not the deformation space 2P as in
the classical constructions but its compactification (a projective space). The key advantage being that
the cohomology of the structure sheaf of the new deformation space is now trivial.

The following proposition is the main result of [23].

Proposition 3.9. Let 0 # J' C J C I and let O (0) = 0%, Op(w) = O}. The map
RDyig ((Pif, Vi ) /1) ®@F F(a) = RDyig(M/Op(a)), a=0,w,

defined by restricting to the zero section M = My — P]\J/A,/ and sending T +— a, s a strict quasi-
isomorphism.

Proof. The algebraic quasi-isomorphism was proved in [23, Theorem 3.1]. To show that this quasi-
isomorphism is strict we can argue locally, for X affine. Then the cohomology of the complex on the right
is a finite rank vector space over F'(a) with its natural locally convex and Hausdorff topology. Algebraic
quasi-isomorphism and continuity of the restriction map imply that the cohomology of the complex on
the left is Hausdorff as well. Since it is locally convex space the map has to be an isomorphism in Cp(q),
as wanted. g

18T he interested reader can find a description of this condition in [23, 1.10]. It will be always satisfied by the log-schemes
we work with in this paper.
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Ezxample 3.10. We have found that the best way to understand the above proposition is through an
example supplied by Grosse-Klonne himself in [23]. Let X be of dimension 1 and let M be the intersection
of two irreducible components. Hence the underlying scheme of M is equal to Speck. Let U be the two
dimensional open unit disk over K with coordinates z1, x2, viewed as a dagger space. Consider its two
closed subspaces: U° defined by 122 = 0 and U™ defined by z122 = w.

Let (NZEJ be the de Rham complex of U with log-poles along the divisor U?; let Qf; be its quotient
by its sub-Oy-algebra generated by dlog(z1x2). Denote by Qf, and Q. its restriction to U° and
U=, respectively. We note that U® is (classically) smooth and that Q. is its (classical) de Rham
complex. We view the k°-log-scheme M as an exact closed log-subscheme of the formal log-scheme
Spf(OF([x1,22]]/(z122)) that is log-smooth over &% or of the formal log-scheme Spf (O [[z1, x2]]/ (z122 —
w@)) that is log-smooth over &. The corresponding tubes are UY and U®. We have

(3.11) RTyig(M/0%) @ K =RI(U°,Q*), RIu(M/0F)=RIUZ,Q°%).

We easily see that H*(U°,Q*) ~ H*(U®,Q*); in particular, H*(U°, Q) = H(U®,Q*) is a one dimen-
sional K-vector space generated by dlogx;.

The quasi-isomorphism between the cohomologies in (3.11) is constructed via the following deformation
space (P, V):

P = (Px x Pi)™ = ((Spec(K[z1]) U {oo}) x (Spec(K[z2]) U {o0}))™,  V := (Spec(K [z1,z2]))™
Let ?2;3 be the de Rham complex of P with log-poles along the divisor
({0} x Pi) U (P x {0}) U ({00} x P) U (P x {oo}).

The section dlog(zi22) € ﬁllj(U) = QL(U) extends canonically to a section dlog(z1z2) € QL (P). Let 3,
be the quotient of Q% by its sub-&p-algebra generated by dlog(x1x2). The natural restriction maps

RI(U° Q*) < RI(P,Q*) — RI(U%,Q%), 0T, T +— w,

are quasi-isomorphisms. This is because we have killed one differential of Q p and the logarithmic differ-
entials of ]P’lﬁK are isomorphic to the structure sheaf hence have cohomology which is 1-dimensional in
degree 0 and trivial otherwise.

Varying the index set J' in a coherent way one glues the log-schemes (PAJz[/,V]d[/) into a simplicial
r*-log-scheme (P,,V,) with boundary. Set RIyig(Xo/r") := RIyig((P.,V.)/rT). We have the corre-
sponding simplicial log-scheme M/ over kV. There is a natural map M, — M/ (that induces a strict
quasi-isomorphism RTyig(M]/0%) = Rlyig(M,/0Y)) and a natural map M. — (P,,V,). The following
proposition is an immediate corollary of Proposition 3.9 and Lemma 3.8.

Proposition 3.12. ([23, Theorem 3.4])Let a = 0,w. The natural maps
RLyig(Xo/Or(a)) = RTvig(M,/Or(a)) + RTyig(Xo/rT) @ F(a)
are strict quasi-isomorphisms.

Let X be a semistable weak formal scheme over 0. We define the overconvergent Hyodo-Kato
cohomology of X as RI'yx (Xo) := RIig(Xo/O%). Recall that the Hyodo-Kato map

LHK RFHK(XQ) — RFdR(XK)
is defined as the zigzag (using the maps from the above proposition)
RIuk (Xo) = RTyig(Xo/0%) & RT4ig(Xo/r")—=RTvig(Xo/r") @r K = RTyig(Xo0/05) ~ RTar(Xk).
It yields the (overconvergent) Hyodo-Kato strict quasi-isomorphism
LHK RFHK(XQ) QR K =5 RFdR(XK).

Remark 3.13. The overconvergent Hyodo-Kato map, as its classical counterpart, depends on the choice
of the uniformizer w. This dependence takes the usual form [66, Prop. 4.4.17].
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3.2. Overconvergent syntomic cohomology. In this section we will define syntomic cohomology (a la
Bloch-Kato) using overconvergent Hyodo-Kato and de Rham cohomologies of Grosse-Klonne and discuss
the fundamental diagram that it fits into. We call this definition a la Bloch-Kato because it is inspired
by Bloch-Kato’s definition of local Selmer groups [6].

3.2.1. Overconvergent geometric syntomic cohomology. Let X be a semistable weak formal scheme over
Ok. Take r > 0. We define the overconvergent geometric syntomic cohomology of Xx by the following
mapping fiber (taken in 2°(Cq,))

RTgyn (X, Qy(r) = [[RTux (Xo)@ B V=097 EE0 (RU4r (X )@k Bip)/ F7].

This is an overconvergent analog of the algebraic geometric syntomic cohomology studied in [48]. Here,
we wrote [RTuk (Xo)®rBZ]V="¢=F" for the homotopy limit of the commutative diagram®®

RI'nk (Xo)@)FB:; ﬂ> Rl'ux (XO)@)FB:;

| |
Rjixc(Xo) @Bl 2275 Ry (X0)® B,
where the completed tensor products @ are defined, using Section 3.1.2, as follows
(3.14) T(Xo0,s(z,,2")@rBf, := @0l (1 X0,s(2,,2")@rBLu’, Bl = @i50Blu’,
RT4ig(Xo/0%)@pBY; := hocolim(T'(] Xo..[z,, Q") @ rBY),
(RPar (Xx)®xBp)/F" = (Rlig(Xo/ Ok )@k Bp)/F" := hocolim((T (1 Xo.. [z, @) O xBp)/F"),

and similarly for the terms involved in the definition of the Hyodo-Kato map. Note that the inductive
limits can be taken over affine coverings. Set

HK(Xc,7) == [Rlux (Xo)®rBE)V="¢=" DR(Xc,r) := (RT4r(Xx)®xBR)/F".
Hence
RLsyn(Xe, Qp(r) = [HK(Xo, r)—"=5DR(Xc, 7).
Example 3.15. Assume that X is affine. We claim that, in the notation used above, the complex
(| Xo0,s[z,, ) @rBE,

has classical cohomology equal to Hjjx (Xo, 7)®@rBZ, a finite rank free module over BZ. Indeed, as in
the proof of Proposition 3.2, using the contracting homotopy of the Poincaré Lemma for an open ball,
we may assume that the tube | X s[z, is the generic fiber of a weak formal scheme lifting X¢ ; to &%
In which case we can appeal to Lemma 2.1.

It follows that a map between two de Rham complexes associated to two (different) embeddings of
Xo,s is a strict quasi-isomorphism (as B, is a Banach space we can use the Open Mapping Theorem).
This implies that all the arrows in the system (3.14) are strict quasi-isomorphisms and the cohomology of
RIig(Xo/0%)@FBY; is isomorphic to the cohomology of I'(] X [z, ,2*)@ B for any embedding data.
By the above, we have a natural isomorphism

(3.16) H'(RTuk (Xo)@rBY) ~ Hix(Xo)RprBY.

It is easy to see that it also holds for Xy quasi-compact (choose a finite affine covering and use the above
computations).

Lemma 3.17. Let Xy be quasi-compact. The above isomorphism induces a natural isomorphism
H'(HK(X¢,7)) = (Hiic(Xo)@rBEHN =07

of Banach space.

191 general, in what follows we will use the brackets [ ] to denote derived eigenspaces and the brackets ( ) or nothing
to denote the non-derived ones.
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Proof. The argument here is similar to the one given in [48, Cor. 3.26] for the Beilinson-Hyodo-Kato
cohomology but requires a little bit more care. We note that Hjj(Xo) is a finite dimensional (¢, N)-
module (by Proposition 3.2). Recall that, for a finite (¢, N)-module M, we have the following short exact
sequences
(3.18) 0MepBL 5 MerBl S MorBf -0,

0 —(M ®p BLP™ — M opBEE"SM op BE — 0.

r

The first one follows, by induction on m such that N™ = 0 on M, from the fundamental exact sequence,
i.e., the same sequence for M = F. The map [ is the (Frobenius equivariant) trivialization map defined
as follows

(3.19) B:MeoBL 5 (Me@BHY, m@br exp(Nu)m®b.

We note here that it is not Galois equivariant; however this fact will not be a problem for us in this proof.
The second exact sequence follows from [12, Remark 2.30].
We will first show that

(3.20) H' (R (Xo)®rBEIN=0) = (Hip (Xo)®pBY) V="
Set HK := RFHK(XO)@@FB;. We have the long exact sequence
N HY(HK) —» HY([HK]N=°) —» HY(HK) & H'(HK) —» H+([HK]V=0) —
By the isomorphism (3.16) and the exact sequence (3.18), it splits into the short exact sequences
0 — H'([HK]V=") — Hjy(Xo) ®r B 5 Hijc(Xo) @ BY, = 0

The isomorphism (3.20) follows. By (3.18), we also have H'([HK]N=0) ~ Hi (Xo) @ r B,
Now, set D := [HK]V=Y We have the long exact sequence
YD) - H(ID)P="") — H'(D) 2= HY(D) — H([D)*=") —

Since H (D) ~ Hiy(Xo) @r Bf;

cr?
into the short exact sequences

the sequence (3.18) implies that the above long exact sequence splits

0 (D)) > Hige(X0) @ BEZ Hine(Xo) @1 B, = 0

r

Our lemma follows. O

Assume now that X is Stein and let {U,},n € N, be a Stein covering. Arguing as above we get that
RIuk (X0)@rBE 5 holim, (R uxk (U,)®rBZ).
It follows that its cohomology is classical and, by Section 2.0.4,
(3.21) H'(RTuk (Xo)®rBg) = @(HQK(UH@FB;) ~ (Hfyk (Xo)®rBY)

since H*® holim,, (H*(U,)®rBZ) = 0, s > 1, as the system { Hx (Un)}nen is Mittag-Leffler.

Lemma 3.22. The cohomology H'([RTuk (Xo)@pBE]N=0¢=P") is classical. We have natural isomor-
phisms
H'([RPux(Xo)® BN =097 o (Hipc (Xo)@rBH)N =097
In particular, the space H'([RT'ux (Xo)@rBL|N=09=P") is Fréchet. Moreover,
H'([RTuk(X0)@rBEN™") = (Hji (X0)®rB) V= =~ Hjj (Xo)®rBy,

where the last isomorphism is not, in general, Galois equivariant.
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Proof. The first claim follows from the fact that the cohomology H *(RTuk (Xo)®rB) is classical. For
the second claim, we argue as in the proof of Lemma 3.17 using analogs of the exact sequences (3.18)
(for M = Hjx(Xo)):

(3.23) 0 = Hig (Xo)®rBE 5 Hi (X0)8rBh X Hiy (Xo)®rBl — 0,

T

0 = (Hik (X0)®rBE) P — Hi (Xo)@rBLE—5 Hijx (Xo)@rB — 0.

r

These sequences are limits of sequences (3.18) applied to Hji (Uy), n € N. We wrote 3 := ]&nn B

Finally, the last claim of the lemma is proved while proving the second claim.
O

vaample 3.24. Assume that X is affine. In that case Q¢(Xx) is an LB-space. The de Rham cohomology
H éR(X k) is a finite dimensional K-vector space with its natural Hausdorff topology. Computing as in
the above example?®, we get
RLgr (X )@ Blr ~ 0 (XK)BxBl; = (0(XKk)®xBli — U (Xk)@xkBlg — )
F'(RT4r(Xx)®xBlg) ~ F" (0 (XK)®xBlR) = (0(Xk)®x F B — Q'(Xk)Ox F' "Bl — )
DR(Xc,7) = (RTar(Xx)@xBir)/F" =~ (2°(Xk)@xBg)/F"
= (0(Xk)Ok (Bip/F") = Q' (Xg)@k (Bip/F' 1) = -+ = QO (Xk)®k (Bip/F"))
In low degrees we have
DR(X¢,0) =0, DR(X¢, 1)~ O0(Xk)&kC,
DR(X¢,2) = (0(Xg)®k (Bir/F?) — QO (Xk)2KC).

The cohomology IA{VDR(XC, r) is classical and, since B, /F" is a Banach space, it is an LB-space; for
i >r, HDR(X¢,r) = 0.

Assume now that X is Stein. Recall that the de Rham complex is built from Fréchet spaces. Since the
de Rham differentials are strict and have closed images, the de Rham cohomology H éR(X k) is classical
and Fréchet as well. Since BQ'R is a Fréchet space and B;‘R/ F' is a Banach space, we can use Section
2.0.4 to conclude that the above computation works for Stein weak formal schemes as well. In particular,
the cohomology HDR(X¢,r) is classical and Fréchet as well.

Let X be affine or Stein. We can conclude from the above that our syntomic cohomology fits into the
long exact sequence
— H''DR(Xc,r) & HL(Xo, Qp(r) — (Hik (Xo)®xBh)V=0w=r" M8CL DR (X o, r) —
where all the terms but the syntomic one were shown to be classical and LB or Fréchet, respectively. It
follows that the syntomic cohomology is also classical and we will show later that it has the remaining
properties as well.

Ezample 3.25. Assume that X is affine or Stein and geometrically irreducible. For r = 0, from the above
computations (we note that DR(X¢, 0) is strictly exact), we obtain the continuous bijection

HY (Xc,Qp) & (Hik (Xo)®rBh)?= V=0~ BL#=! = Q,.

syn
Since Q, is separated (and clearly finite dimensional over Q) this is an isomorphism.
For r = 1, we obtain the following strictly exact sequence

HHK(Xc, )™ %0y, &xC — HL (Xc,Qp(1)) — (Hik (Xo)@rBE)#PV=0 = 0
Since HYx(Xo) = F, we have H'HK(X¢,1) = BXL¥=? and the map H°HK(X(, 1)%0)@(@1(0 is
induced by the map ¢ : B, — B:{R/ F'. Since we have the fundamental sequence

0— Qu(l) » BL¥=? - BI,/F' -0

20The computations are actually simpler because, unlike B;rt, BXR is a Fréchet space.
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we get the strictly exact sequence
0 C = O(X)BKC—"Hly(Xe, Qp(1)) = (e (Xo)BrBLPPN=0 = 0

3.2.2. Fundamental diagram. We will construct the fundamental diagram that syntomic cohomology fits
into. We start with an example.

Example 3.26. Fundamental diagram; the case of r = 1. Assume that X is affine or Stein and geo-
metrically irreducible. We claim that we have the following commutative diagram with strictly exact
TOWS.

0 — (O(X)BKC)/C — Hly(Xe. Qp1)) = (Hip (X)SrB)# N =0 ——0
H lﬂ lLHK®9
00— (O(Xk)BKC)/C —4= QN (XK )amo@x C ———— Hp (X )@ C ————= 0

The top row is the strictly exact sequence from the Example 3.2.1. The bottom row is induced by the
natural sequence defining H éR(X k). The map gk ® ¢ is induced by the composition

Rl sk (X0)®rBt 2 ELREgp (X k) ® kB, & RTar(Xk)®xC.

The map 3 is induced by the composition (the fact that the first map lands in F! is immediate from the
definition of RI'syn(Xc, Qp(1)))

Ry (X, Qp(1)) = FY(RT4r(X k)@ Blg) 50— QY XK)BKC — P (Xg)BKC — -+ ).

Clearly they make the right square in the above diagram commute. To see that the left square commutes
as well it is best to consider the following diagram of maps of distinguished triangles

L QL
Rrsyn(X07Q;D(1)> - [RFHK(XO)®FB+]LP =p,N=0 HK (RFdR XK ®KBdR)/F1

- |
F'(RTar(Xx)@xBJR) RI4r (Xx)©xBig (RTar (XK )®xBig)/F!
le le le

02N (X k)@ C[-1] —————— Q*(Xk )@k C O(Xk)BxC

The map £ is the map on mapping fibers induced by the commutative right square. We have g = 05. Tt
remains to check that the map (X )®@xC — Q' (X )@k C induced from the bottom row of the above
diagram is equal to d but this is easy.

And here is the general case.

Proposition 3.27. Let X be an affine or a Stein weak formal scheme. Let r > 0. There is a natural
map of strictly exact sequences

0 —— (1 (Xi) Ker )i C —m i (X Qulr)) —= (i (Xo)@ B V=001 — 0
H lﬁ lLH}(@e
0 —— ("1 (Xk)/ ker d) Bk C — > Q" (X g )ao D i C Hin(Xg)®xC 0

Moreover, ker(1pk ® 6) ~ (HHK(X0)®FB+)N:O’“":1’ , H (X, Qp(r)) is LB or Fréchet, respectively,
and the maps B, gk ® 0 are strict and have closed images.
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Proof. The following map of strictly exact sequences (where Q', Hiy and Hj stand for Q' (Xg),
H!y(Xk) and Hij(Xo) respectively) is constructed in an analogous way to the case of r = 1 treated in
the above example

(Higd P BN 007 — (@A 2Bk C L HY (X, Qy(r) — (i DrBY)Y 09 =50

syn
lLHK®9 ‘ lﬁ l/LHK@e

0— HiZ'®xC —— (1 /d )@ C —4> Q1 (& C ——— Hi®xC — 0

To prove the first claim of the proposition it suffices to show that the map tgx ® 6 in degree r — 1 is
surjective. For that we will need the following lemma.

Lemma 3.28. Let M be an effective’! finite (¢, N)-module over F. The sequence
0= (M @p BE)»=P' V=04 (M @ BY)#=""" N=012% yr o C
is exact. Moreover, the right arrow is a surjection if the slopes of Frobenius are < j.

Proof. Using the trivialization (3.19) and the fact that 8(u) = 0, we get the following commutative
diagram

0—= (M @p B)¢=7' V=0 Lo (3 @p Bf)e=""' V=0 1% yr g0

ﬁTZ ﬁTz d | @

0— (M @p BL)¥=V ¢ (M®FBZ;)9":1’H11;®G>M®FC
Hence it suffices to prove the analog of our lemma for the bottom sequence.
First we will show that the following sequence

(3.29) 0= (M eprBL)*=" 4 (MoprBL)»=" 5 op C

is exact. Multiplication by t is clearly injective. To show exactness in the middle it suffices to show that
(M @p F'BL)P™" = (M @p BL?™,

where F'Bf; := B, N F'BJy. Or that (F'Bf;)? = (BL)e=r"""

that

:pj+1fo<

. But this follows from the fact

(F'BL)»P" "  {z € BL|0(¢"(x)) = 0,Vk > 0} = tB,.

It remains to show that if the Frobenius slopes of M are < j then the last arrow in the sequence
(3.29) is a surjection. To see this, we note that all the terms in the sequence are C-points of finite
dimensional BC spaces?? and the maps can be lifted to maps of such spaces. It follows that the cokernel
of multiplication by t is a finite dimensional BC space. We compute its Dimension [12, 5.2.2]:

Dim(M @p BE)* " —Dim(M @ BL)*™ = Y (G+1-r1) =Y (-1
ri<j+1 ri<j
- ((j + 1) dimFM - tN(M),dimF M) - (] dimFM - tN(M),diInF M) = (dlmF ]\47 O)

Here r;’s are the slopes of Frobenius repeated with multiplicity, tx (M) = vp(det ), and the second
equality follows from the fact that the slopes of Frobenius are < j. Since this Dimension is the same as
the Dimension of the BC space corresponding to M ®pr C', we get the surjection we wanted. O

Assume first that X is quasi-compact. By the above lemma, to prove that the map tgk ® 0 is surjective
in degree r — 1 and that its kernel in degree r is isomorphic to (Hjjx (X0)@rBE)?=P"N=0 it suffices
to show that the slopes of Frobenius on Hi(Xo) are < i. For that we use the weight spectral sequence
(3.3) to reduce to showing that, for a smooth scheme Y over k, the slopes of Frobenius on the (classical)
rigid cohomology Hrjig(Y/F) are < j. But this is well-known [8, Théoreme 3.1.2].

2l\e call a (¢, N)-module M effective if all the slopes of the Fobenius are > 0.
22Which are called finite dimensional Banach Spaces in [9] and Banach-Colmez spaces in most of the literature.
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Since the syntomic cohomology is the equalizer of the maps tyx ® 0, whose target and domain are
Banach, and 7, whose domain is LB, it is an LB-space as well. Since the map (g ® 6 lifts to a map of
finite Dimensional BC spaces it is strict and has a closed image. It follows that so does the pullback map
5.

Assume now that X is Stein with a Stein covering {U;}, € N. Since the map tpx ® € is the projective
limit of the maps

(rk ©0); : (Hi (Un)@pBH)N="9=" — HiR (Ui[x)®xC

the computation above yields the statement on the kernel in degree r. For the surjectivity in de-
gree r — 1, it remains to show the vanishing of H* holimi(HITIK(UZ-)@FB:;)N:O"/’:?PI. But the system
{(HIT{K(UZ-)@FB;)N:O"/’:V*I},i € N, is Mittag-Leffler. Indeed, it can be lifted to a system of finite
dimensional BC spaces with Dimensions (d;, h;), d;, h; > 0 [9, Prop. 10.6]. The images of the terms in
the system in a fixed BC space form a chain with decreasing dimensions D (in lexicographical order).
Since the height h of any BC subspace of these spaces is also > 0 [10, Lemma 2.6], they stabilize, as
wanted.

Since the maps (tgx ® 6); are strict and have closed images it follows that the projective limit map
tuk ® 6 inherits these properties and then so does the pullback map 8. Finally, since the syntomic
cohomology is the equalizer of the maps tgx ® 6 and 7 of Fréchet spaces it is Fréchet. 0

Remark 3.30. Assume that X is affine. The image of the map tgk ® 6 in degree r in the fundamental
diagram is the C-points of a finite dimensional BC space that is the cokernel of the map:

(i (Xo) @p BE)N=0¢=0""" L (Hye (Xo) o BE) V=097,
Its Dimension is equal to
Z(r—ri,l)— Z (r—1-mr;,1)= Z (1,0) + Z (r—mr;,1).
ri<r ri<r—1 ri<r—1 r—1<r;<r

3.3. Crystalline syntomic cohomology. The classical crystalline syntomic cohomology of Fontaine-
Messing and the related period map to étale cohomology generalize easily to formal schemes. We define
them and then modify this syntomic cohomology in the spirit of Bloch-Kato to make it more computable.

3.3.1. Definition a la Fontaine-Messing. Let X be a semistable p-adic formal scheme over 0. This
means that, locally for the Zariski topology, X = Spf(R), where R is the p-adic completion of an algebra
étale over O {Th,...,Tp,}/(T1-- Ty, — w). We equip X with the log-structure induced by the special
fiber. Set X := Xg,..

For r > 0, we have the geometric syntomic cohomology of Fontaine-Messing [17]

REqn (X, Z/p"(r)) i= [F'RT (X ) SR (X)), F'RT(X ) = REe(X,, #1)
Rl syn (X, Zp(r)) := holim,, RTsyn (X, Z/p™(7)).
Crystalline cohomology used here is the absolute one, i.e., over Or, and ¢ [l is the r’th level of the
crystalline Hodge filtration sheaf. We have
(3.31) RTuyn (X, Zp(r))q = [F"RT(X) @ ZRT e (X))
= [Rl(X)§™" — Rlu(X)q/F"]

and similarly with Z, and Z/p™ coeflicients.

The above geometric syntomic cohomology is related, via period morphisms, to the étale cohomology
of the rigid space X¢ (see below) and hence allows to describe the latter using differential forms. To
achieve the same for pro-étale cohomology, we need to modify the definition of syntomic cohomology a
bit. Consider the complexes of sheaves on X associated to the presheaves (U is an affine Zariski open in
X and U :=Ug,)

ey i = (U + (holim, RL;(U))q), F' e := (U (holim,, F"RT+(U,))q),
L(r) = (U~ RFsyn(U, Z,(r))q)-
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We have )
S () = [ e EDr ] = [ 57 = A F].

We define

Rl (X) := RI'(X, Hr), F'RI(X) :=RI(X,F";), RLgyn(X,Qp(r)) :=RI(X,.7(r)).
Hence
(332)  RDya(X,Qp(r) = [F"RE(X) LRI (X)] = [RE(X)* ™ — RLG(X)/F7].
There is a natural map
(3.33) Rlsyn (X, Zy(r))q — Rlsyn (X, Qp(1r)).

It is a quasi-isomorphism in the case X is of finite type but not in general (since in the case of Z,(r) we
do all computations on U’s as above integrally and invert p at the very end and in the case of Q,(r) we
invert p already on each U).

By proceeding just as in the case of overconvergent syntomic cohomology (and using crystalline em-
bedding systems instead of dagger ones) we can equip both complexes in (3.33) with a natural topology
for which they become complexes of Banach spaces over Q,, in the case X is quasi-compact 2z,

The defining mapping fibers (3.31) and (3.33) can be taken in 2°(Cq,). Moreover, the change of
topology map in (3.33) is continuous (and a strict quasi-isomorphism if X is of finite type).

3.3.2. Period map. We are interested in syntomic cohomology a la Fontaine-Messing because of the
following comparison [66, 12].

Proposition 3.34. Let X be a semistable finite type formal scheme over Ox. The Fontaine-Messing
period map [17]

apy : RTgn(X, Qp(r)) — Rle(Xe, Qu(r)

is a quasi-isomorphism after truncation T<,.

We equip the pro-étale and étale cohomologies RI'pr0st (X, Qp(1)), and RIe (X ¢, Qp(r)) with a nat-
ural topology by proceeding as in the case of overconvergent rigid cohomology by using as local data
compatible Z/p"-free complexes?*. If X is quasi-compact, we obtain in this way complexes of Banach
spaces over Q.

Corollary 3.35. Let X be a semistable formal scheme over Ok . There is a natural Fontaine-Messing
period map

(336) OFM - RFSyn(Y, Qp(T)) — RFproét (Xc, Qp(T))
that is a strict quasi-isomorphism after truncation T<,.

Proof. Cover X with quasi-compact formal schemes and invoke Proposition 3.34; we obtain a quasi-
isomorphism
QfFM - TgrRrsyn (X, QP(T)) — TgrRPét (Xc, QP(T))
To see that it is strict, recall that the period map in Proposition 3.34 is actually defined modulo p™ and
it is a pV-quasi-isomorphism for a universal constant NV, i.e, the kernel and cokernel on cohomology are
annihilated by p”. This passes to holim,, and implies that, on cohomology, there is a p™¥-inverse (possibly
different universal constant N) to the period map. Hence the strict isomorphism after inverting p we
wanted.
It remains to show that, for a quasi-compact X, the natural map

Rrét (XC, Qp('f')) — Rrproét (X07 Qp('f'))

23We note that Ok being syntomic over O, all the integral complexes in sight are in fact p-torsion free.
24gy4ch complexes can be found, for example, by taking the system of étale hypercovers.
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is a (strict) quasi-isomorphism. From [62, Cor. 3.17] we know that this is true with Z/p™-coefficients.
This implies that we have a sequence of quasi-isomorphisms

RT s (Xc,Zp(r)) = holim, RT'¢t(X¢c, Z/p"™(r)) =~ holim, RT proet (X, Z/p™ (1))
~ RIprost (X, holim,, Z/p" (1)) ~ RT proct (X, @1 Z/p™(r)) = Rl prost (X, Zp(T)),

where the third quasi-isomorphism follows from the fact that RI" and holim commute and the fourth one
follows from [62, Prop. 8.2].
It remains to show that

RFproét (X07 Z;D(T)) ® Q :> RFproét (XCa QP(T))

But, since |X¢| is quasi-compact, the site X¢ prost is coherent [62, Prop. 3.12]. Hence its cohomology
commutes with colimits of abelian sheaves, yielding the above quasi-isomorphism. O

3.3.3. Period rings B, A, k. We denote by rf the algebra Op|[T]] with the log-structure associated
to T. Sending T to w induces a surjective morphism rf — €. We denote by rEP the p-adic divided
power envelope of r with respect to the kernel of this morphism. Frobenius is defined by T+ TP,
monodromy by T +— T'.

We will recall the definition of the ring of periods B, [66, p.253]. Let

;&st,n = ng(ﬁ%ﬁn/’f’g]?n), ;&st = yﬂl-‘&st,nu ]/?;:_t = ;&st[l/p]

We note that B\:; is a Banach space over F' (which makes it easier to handle topologically than B,).
The ring A, has a natural action of ¥k, Frobenius ¢, and a monodromy operator N. We have a
morphism Acn, — Agpn induced by the map HQ.(Ocn/Opn) — HY(OF,, /reb,). Both it and the

natural map rfP — Kst,n are compatible with all the structures (Frobenius, monodromy, and Galois

w,n

action). Moreover, we have the exact sequence
(3.37) 0= Acrn — Agen 2 Ay — 0.
We can view f&stm as the ring of the PD-envelope of the closed immersion
Spec ﬁé,n — Spec(An ., @op., r;n)

defined by the maps 6 : Ac,,, — Ocyp and vl — Ok, T — w. Here AX, is A, equipped

w,n cr,n

with the unique log-structure extending the one on ﬁé)n. This makes Spec ﬁ% L Spec Kst,n into a
PD-thickening in the crystalline site of ﬁ% .- 1t follows [36, Sec. 3.9] that
(3.38) A = RU(0F,/rE0).

There is a canonical BJ;-linear isomorphism B = B ™™ compatible [36, Theorem 3.7] with the
action of ¥, ¢, and N.
We will now pass to the definition of the ring of periods A, x [66, 4.6]. Let

Ackn = Ho (0% /0%,), Ack :=lmAuk ..
n

The ring Acr k., is a flat Z/p™module and A¢ gnt1 ® Z/p™ ~ A k,n; moreover, it has a nat-
ural action of ¥x. These properties generalize to ng(ﬁ% n/ﬁ;{yn, I, for r € Z, and we have

Hi (0% 0%, J)=0,i>1,1€Z. Set
F'Ac i = HOOF (0%, I, F'Aak =lmF" Ac k.

We have
FTAcr,K,n =~ RFcr(ﬁ;;nv /[T]); FTAcr,K,n/FS =~ chr(ﬁ;;)n; /[T]//[S])v r S S.



24 PIERRE COLMEZ, GABRIEL DOSPINESCU, WIESLAWA NIZIOL

The natural map g’ Acrn, — &% Acr k,n 1S a p®-quasi-isomorphism for a universal constant a [66,
Lemma 4.6.2]. There is a natural ¥x-equivariant map ¢ : B, — BIR induced by the maps

Pw - B:_t — A—CI‘,K7 (Acr/FT)Q :> Acr,K/Frv

where p, denotes the map induced by sending 7" — w.
3.3.4. Definition a la Bloch-Kato. Crystalline geometric syntomic cohomology a la Fontaine-Messing can
be often described in a very simple way using filtered de Rham complexes and Hyodo-Kato cohomology
(if that one can be defined) and the period rings B, B(J{R.This was done for proper algebraic and analytic
varieties in [48, 12]. In this section we adapt the arguments from loc. cit. to the case of some non-quasi-
compact rigid varieties. The de Rham term is the same, the Hyodo-Kato term is more complicated, and
the role of the period ring BZ; is played by ﬁ:;

Let » > 0. For a semistable formal scheme X over O, we define the crystalline geometric syntomic
cohomology a la Bloch-Kato (as an object in 2°(Cq,))

syn

RIBS (X o, Qp(r)) = [[RTer (X/15P) & en, BEIN == =20 (RTap (X k) Bk BJp) /F]:

Here R (X/rEP) is defined in analogous way to Rl (X) (hence it is rational), the completed tensor
products are defined by the procedure we have used in Section 3.2.1.

Proposition 3.39. There exists a functorial quasi-isomorphism in _@b(CQP)

1Bk : RITDN (X o, Qp(r) = Rlgyn (X6, Qp(r)).

Proof. The comparison map tgx will be induced by a pair of maps (1, ti), basically Kiinneth cup
product maps, that make the following diagram commute (in 2°(Cq,)).

[REer(X/rEP) @ en, BV L= (RPan(X )@k B )/ F”

ZlLEK ZlL%K

RFcr(Xﬁc) RFCT(XﬁC)/FT

(i) Construction of the map 1. We may assume that X is quasi-compact. Consider the following
sequence of maps in 2°(Cr)

(3.40) RTer (X/re?),pn BY = Rler(Xoe /ri’) = RUa(Xo).

We claim that the cup product map is a quasi-isomorphism. Indeed, the proof of an analogous result in
the case of schemes [66, Prop. 4.5.4] goes through in our setting. Recall the key points. By (3.38) and
the fact that A, is flat over rPD it suffices to prove that the Kiinneth morphism

w,no

(3.41) U: Rl (Xn/rE5) @fg;)n RTe:(0% /1P ) SRE (X g /770)

w,n

is a quasi-isomorphism. By unwinding both sides one finds a Kiinneth morphism for certain de Rham
complexes. It is a quasi-isomorphism because these complexes are “flat enough” which follows from the
fact that the map Xp. — O % is log-syntomic. This finishes the argument.

Both maps in (3.40) are compatible with the monodromy operator N. Moreover, we have the distin-
guished triangle in 2°(Cr) [36, Lemma 4.2]

(3.42) RUe(Xoy  /OFn) = Rle(Xoy  /rED) & Ra(Xop  /rED,).

It follows that the last map in (3.40) is a quasi-isomorphism after taking the (derived) N = 0 part. Hence
applying N = 0 to the terms in (3.40) we obtain a functorial quasi-isomorphism in 2°(Cr)

(3.43) thi : [RDer(X/rEP)®,en BEIV=" 5 Rl (X o).
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(ii) Construction of the map t3y. We may assume that X is quasi-compact. Consider the maps
(3.44) (RFcr(Xn/ﬁlx(yn)(@é&nRfcr(ﬁ%n/ﬁ;n))/FT = RFCY(Xﬁ?,n/ﬁ;;n)/FT(—RFClp(Xﬁ?,n)/FT.

The cup product map is a Kiinneth map and it is a quasi-isomorphism for the same reason as the map
(3.41). The second map — the change of base map from Op to O — is a quasi-isomorphism (up to a
canonical constant) by [48, Cor. 2.4]. Rationally, the above maps induce a map

~

LBK (RFdR(XK)®KB )/FT — Rl—‘cr(Xﬁc)/FT

Clearly, 13y is a strict quasi-isomorphism.
Compatibility of the maps i}y, thx can be easily inferred from the natural commutative diagram

P @t

//—\

[RT (X /rEP) @00 BEIN =0 22252 (RT( (X/ 0F)@ kR (65 ) 075)) FT <— (RTar(X ) B B )/F"

tixc | [RCer(X o /r20)] V=0 Rle(Xoo/Ok)/F" ;
!BK
| |
Rl (Xoc) Rl (Xoo)/F".

4. COMPARISON OF SYNTOMIC COHOMOLOGIES

We have defined two geometric syntomic cohomologies: the crystalline one and the overconvergent
one. We will show now that they are naturally isomorphic and that, as a result, pro-étale cohomology
fits into a fundamental diagram.

4.1. Comparison morphism. Let X be a semistable weak formal scheme over 0. Let X be the
associated formal scheme. The purpose of this section is to prove that the change of convergence map from
overconvergent syntomic cohomology to crystalline syntomic cohomology is a strict quasi-isomorphism
assuming that X is Stein.

Theorem 4.1. There is a functorial map in 2°(Cq,)
trig : REsyn(Xe, Qp(r) = RPN (X, Qp(r)-
It is a quasi-isomorphism if X is Stein.

Proof. (i) Passage from BJ; to ﬁ;@ In the definition of syntomic cohomology we will change BJ; to ﬁ;@
That is, we will show that the natural map ts : BJ;, — B induces a commutative diagram (in 2°(Cq,))

(4.2) [RT i (Xo/0%)® pBHN=0¢=r" 5 (RDp (XK )@k By)/FT

o |

oL [
[RDyig (X0/09)& pBL | N=0=p" M5 (R yp (X k) )®OxBIR)/F".

The fact that this diagram is commutative is clear since the composition B =y ﬁ:; N BQ'R is just the
original map ¢ : B:t—>B:{R. To see that the map 1 ® gt is a strict quasi-isomorphism it suffices to show
that so is the map

1@ 1 ¢ [RTwig(Xo/OR)BrBEN=" 5 [RTyig (Xo/0p) @ pBE]N =
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Eor that, we may assume that X is affine. Then, we can argue as in Example 3.15, using the fact that
B, is a Banach space, and we have the short exact sequence
0Bl B ABL o0
to get compatible isomorphisms
H'([RTyig(Xo/ O3) @ rBEN=0) = (Hip(Xo) @p BN
H' ([RT g (Xo/ 02)@rBIIN=) = (Hjc(Xo) ©p BV
Since the monodromy on Hy (Xo) is nilpotent and Bl = B:;’N_"ilp, the natural map

(Hik (Xo) ©r BN — (Hik (Xo) ®F ﬁ:c)N70

is an isomorphism. As both sides are Banach spaces, this is a strict isomorphism, as wanted.
(ii) Definition of maps 1}y, and i%,.
Here, exceptionally, we assume r > —1. The quasi-isomorphism (4.2) allows us to induce the compar-

ison map (g in our theorem by a pair of maps (i} defined below that make the following diagram
commute (in 2°(Cq,))

r1g7 rlg)

p” L Rt ~
[RLyig(Xo/69)&pBE]#=" 25 (RL4r(X k)& xBlg)/F"
. ;
T w®
[RTe: (X /rEP)&® D B+] 2 (RTar(Xg)®xBR)/F.

2

rig> biig AT€ quasi- isomorphisms if X is Stein.

The map ¢L is compatible with monodromy. Both maps ¢}

rig

(x) Map %,. The map L“g, the easier of the two maps, is just the map from de Rham cohomology of a
weak formal scheme to de Rham cohomology of its completion; in the case X is Stein, it is an isomorphism
induced by the canonical identification of coherent cohomology of a partially proper dagger space and its
rigid analytic avatar [20, Theorem 2. 26].

(x) Map 1}, To define the map ¢, consider first the change of convergence map

(4.3) RTig(Xo/0%)@pBY — RTer(X0/6%)0 B

It is compatible with Frobenius and monodromy. We claim that if X is Stein it is a strict quasi-
isomorphism. We will reduce it to Xy proper where it will be clear. To see this, take the subschemes
{U;},{Yi},i € N, of Xy as in Section 3.1.1. We have strict quasi-isomorphisms

RT,ig(Xo/0%)& B 5 holim; RTyig (Us/ 6%)@ pB 5 holim; RT g (Yi/0%)@ B

The first one by Example 3.15, the second one trivially. We claim that we have similar strict quasi-
isomorphisms for the crystalline cohomology

Rl (Xo/0%)& B, 5 holim; R, (U;/ 6%)& B, = holim; RT . (Y;/6%)& B,

The second one is again trivial. For the first one, we can argue almost exactly as in Example 3.15 by

replacing the key fact that the overconvergent Hyodo-Kato cohomology is finite dimensional for quasi-

compact schemes with the fact that for such schemes the crystalline Hyodo-Kato cohomology has a

canonical integral structure which is independent of the embedding system used (i.e., different embeddings

give rise to quasi-isomorphic integral complexes, hence to strictly quasi-isomorphic complexes rationally).
We also have

HY(RTyy(Yi/02)®rBY) = Hj, (Yi/02)8rBY,  H (RT(Yi/0p)8rBY) ~ HL(Y/03)ErBy.
the first isomorphism by an argument analogous to the one used in Example 3.15, the second one, by
a similar argument using the fact that the cohomology HJ (Y;/0%) is finite dimensional. In both cases

the key input is the fact that the irreducible components of the idealized log-scheme Y; (that is ideally
log-smooth over k) are log-smooth and proper over k itself. It suffices now to point out that the

rlg(
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change of topology map Hfig(Yi /0%) — HJ.(Y;/0%) is an isomorphism (again, reduce to the irreducible
components).
Now we will define the following functorial quasi-isomorphism in 2°(Cq, )

(44 her : [RDer(X/rEP)& oo, BAJ#=" = [RTer(Xo/ ) rBEI# .

We may assume that X is quasi-compact. Let J be the kernel of the map pg : 712P — &g, T +— 0. This
map is compatible with Frobenius and monodromy. Consider the exact sequence

0— Jp =120 B Op, — 0.
Tensoring it with Kst,ny we get the following exact sequence
0= Jp ©pen, Agn = Ao B Opn @D, Agn —0
We used here the fact that Kst,n is flat over rgl?n. Going to limit with n, we get the exact sequence
(4.5) 0— J& oAy — Ay B3 Op@,e0Ay — 0

Set F := J@T;D;&St.
Tensoring the last sequence with RT¢(X,/rED,) and RT ¢ (Xo/ O%.,), respectively, we obtain the
following distinguished triangles

En ®£/2Dn RFcr (Xn/TzP;I,)n) — ;&st,n ®£/2Dn RFcr (X TPD ) ﬁ ﬁF7n®rgPH ;&st,n ®£/2Dn RFcr (Xn/Tgl?n),

B, ®f, Rle(Xo/0%,) > Awn @5, RUa(X0/0%,) ™ Opn®,w0 Agn G, RTa(Xo/OF,).

The last terms in these triangles are quasi-isomorphic. Indeed, by direct local computations we see that
the natural map
chr(Xn/TE—Pn) ®£§Dﬂ ﬁF,n — chr(XO/ﬁg‘,n)

is a quasi-isomorphism. Hence
Orn @50, Astn ©fen RUar(X0/rE0,) = Astn ©fen RTer(Xo/O,,)
~ Asin @fen Orn @5, RUax(Xo/OP,,).
The complexes
(4.6) [E®, 0 RLee(X/100Q)17™", [E&pRIa(Xo/Op)) "

are strictly acyclic?®: this is an immediate consequence of the fact that Frobenius ¢ is highly topologically
nilpotent on J (hence p” — ¢ is rationally invertible). This implies that the following maps

(47) [RTer(X/rEP)@,pn BEIP™ 28 [RDer(Xo/ 0% r (B /EQ)]* ™ 2 [RTer(Xo/ 6) B rBL* "

are strict quasi-isomorphisms. We define the map h, to be equal to the above zigzag. It is compatible
with the monodromy operator (for the first map in the zigzag use the fact that the monodromy operator
is defined by compatible residue maps).

We define a map in 2°(Cq,)
(4.8) thy ¢ [RDuig(Xo/OR)BrBE]* ™ = [RTer(X/1EP) 8, 0n BE]P™
as the composition of the maps in (4.3) and (4.4). Both maps being compatible with the monodromy
operator so is L}ig.
(iii) Compatibility of the maps L}ig, Lfig.

Before we proceed a small digression about convergent cohomology that we will use. Contrary to the
case of rigid cohomology, the theory of (relative) convergent cohomology is well developed [49, 63, 64].
Recall the key points. The set up is the following: the base &£ is a p-adic formal log-scheme over Op,

251 fact, they are both isomorphic to a trivial complex.
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B := %; we look at convergent cohomology of X over %', where X is a log-scheme over B and % is a
p-adic formal log-scheme over %.

(1) There exist a convergent site defined in analogy with the crystalline site, where the role of
PD-thickenings (analytically, objects akin to closed discs of a specific radius < 1) is played by
enlargements (p-adic formal schemes; analytically, closed discs of any radius < 1). Convergent
cohomology is defined as the cohomology of the rational structure sheaf on this site.

(2) Invariance under infinitesimal thickenings. If i : X — X’ is a homeomorphic exact closed
immersion then the pullback functor i* induces a quasi-isomorphism on convergent cohomology
[49, 0.6.1], [64, Prop. 3.1].

(3) Poincaré Lemma. It states that, locally, convergent cohomology can be computed by de Rham
complexes of convergent tubes in p-adic formal log-schemes log-smooth over the base (playing
the role of PD-envelopes) [64, Theorem 2.29]. Analytically, this means that the fixed closed discs
used in the crystalline theory are replaced by open discs.

Let r > 0. Let us return now to the compatibility of the maps ¢}, ¢%,. This can be shown by the
commutative diagram
~ = . L Rt ~
[RTsig (Xo/ O ) rB]# P = (RPar (X k)@ Big)/F"

Ry (Xo/r1) @B~

B

)OrBI™ [RTug(Xo/r)®,

l
/

R er (X/T};D)(/g\)rg% ﬁ:t] e=r

hrig

Lrig

P &L

(RPar (X )©xBIR)/F".

Here the map fs is the change of convergence map defined by the composition
f2 : RTyig(Xo/7") = R cony(Xo/7) € Rl cony(X1/7) = RT e (X/7TEP),

where 7 := Op{T} and the subscript conv refers to convergent cohomology that we topologize in the
same way we did rigid cohomology. The quasi-isomorphism is actually a natural isomorphism by the
invariance under infinitisimal thickenings. The map fs is clearly compatible with the projection p, and
the map Lfig.

The map hyig is defined in the same way as the map he,: we just replace cr by rig and PP by rf. To
prove that the map 1 ® pg in (4.7) is a strict quasi-isomorphism we use the fact that f’):t is Banach (see
2.0.4). We note however that in this case, in zigzag (4.7), the map po is not a quasi-isomorphism. It is
clear that the maps h, are compatible.

The map f; is induced by the composition

RTyig(Xo/r") = RTyig (P, V2)/7T) — RTyig(M!/rT) 5 RTyig (M, /71) < RTyig(Xo/rT).

The fact that the last quasi-isomorphism is strict needs a justification. We may assume that X is affine
and take a log-smooth lifting Y of X to rf. Since the sheaf of differentials of Yz is free we are reduced to
showing strict acyclicity of the Cech complex of overconvergent functions for the covering corresponding
to {M;},i € I. Using a dagger presentation of Y, this complex can be written as an inductive limit of
Cech complexes for analogous coverings of rigid analytic affinoids. Such complexes are strictly acyclic
because we have the Open Mapping Theorem for Fréchet spaces. Inductive system being acyclic (see
Section 2), we are done. For the above diagram we need though strictness of the last quasi-isomorphism
but with terms tensored with BJ. For this we can use the same argument plus Lemma 2.1. Finally, it



COHOMOLOGY OF p-ADIC STEIN SPACES 29
is easy to check (do it first without the period ring ]/_5::;) that the map f; makes the two small adjacent
triangles in the above diagram commute. 0

4.2. Fundamental diagram. Having the comparison theorem proved above, we can now deduce a
fundamental diagram for pro-étale cohomology from the one for overconvergent syntomic cohomology.

Theorem 4.9. Let X be a Stein semistable weak formal scheme over Ok . Let v > 0. There is a natural
map of strictly exact sequences of Fréchet spaces

0—= (1 (Xg)/kerd)@xC —= HI, o (X, Qp(r)) —= (Hfjk (Xo)@pBH)N=0¢=7" —0

| ! =

0— (1 (Xg)/ ker d) @ C —4 QO (X )amoB k C Hip (Xk)®rC 0

Moreover, the vertical maps have closed images, and ker § ~ (Hfik (XQ)QBFB;)N:O’“":”PI.

Proof. We define B = p*TBL;gngéagl\l/[, using Corollary 3.35, Proposition 3.39, and Theorem 4.1; the

twist by p~" being added to make this map compatible with symbols. The theorem follows immediately
from Proposition 3.27. O

Remark 4.10. The above diagram can be thought of as a one-way comparison theorem, i.e., the pro-étale
cohomology H? ..(Xc,Qp(r)) is the pullback of the diagram

proét

can

. ~ _ oy 0 ~
(Hijk (Xo)@rB)V=0¢=P ﬂ>HdR(XK)‘g’KO — Dy 4=0®kC

built from the Hyodo-Kato cohomology and a piece of the de Rham complex. For a striking comparison,
recall that if X is a proper semistable formal scheme over Ok then the Semistable Comparison Theorem
from [12] shows that we have the exact sequence

(A1) 0= Hp oo (Xo. Qplr) = (Hi(X0) 8 BN =000 50 (H i (X i) O Bp) /F.
i.e., the pro-étale cohomology H” .. (Xc,Qp(r)) is the pullback of the diagram

proét
r = =p" 0 r
(Hijg (Xo)@pB)N=0e=r" KO0, (gt (X k)@ xBg)/F"+—0.

Of course, in this case the étale and the pro-étale cohomologies agree. The sequence (4.11) is obtained in
an analogous way to the top sequence in the fundamental diagram above. With the degeneration of the
Hodge-de Rham spectral sequence and the theory of finite dimensional BC spaces forcing the injectivity
on the left.

Remark 4.12. The following commutative diagram illustrates the relationship between syntomic coho-
mology of Qp(r) and Q,(r — 1)

. —Syn""? = HK.? = DR/"2 % Syn’~} ~ HK "} 0 0 0 0

N T e N A

l. —Syn’"? = HK’? -~ DR/ 2 Syn’ ™! —HK" ! DR/ ! L Syn;. — HK] — 0

[ e o I A O

00— H 21— >0 —— H;' — DR, % Syn” — HK —0

Here we wrote HK’, DR’ and Syn’. for the i’th cohomology of the complexes HK(X¢, ), DR(X¢, ), and
RTgyn(Xc, Qp(r)), respectively. We set Hip := Hip (X )2k C.

We claim that the rows of the above diagram are strictly exact. Indeed, the two top rows arise from
the definition of syntomic cohomology RIgyn(Xc, Qp(r — 1)) and R4y (Xc, Qp(r)); the map between
them is the multiplication by ¢t € (BL)?= N F1Bgr. These rows are clearly strictly exact. It suffices
now to show that the columns form short strictly exact sequences (with zeros at the ends). Indeed, for
1 < r — 1, multiplication by ¢ induces an isomorphism (using comparison with pro-étale cohomology)

Syn; = tSyn;_,
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as well as the following strictly exact sequences
(4.13) 0 »DR._, 5 DRL = Hip(Xg)®xC =0, r>i+2,
0 »HK! |, % HK! — Hig(Xg)®xC — 0.
The first strictly exact sequence follows from the strictly exact sequence
0 — g T BI®K (91X k) /dQ T (XK)) = DRL — (Blg/F" )& Hig(Xk) — 0;
the second one from Lemma 3.28.

4.3. Examples. We will now illustrate Theorem 4.9 with some simple examples.

4.3.1. Affine space. Let d > 1. Let A% be the d-dimensional rigid analytic affine space over K. Recall
that HZ (AL, Qp) = 0 for 7 > 1 [2, Theorem 7.3.2]. On the other hand, as the following proposition
shows, the pro-étale cohomology of A% is highly nontrivial in nonzero degrees.

Proposition 4.14. Let r > 1. There is a Yk -equivariant isomorphism in Cq, (of Fréchet spaces)
(1 (A%)/ ker d) @K C = Hp oo (AL, Qp(r)).-

Remark 4.15. A simpler and more direct proof of this result (but still using syntomic cohomology) has
been given in [13]. See [39] for another proof working directly with a fundamental exact sequence in the
pro-étale topology.

Proof. Let </ denote a semistable weak formal scheme over Ok such that </ ~ A%. We will explain
below how such a model 7% can be constructed. By Theorem 4.9, we have a ¥x-equivariant exact
sequence (in Cq,)

0 —= (@ () ker d)BacC —= HY, e, (i, Qp(r) —= (o () B BN =047 —=0

Recall that Hip (A% ) = 0. Since, by the Hyodo-Kato isomorphism Hyjy () @ p K ~ Hiz (A% ), we have
Hly (e7g!) = 0. Our proposition follows from the above exact sequence.

It remains to show that we can construct a semistable weak formal scheme .27¢ over 0k whose generic
fiber is A%. For d = 1, we can define a model /! using Theorem 4.9.1 of [18]. That theorem describes
a construction of a formal semistable model for any analytic subspace Px \ .Z*, where .Z is an infinite
compact subset of K-rational points of the projective line Py and .£* is the set of its limit points. The
proof of the theorem can be easily modified to yield a weak formal model. To define the model 27! we
want we apply this theorem with # = {co} U {w"|n € Z,n < 0}. We note that the special fiber of <"
is a half line of projective lines.

To construct a model /¢ for d > 1, first we consider the d-fold product Y of the logarithmic weak
formal scheme associated to </!. Product is taken over & 7. It is not, in general, a semistable scheme
but it is log-smooth over €. Hence its singularities can be resolved using combinatorics of monoids
describing the log-structure. In fact, using Lemma 1.9 of [57], one can define a canonical ideal sheaf of Y
that needs to be blown-up to obtain a semistable model .&7? we want. O

4.3.2. Torus. Let d > 1. Let G‘fnyK be the d-dimensional rigid analytic torus over K. Let #'¢ denote a
semistable weak formal scheme over 0k such that %2 ~ Gfm - Such a model #? exists. For d =1, we
can define a model %! using Theorem 4.9.1 of [18]; just as in the case of A}, above. More specifically, to
define the model Z'! we want we apply this theorem with .Z = {c0,0} U {w"|n € Z}. We note that the
special fiber of ! is a line of projective lines. To construct a model ¢ for d > 1, we use products as
above.

To make Theorem 4.9 explicit, we need to compute (H{{K(%d)@FB:;)N:O"/’:pT. For d =1, we have

K if r =0,
Hig(Gpmx) =} SR (2)K  ifr=1,
0 if r > 1.
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Here z is a coordinate of the torus and c{®(z) is its de Rham Chern class, i.e. dz/z (see Appendix A).
For d > 1, we can use the Kiinneth formula to compute that H, QR(G% k) is a K-vector space of dimension
(f) generated by the tuples ¢{®(z;,) - c{®(z;). Similarly, H (%) is an F-vector space of dimension
(f) generated by the tuples ci'®(z;,) - cl¥(2; ). By Lemma A.7, the Hyodo-Kato and the de Rham
symbols are compatible under the Hyodo-Kato map tyk.
Since @(ci™(z;,)) = pel®(z;,) and N(c}'®(z;,)) = 0, we get that
(Hin (%) @rBL)N 097" = Hipe (961)77" = N'Qg

and that it is a Q-vector space of dimension (f) generated by the tuples i (z;,) - i (2; ). Hence,
Theorem 4.9 gives us a map of ¥x-equivariant exact sequences (in Cq,)

00— (2" 1(GY, )/ kerd)®x C — H,

proét (Grdn,C7 Q;D(T)) - /\ng —0
H B can
0 —— (U HGE, )/ ker B C —L1> Q7 (G, 1 )amo@ K C ——= A"C* ——0

4.3.3. Curves. Let X be a Stein curve over K with a semistable model 2" over Ok. The diagram from
Theorem 4.9 takes the following form?2°

0 —= O —= O(X)DxC =5 H} et (Yo, Qp(1) —= (Hine(20)BpBE)P PN —0
00— C™X) 5 G(X)BrC —1 = O X)BxC H (X)®kC

5. PRO-ETALE COHOMOLOGY OF DRINFELD HALF-SPACE

We will use the fundamental diagram of Theorem 4.9 to compute the p-adic pro-étale cohomology of
the Drinfeld half-space.

Let K be a finite extension of Q,. Let H%, d > 1, be the d-dimensional Drinfeld half-space over K: the
K-rigid space that is the complement in P of all K-rational hyperplanes. If 7 = P((K91)*) = P4(K)
is the space of K-rational hyperplanes in K9*! (this is a profinite set), we have

HY =P \ Upenr H.

The group G := GLg11(K) acts on it. We will drop the subscript K if there is no danger of confusion. H¢,
is a rigid analytic Stein space hence also a dagger analytic Stein space. It has a (standard) G-equivariant
semistable weak formal model H, [23, 6.1] (that is Stein).

5.1. Generalized Steinberg representations. We will briefly review the definitions and basic prop-
erties of the generalized Steinberg representations that we will need.

5.1.1. Locally constant special representations. Let B be the upper triangular Borel subgroup of G and
A ={1,2,...,d}. We identify the Weyl group W of G with the group of permutations of {1,2,...,d+ 1}
and with the subgroup of permutation matrices in G. Then W is generated by the elements s; = (¢, + 1)
for i € A.

For each subset J of A we let:

e W; be the subgroup of W generated by the s; with i € J.

e P; = BW B, the parabolic subgroup of G generated by B and W.

e X; = (G/Py, a compact topological space.

If A is an abelian group and J C A, let
LC(X,,A
Sp, (4) = s A)

Y ieav LC(Xjupiy, A)

26\We note here that the conditions of that theorem are always satisfied for curves.
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where LC means locally constant (automatically with compact support since the X ;’s are compact). This
is a smooth G-module over A and we have a natural isomorphism Sp ;(A) = Sp;(Z) ® A. For J =0 we
obtain the usual Steinberg representation with coefficients in A, while for J = A we have Sp;(A) = A
(since X is a point). For r € {0,1,...,d} we use the simpler notation

For r > d, we set Sp, = 0.

Proposition 5.1. If A is a field of characteristic 0 or p then the Sp;(A)’s (for varying J) are the
irreducible constituents of LC(G/B, A), each occurring with multiplicity 1.

Proof. This is due to Casselman in characteristic 0 (see [7, X, Theorem 4.11]) and to Grosse-Klonne [28,
Cor. 4.3] in characteristic p. |

Remark 5.2. The proposition does not hold for A a field of characteristic £ # p, see [70, III, Theorem
2.8].

The rigidity in characteristic p given by the previous theorem has consequences in characteristic 0 that
will be very useful to us later on.

Corollary 5.3. If J is a subset of A, then Sp;(Ok) is, up to a K*-homothety, the unique G-stable
O -lattice in Sp ;(K).

Proof. This follows easily from Proposition 5.1 and the fact that Sp;(€k) is finitely generated over
Ok |G], see [28, Cor. 4.5] for the details. O

5.1.2. Topology. If A is a topological ring, then Sp;(A) has a natural topology: the space X; being
profinite, we can write X; = I&nn X, for finite sets X, ;y and then LC(X;,A) = hgn LC(X,,5,A),
each LC(X,, s, A) being a finite free A-module endowed with the natural topology. In particular, if A is
a finite extension of Q,, this exhibits Sp;(A) as an inductive limit of finite dimensional A-vector spaces,
and the corresponding topology is the strongest locally convex topology on the A-vector space Sp;(A),
which is an LF-space.

Let M* := Homcont (M, A) for any topological A-module M, and equip M* with the weak topology.
Then Sp;(A)* is naturally isomorphic to lim LC(X,,7,A)*, i.e. a countable inverse limit of finite free
A-modules. In particular, if L is a finite extension of Q, then Sp;(L)* is a nuclear Fréchet space (in
fact a countable product of Banach spaces) and Sp ;(€)* is a compact €'1-module, which is torsion free.
Therefore Sp;(01)* ® L has a natural structure of a weak dual of an L-Banach space.

5.1.3. Continuous special representations. Consider now the corresponding continuous special represen-
tation

¢ (X, A)
ZaeA\J %(XJU{Q} JA)
cont

Arguing as above, we see that, for any finite extension L of Q,, the space Sp7™" (L) has a natural structure
cont

of an L-Banach space, with the unit ball given by Sp7™(&L). The action of G on all these spaces is

continuous and we can recover Sp (L) from Sp$™*(L) as the space of smooth vectors (for the action of

G)

8Py (A) =

The rigidity in characteristic p given by Proposition 5.1 and Corollary 5.3 yields:

Corollary 5.4. Let J be a subset of A and L a finite extension of Q.
a) The universal unitary completion of Sp;(L) is SpF™(L).
b) The space of G-bounded vectors in Sp;(L)* is SpG™ (L)*.

Proof. a) Follows from Corollary 5.3 and the fact that St™*(&L) is the p-adic completion of Sp;(&7r,)
(which in turn uses that Sp;(A) = Sp;(Z) ® A for all A, and this is a free A-module).
b) Follows by duality from a).
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Remark 5.5. One can also define a locally analytic generalized Steinberg representation Sp5" (L) for any

finite extension L or Q, (or any closed subfield of complex numbers). It is naturally a space of compact

type, whose dual is a nuclear Fréchet space. It contains Sp ;(L) as a closed subspace (it is closed because

it is the space of vectors killed by the Lie algebra of G). The dual of Sp%" (L) surjects onto the dual of
cont

Sp;(L) and contains the dual of Sp5™ (L) as a dense subspace. The big difference is that Sp%"(L) is
topologically reducible as a G-module. Its Jordan-Hélder constituents are described in [53].

5.2. Results of Schneider-Stuhler. We recall the cohomological interpretation of the representations
Sp,.(Z), following [59]. Recall that J# is the space of K-rational hyperplanes in K9+, Forr € {1,2,...,d}
we define simplicial profinite sets Y.(T), ﬂ.(r) as follows:

o Y\ is the closed subset of 5! consisting of tuples (Ho, ..., Hy) € 55Tt with

dlmK(Z KEHl) S r,
i=0
where (g7, € (K9t1)* is any equation of H;.

o 7" is the set of flags Wy C ... € W, in (K+1)* for which dimg W; € {1,...,r} for all i. This set
has a natural profinite topology.

In both cases the face/degeneracy maps are the obvious ones, i.e. omit/double one hyperplane in a
tuple, resp. a vector subspace in a flag. With the topology forgotten, Q(d) is the Tits?7 (not Bruhat-Tits!)
building of G.

The following result is due to Schneider and Stuhler:

Proposition 5.6. For all r € {1,2,...,d} we have natural isomorphisms (where H denotes reduced
cohomology)

H Y71, 2) ~ A= (|Y"|,Z) ~ Sp,(2).

Proof. The isomorphism H™1(|.7,"|, Z) ~ H™=(|Y.")|,Z) is proved in [59, Ch. 3, Prop 5]. To identify

these objects with Sp,.(Z), assuming for simplicity » > 1 from now on, consider the clopen subset

N T g” C %(T) of %(T) consisting of flags Wy C ... C W, for which all inclusions are strict. Using the

obvious isomorphism H™ (|47 \"|, Z) ~ H"=1(|.7.")|, Z) the result follows from the exact sequence®s
LC(N T, Z) > LC(V 7, Z) —» H Y| N T, Z) =0

and the identifications

d
N T~ X120 d—r}s e/Vygrf)z = H X(1,d=riy

r—1 —
i1=d—r-+1

Remark 5.7. For all r € {1,2,...,d} and all g there are natural isomorphisms
HY (N4 7", Z) =~ HY(|F|,Z) ~ HY(|[Y")], Z)

and these spaces are nonzero only for ¢ = 0,7 — 1, with H® being given by Z for » > 1 and by
LC(P((K*1)*),Z) for r = 1. See [59, Ch. 3, Prop. 6] for the details.

The following theorem is one of the main results of [59]. See also [52] for a different argument (at least
for a) and the compactly supported analogue of b)).

2TFor instance, for d = 1 this is the set of ends of the tree.

28Recall that if S, is any simplicial profinite set, then H*(|S,|,Z) = H*(LC(S.,Z)), where |S,| is the geometric
realisation of S, and LC(S,.,Z) is the complex (LC(Ss,Z))s, the differentials being given by the alternating sum of the
maps induced by face maps in S.
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Theorem 5.8. (Schneider-Stuhler) Let r > 0.
a) For a prime { # p, there are natural isomorphisms of G x G g -modules

H (HE, Qu(r) = Spp(Ze)* © Qu, Hipon (HE, Qe(r)) = Sp,.(Qe)*

b) There is a natural isomorphism of G-modules

Hp (Hf) ~ Sp,(K)*".

Proof. Let H* be any of the cohomologies occuring in the theorem. It has the properties required by
Schneider-Stuhler [59, Ch. 2]. The crucial among them is the homotopy invariance property: if D is
the 1-dimensional open unit disk then, for any smooth affinoid X, the projection X x D — X induces
a natural isomorphism H*(X) = H*(X x D). For de Rham cohomology this is very simple (see the
discussion preceding Prop. 3 in [59, Ch. 2]); for ¢-adic étale and pro-étale cohomologies this follows from
the “homotopy property” of ¢-adic étale cohomology with respect to a closed disk [59, proof of Theorem
6.0.2], and the fact that ¢-adic étale and pro-étale cohomologies are the same on affinoids.

We recall very briefly the key arguments, without going into the rather involved combinatorics. If
H € 2 and n > 1, let U, (H) be the open polydisk in the affine space P4 \ H given by®® |((z)| > |r|™.
The open subsets U,, = NgexrU,(H) form a Stein covering of H% and U, = Npesw, Un(H), for a
finite subset %, of #, in bijection with P4((0% /n™)*). Writing H*(X,U) for the “cohomology with
support in X \ U” (more precisely, the derived functors of the functor “sections vanishing on U”), a
formal argument (see the discussion following [59, Ch.3, Cor. 5]) gives a spectral sequence

E'n) = @ H(PLUn(Ho) U ... UUL(H))) = B (P, Uy).

Now, U,,(Ho) U... UU,(H;) is a locally trivial fibration over a projective space, whose fibers are open
polydisks [59, Ch.1, prop.6]. Using the homotopy invariance of cohomology, one computes H* (P4, U,,(Hy)U
...UU,(Hj;)), in particular this is always equal to A = H°(Sp(K)) or 0 (with a simple combinatorial recipe
allowing to distinguish the two cases). The spectral sequence simplifies greatly and>° letting n — oo gives
(using also Proposition 5.6 and Remark 5.7) a spectral sequence

By = H'™I (Ph HY),
where
By = Homg(H'(|7,9)|, Z), A)

if i € [2,2d] is even and j € {0, 5 — 1}, and 0 otherwise. The analysis of this spectral sequence combined
with Proposition 5.6 yields the cohomology groups H i(]P’il{,Hil{). The result follows from the exact
sequence

o= HY(PY) = HY(HY) — HFPY(PL HE) — HPL(PL) — ...

Combining Theorem 5.8 and Corollary 5.4 yields:

Corollary 5.9. The space of G-bounded vectors in Hig (H%) is isomorphic to Spi™™ (K)*.

T

5.3. Generalization of Schneider-Stuhler. We will extend the results of Schneider-Stuhler to Hyodo-
Kato cohomology. To do that we will use the description of the isomorphisms in Theorem 5.8 via symbols.

29We use unimodular representatives for points of projective space and for linear forms giving equations of H.
30This is allowable as all modules involved are finite over the Artinian ring A.
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5.3.1. Results of Iovita-Spiess. All the isomorphisms in Theorem 5.8 are rather abstract, but following
Tovita-Spiess [35] one can make them quite explicit as follows. Let LC(2#"+1, Z) be the space of locally
constant functions f : "' — Z such that, for all Hy, ..., H,,1 € 7,

f(Hla cey HT+1) - f(H07 HQ) ey HT+1) +.t (_1)T+1f(H07 ey H’I“) =0

and moreover, if g, are linearly dependent, then f(Hy,...,H,) = 0 (i.e., f vanishes on YT(T)). Define
analogously €¢(#"+1, Z). Tt is not difficult to see that we have a natural isomorphism (see the proof of
Proposition 5.6 for the notation used below)

H Y|4 TD|,Z) ~ LC (", Z)
and, in particular, (using Proposition 5.6) a natural isomorphism
Sp,.(Z) ~ LC¢(#" 1, Z).

If S is a profinite set and A an abelian group, let D(S, A) = Hom(LC(S, Z), A) be the space of A-valued
locally constant distributions on S. If L is a discrete valuation nonarchimedean field let M (S, L) be the
space of L-valued measures, i.e., bounded L-valued distributions. It has a natural topology that is finer
than the subspace topology induced from D(S, L) [35, Ch. 4].

The inclusion LC(s#7 1, Z) C LC(571, Z) gives rise to a continuous strict surjection

D(#", A) — Hom(Sp,.(Z), A).

Define the space D(#" !, A)qeq of degenerate distributions as the kernel of this map. Combining this
with the previous theorem we obtain surjections:

D(A" K) = Hig(Hf), M2, Qu) — Hi (HE, Qu(r),
D(%TJrl’ Ql) - Hrroét(H%’v QE(S))

p

These surjections can be made explicit as follows. For each (Hy, ..., H,) € "' the invertible
Ly LH,
ﬁ, ) T
corresponding symbols in étale cohomology and then cup-product) to a symbol [Hy, ..., H,] living in
Hip (HY), resp. in HY (HE, Qe(r)), resp. HE e (HZ, Qe(r)). For example, for de Rham cohomology

[Hy, ..., Hy] is the class of the closed r-form

functions (on H%) give rise (either by taking dlog and wedge-product or by taking the

Ly 153
LA AL -
7 VAR ogﬂ

H() HO

dlog

in Hyp ().
One shows that the following regulator map is well-defined

rar : D(A"TK) — Hig (HE), pe [Ho, ..., H.]u(Ho, ..., H,.).
AT+
The problem here is that the map (Ho, ..., H,) = [Ho, ..., H,] is not locally constant on H%; however it
is so on U, (see the proof of Theorem 5.8 for the notation), for all n, which makes it possibe to give a
meaning to the integral. The same integral works for /-adic étale and pro-étale cohomologies yielding the
regulator maps

ret : M(AT, Qo) = HE(HE, Qu(r),  Tprost : DA™, Qo) — H, oo (HE, Qu(r)).

This can be easily seen in the case of étale cohomology. For the pro-étale cohomology, the key point is
that we can write

groét (H(év QE(T)) = 1£1 H;roét (Unyca Qo (T))a
where H'

teoet (Un,c, Qe(r)) is finite dimensional and the map 7+ — HY . (HE, Qo(r)) = H} oo (Un,cs Qe(r)),
(Ho, ..., H,) — [Hy, ..., H.], is locally constant for all n, by arguing as in [35, Lemma 4.4]. All these reg-
ulators are continuous.

One can show that the above maps induce the isomorphisms in Theorem 5.8 by imitating the arguments
in [35].
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Theorem 5.10. (lovita-Spiess, [35, Theorem 4.5]) The following diagram of Fréchet spaces commutes

0 —— D(A", K)aeg — D(A7, K) = Hip (Hf) —0

¢

Sp,.(K)*

and the sequence is strictly exact. Similarly for {-adic étale and pro-étale cohomologies.

5.3.2. Generalization of the results of Iovita-Spiess. Set X := f[-v]lf( and Y := ]IT]I%O. The above results of
Tovita-Spiess can be generalized to Hyodo-Kato cohomology.

Lemma 5.11. Let r > 0. There are natural isomorphisms of Fréchet spaces
Hiic (Y) ~ Sp,(F)*,  Hpg(Y)?™"" ~Sp,(Qp)°

that are compatible with the isomorphism Hjp(Xk) ~ Sp,.(K)* from Theorem 5.8 and the natural maps
SpT(QP)* - Spr(F)* - Sp’l"(K)*

Proof. We start with Hfj (Y'). Consider the following diagram

%7‘-{-1

D(" 1, F) 5 HIy (V) Hip (Xk) (K)*
A
can j‘ can
|
Sp,.(F)*

Here the regulator map rux is defined in an analogous way to the map rqr but by using the overconvergent
Hyodo-Kato Chern classes ¢ defined in the Appendix. It is continuous. The outer diagram clearly
commutes. The small triangle commutes by Theorem 5.10. The square commutes by Lemma A.7.
Chasing the diagram we construct the broken arrow, a continuous map f : Sp,(F)* — Hjk(Y) that
makes the left bottom triangle commute; it is easy to check that it makes the right bottom triangle
commute as well. This implies that the map f is injective. Since Hjx(Y") is topologically irreducible
(use the Hyodo-Kato isomorphism), it is also surjective (use the fact that Sp, (F))* is closed in Sp,.(K)*).
The argument for Hiy, (Y)#=P" is similar. But first we need to show that the natural map

(5.12) Hi (V)97 @q, F — Hik(Y)
is an injection. We compute

Hic (V)P @q, F = (lm Hiyc (V)P ©q, F = (lim Hiy (YV.)?™) ©q, F

=~ 1ﬁl(HﬁK(Ys)S&:pT ®q, F) = lim Hyy (Ys) ~ Hi (Y),

as wanted. For the injection above we have used the fact that all Hfjx (Ys) are finite dimensional over F.
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We look now at the commutative diagram

D(#"H F) can Sp,.(F)*
THK
f
Hyg (Y)
can can can
Hpy (Y)#=P
N
THK >
AN
D(%r+1, Qp) = Spr(QP)*

The key point is that, as shown in Section A.2.1, the map ryk restricted to D(2#"+!, Q,) factors through

HIT{K(Y)“":”T. Arguing as above we construct the continuous map f’. It is clearly injective. It is surjective
by (5.12). O

5.4. Pro-étale cohomology. We are now ready to compute the p-adic pro-étale cohomology of Hdc.
Let » > 0. Since the linearized Frobenius on H{ji (V) is equal to the multiplication by ¢", where ¢ = |k|.
[23, Cor. 6.6] and Ny = ppN [23, Prop. 5.5], the monodromy operator is trivial on Hjj (Y'). Hence the
first isomorphism below is Galois equivariant.

(Hig (V)@rBEHN="7=" ~ (Hj (Y)8rBL) 7™ ~ (Hk(Y)?™" ©q,BL)7~"
~ Hic(Y)?™" 8, BL ™" = Spi(Qp) B, BH*~! = Sp:(Qp)"
The second isomorphism follows from the proof of Lemma 5.11, the fourth one — from this lemma
itself, and the third one is clear. Using the above isomorphisms and Lemma 5.11, the map tyx ®
0 : (Hix(Y)@rBL)N=0¢=P" — HI.(Xg)®KC can be identified with the natural map Sp,(Q,)* —
Sp,(K)*®kC.
Similarly, we compute that

(Hix (V)@ pBE)N=0=r"" ~ HIL (V)7 ®q,BL¥=" = 0.
Combined with Theorem 4.9, these yield the following theorem.

Theorem 5.13. Let r > 0. There is a natural map of strictly exact sequences of G x ¥ -Fréchet spaces

(over Q)
0 —— (@71 (HE)/ ker d)@xcC —— Hy, oo (HE, Qp(r)) —— Sp,(Qp)* ——0
00— (U (H%L)/ ker )@ C —Ls Q" (HE ) g—0® x C — Sp,(K)*@xC — 0
where the vertical maps are closed immersions.

6. ETALE COHOMOLOGY OF DRINFELD HALF-SPACE

The purpose of this section is to compute the p-adic étale cohomology of the Drinfeld half-space. Using
the following comparison theorem this reduces to the computation of syntomic cohomology.

Proposition 6.1. Let X be a semistable formal scheme over Ox. Letr >0, X := Xg,. There is a
natural Fontaine-Messing period map

apy : Rlayn (X, Z,(r)q — RTe (X, Qp(r))

that is a strict quasi-isomorphism after truncation T<,.

Proof. This can be proved in a way similar to the proof of Corollary 3.35 of Proposition 3.34. 0
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6.1. Cohomology of differentials. We gather in this section computations of various bounded differ-
ential cohomologies of the Drinfeld half-space.

Let X = ﬁ-v}l?{, X = (ﬁ?{)/\ be the standard weak formal model, resp. formal model, of the Drinfeld
half-space H%. It is equipped with an action of G = GLg41(K) compatible with the natural action on the
generic fiber. Let Y := X, Y := Yz. Let FO° be the set of irreducible components of the special fiber Y.
These are isomorphic smooth projective schemes over k that we see as log-schemes with the log-structure
induced from Y. Let T be the central irreducible component of Y, i.e., the irreducible component with
stabilizer K*GLg41(0k). Tt is obtained from the projective space Pg by first blowing up all k-rational
points, then — the strict transforms of k-rational lines, etc. For 0 < j < d — 1, let 7/0j be the set of all
k-rational linear subvarieties Z of P¢ with dim(Z) = j and let % := U;l;é ¥{. The set ¥ of all strict
transforms in 7" of elements of 7{ is a set of divisors of T'; together with the canonical log-structure of
the log-point k%, it induces the log-structure on 7.

Let go, cen gd be the standard projective coordinate functions on ]P’z and on T. For i,5 € {0,...,d}
and g € G we call gdlog(@i/gj) a standard logarithmic differential 1-form on T'; exterior products of such
forms we call standard logarithmic differential forms on T.

6.1.1. Cohomology of differentials on irreducible components. As proved by Grosse-Klénne the sheaves of
differentials on 7" are acyclic and the standard logarithmic differential forms generate the k-vector space
of global differentials.

Proposition 6.2. ([24, Theorem 2.3, Theorem 2.8],[26, Prop. 1.1])
(1) H(T,Y)=0,4i>0,j > 0.
(2) The k-vector space H°(T,Q)), j > 0, is generated by standard logarithmic forms. In particular,
it s killed by d.
(3) HL.(T/OY) is torsion free and

H(T/0p) @0, k = Hip(T) = H*(T, Q7).

We note here that, the underlying scheme of T' being smooth, the crystalline cohomology HE (T/0%) =
H! (T'/OF), where T" is the underlying scheme of T' equipped with the log-structure given by the elements
of 7.

For 0 < j < d, let L. be the k-vector subspace of Q%.(T°), T := T\ Uy ¢V, generated by all j-forms
7 of the type

n=y" -y dlogys A--- Adlogy;

with m; € Z and y; € 04 (T°) such that y; = @/50 for an isomorphism of k-varieties T ~ Proj(k[fo, - - - ,64)).
By Theorem 6.2, H°(T, €¥) is the k-vector subspace of L}, generated by all j-forms 1 as above with m; =0
forall0 <i<j. ‘ .

Let L7, resp. L{F’O, be the constant sheaf on T with values L7, resp. H°(T,$%). For a non-empty
subset S of ¥ such that E = NycgV is non-empty, define the subsheaf L7, of Q). ® O as the image of
the composite

L} — Q) — Qf ® Op.
Proposition 6.3. ([26, Theorem 1.2]) The canonical maps
LY L, — O, L < Q)@ 0g
induce isomorphisms on Zariski cohomology groups.

6.1.2. Cohomology of differentials on X and truncations of Y. We quote an important result of Grosse-
Klonne proving acyclicity of the sheaves of differentials on X and vanishing of the differential on their
global sections.

Proposition 6.4. ([24, Theorem 4.5],[26, Prop. 4.5]) Let j > 0.
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(1) We have topological isomorphisms>!

H'(X, Q%) ~ H'(X, Y ®¢, k) =0, i>0,
HO(X, 04) @, k ~ HO(X, % @0, ).
(2) d=0 on HO(X,0%).
Corollary 6.5. Let j > 0. We have HéR(X) & HO(X, Qﬂ() In particular, it is torsion-free.

Recall that the set of vertices of the Bruhat-Tits building BT of PGL41(K) is the set of homothety
classes of lattices in K9+, It corresponds to the set of irreducible components of Y. For s > 0, let
BT, denote the Bruhat-Tits building truncated at s, i.e., the simplicial subcomplex of BT supported on
the vertices v such that the combinatorial distance d(v,vp) < s, vy = [0 ']. Here, for a lattice L, [L]
denotes the homothety class of L. Let Y, denote the union of the irreducible components corresponding
to the vertices of BT,. It is a closed subscheme of Y that we equip with the induced log-structure. We
will sometimes write Yo, for the whole special fiber Y. We denote by Y? := Y\ (YN (Y \ Y})), where the
bar denotes closure. We have immersions Y;_1 C Yy C Y, where the first one is closed and the second
one is open.

The above theorem can be generalized to the idealized log-schemes Y,,,n € N, in the following way.

Proposition 6.6. Let j > 0, s € N.
(1) H(Y;,Q7) =0 fori> 0.
(2) d =0 on H(Y,, Q).
Proof. For the first claim, the argument is analogous to the one of Grosse-Klénne for s = co. We will

sketch it briefly. Take s # oco. Since Q{,s is locally free over Oy,, we have the Mayer-Vietoris exact
sequence

O—>Q{/S—> @ Q{/S®ﬁz—> @ Q{}S@)ﬁz—w--

ZEF? ZEF}
where FT is the set of non-empty intersections of (r+1) pairwise distinct irreducible components of ¥; and
is a finite set (which is also the set of r-simplices of BT,). By [24, Cor. 1.6], H'(Z, 3, ® 07) =0,i > 0,
for every Z € F;. Hence to show that H%Y;,Q{,) =0, i > 0, we need to prove that H(BT,, %) = 0,
for i > 0, where .Z is the coefficient system on BT defined by .7 (Z) = HO(Y, Q{, ® Oyz), for Z € FT.
We will use for that an analog of Grosse-Klonne’s acyclicity condition. For a lattice chain in BT

wL, CL C--C L,

we call the ordered r-tuple ([L1],...,[Lr]), a pointed (r — 1)-simplex (with underlying (r — 1)-simplex
the unordered set {[L1],...,[Lr]}). Denote it by 7 and consider the set

Ny ={[1]| wL, € LC L},

We note that Ny is a subset of vertices of BT,. A subset My of N5 is called stable if, for all L, L’ € My,
the intersection L N L’ also lies in M.

Lemma 6.7. Let . be a cohomological coefficient system on BT,. Let 1 < r < d. Suppose that for any
pointed (r — 1)-simplex 7 € BTy with underlying (r — 1)-simplex n and for any stable subset My of Ny
the following subquotient complex of the cochain complex C(BT, F) with values in F is exact

Fm = I #dzun) - 1T F ({22} un).
z€ My 2,2/€Mo,{z,2’' }€F}
Then the r-th cohomology group H*(BT,, #) of C(BTs, F) vanishes.
31Here and below, cohomology H* without a subscript denotes Zariski cohomology. All the groups are profinite. This

is because they are limits of cohomologies of the truncated log-schemes Y described below that are ideally log-smooth and
proper.
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Proof. For BT this is the main theorem of [25]. The argument used in its proof [25, Theorem 1.2] carries
over to our case: when applied to a cocycle from BT, the recursive procedure of producing a coboundary
in the proof of Theorem 1.2 in loc. cit. “does not leave” BT;. 0

Hence it suffices to check that the above condition is satisfied for our .#. But this was checked in [24,
Cor. 1.6].
The second claim of the proposition follows from the diagram

HOY. 0 ) @ yepy (2,04, .02)
and Proposition 6.2. O

6.1.3. Ordinary log-schemes. A quick review of basic facts concerning ordinary log-schemes.

Let W, Q3 denotes the de Rham-Witt complex of Y/k? [29]. Recall first [32, Prop. II.2.1] that
if T is a log-smooth and proper log-scheme over kU, for a perfect field k of positive characterstic p,
then H{ (T, W, /) is of finite length and we have RT¢ (T, W) = holim,, R« (T, W, Q) for WQJ :=
lim W,Q9. Tt follows that HE (T, WQ7) = Jm H (T,W,7). The module M; ; of p-torsion of this
group is annihilated by a power of p and HZ (T,WJ)/M, ; is a free Op-module of finite type [32,
Theorem 11.2.13]. However, H (T, W) is itself a free &p-module of finite type [32, Cor. 11.2.17 ]. On
the other hand, the complex R« (T, W*) is perfect and RTg (T, WQ*) ®%F Oppn ~ R (T, W,02°) [32
Theorem I1.2.7].

Let V be a fine (idealized) log-scheme over k° that is of Cartier type. We have the subsheaves of
boundaries and cocycles of Q{, (thought of as sheaves on Vi)

Bl =im(d: Q" = Q)), Zi :=ker(d: Q, — Q).
Assume now that V is proper and log-smooth. Recall that it is called ordinary if for all ¢,j > 0,
H{ (V,B7) =0 (see [5], [33]).
We write WnQC,log for the de Rham-Witt sheaf of logarithmic forms.

Proposition 6.8. ([40, Theorem 4.1]) The following conditions are equivalent (we write V. for Vi ).
(1) V/K® is ordinary. ‘ ‘
(2) Fori,j >0, the inclusion QJ— C QJ— induces a canonical isomorphism of k-vector spaces
H;t(v Qlog) OF, k= Hét(V, Qj)-
(3) Fori,j,n >0, the canonical maps
H;t(v W, Qlog) Qz/pn Wn(E) - Hét (V, Wan)v
H (V. W) @z, W(k) — HL (V, W),
where W = hm W, Qlog, are isomorphisms.
(4) Fori,j >0, the de Rham-Witt Frobenius
F: H,(V,WQ) — H. (V,WQ)
is an isomorphism.

Ezxample 6.9. The above result implies that, by the Projective Space Theorem, projective spaces are
ordinary, and, more generally, so are projectivizations of vector bundles [34, Prop. 1.4]. This implies, by
the blow-up diagram, the following:

Proposition 6.10. ([34, Prop. 1.6]) Let X be a proper smooth scheme over k. Let Y C X be a smooth
closed subscheme, X the blow- up of Y in X. Then X and Y are ordinary if and only zfX s ordinary.

And this, in turn, by the weight spectral sequence, implies the following;:

Proposition 6.11. ([34, Prop. 1.10]) Assume that k = k. LetY be a semistable scheme over k. Assume
that it is a union of irreducible components Y;, 1 <1 < r such that for all I C {1,--- ,r}, the intersection
Y7 is smooth and ordinary. Then'Y, as a log-scheme over k°, is ordinary.
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Proof. As suggested by Illusie in [34, Rem. 2.8], this can be proved using the weight spectral sequence
BUMN = @D BT (Yajngn, WQTTTR) (= — k) = HiC (Y, Q).
Jj=20,5>2—k

Here Y; denotes the intersection of ¢ different irreducible components of Y that are equipped with the
trivial log-structure. Such spectral sequences were constructed in [43, 3.23], [45, 4.1.1]. They are Frobe-
nius equivariant (the Tate twist (—j — k) refers to the twist of Frobenius by p?**) [45, Theorem 9.9];
hence, without the Twist twist, compatible with the de Rham-Witt Frobenius F'.

Now, by assumptions, all the schemes Y; are smooth and ordinary. It follows, by Proposition 6.8, that

the Frobenius F' induces an isomorphism on E; R Hence also on the abutment H. (Y, WQ3), as
wanted. O

We drop now the assumption that V is proper. Recall that we have the Cartier isomorphism
C:21/B? 5 Q7 aPdlogy; A...Adlogy; — xdlogy; A...Adlogy;.

Lemma 6.12. Assume that H} (V,Q7) =0 and that d =0 on H(V,7) for alli > 1 and j > 0. Then
V is ordinary [40, 4], i.e., fori,j >0, we have H (V,B7) = 0.

Proof. Consider the exact sequences
(6.13) 0B -2 500 50, 027 - — B+ 50,

where the map f is the composition Z/ — ZJ/B7 5 J of the natural projection and the Cartier
isomorphism. Since HY (V,Q7) = 0,7 > 0, the first exact sequence yields the isomorphisms

It also yields the long exact sequence
(6.15) 0 — HY(V, BY)—»HY(V, /)~ HY (V,Q9) & HL(V, B )~ HL(V, Z7) — 0.

Since d = 0 on HY,(V,$7) and hence the natural map HY, (V, Z7) — HY,(V,Q7) is an isomorphism, the
second exact sequence from (6.13) yields the isomorphisms (since we assumed H}, (V,Q7) = 0 for i > 0)
(6.16) Hy (V. B7Y) S HGf\(V, 27), i>0.

To prove the lemma, we will argue by increasing induction on j; the case of j = 0 being trivial since
BY = 0. Assume thus that our lemma is true for j and all i > 0. We will show that this implies that it is
true for j + 1 and all i > 0. Since H},(V, B’) = 0 by assumption, the exact sequence (6.15) implies that
H(V, ZJ) = 0. And this implies, by (6.14), that HZ (V,Z") = 0,4 > 1. This, in turn, yields, by (6.16),
that H}, (V,B’*1) =0, ¢ > 0. This concludes the proof of the lemma. O

Corollary 6.17. The idealized log-schemes Yy, s € N U {oo}, are ordinary.
Proof. Use Lemma 6.12 and Proposition 6.6. |

Remark 6.18. Proposition 6.11 and Proposition 6.10 show that the underlying scheme of Yj, for s < oo,
is (classically) ordinary by using the weight spectral sequence. One should be able to prove Corolalry
6.17 in an analogous way.

Before we continue, a small digression on topology. Let X be a Stein semistable formal scheme over
Ok, Y := Xo. Here and below the completed tensor products for complexes are defined (algebraically)
as in the example:

RLe(Y/0%,)@ 65, Ast,n = holim;(RU e (Ui / 6% )@ 6., Ast.n),

where {U;},i € N, is a Stein covering of Y. For cohomology itself, we set>?

ng(y/ﬁ%,n)ééﬁlﬁn‘gsmn = ]:&n(ng(Ui/ﬁ%,n)Q@ﬁF,nK5t7n)'

32This notation is abusive but should not lead to confusion.
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This is clearly independent of the covering chosen (since two such coverings are nested in each other).
We equip these complexes with topology in the following way: we put discrete product topology on
the individual terms in the limits and the topology induced from the product topology on the limits
themselves (that we represent as the standard mapping fiber or kernel of two products). We note here
that this is consistent with the earlier definition of the topology on Rl (U;/ ﬁ%n): U; being quasi-compact
we can represent this complex by an inductive limit of complexes equipped with discrete topology and
quasi-isomorphic to each other.
Now, we come back to the Drinfeld half-space.

Lemma 6.19. Fori> 1,57 > 0, we have

(1) H(Z, W, ) =0, for Z=Y,T,

(2) d=0 on HY(T,W,7).

(3) For V. =Y,Y, the following sequence is strictly exact®3

0— HOV, Q) S HOV, Wy @) — HO(V, W, Q) — 0,
Proof. For claim (1), we start with Z =Y. We have subsheaves
0=BlcBlc.czl czZ,=x
such that B! = B{,, Zi = Q{/, 7] = Z{, and for all n we have inverse Cartier isomorphisms
c':B) 5B, /B, C':zi5 7, /B
By Proposition 6.4 and Lemma 6.12, we have Hi (Y, B]) = Hi (Y, Z]) = 0 for i > 0, thus the same holds
with Bf and Z{ replaced by B and ZJ. On the other hand, define R} by the exact sequence

(6.20) 0—R,— B, @z - B] -0,

the last map being (C™,dC™~1). By the previous discussion, we have H: (Y, RJ) = 0 for i > 0. Hyodo
and Kato prove [30, Theorem 4.4] that we have an exact sequence

Qi1 ) )

(6.21) 0— Gj%ij = Wp1 Q¥ — W07 — 0.
Note that % does not have higher cohomology since each of 7,7~ RJ has this property (use
Proposition 6.4). Using the previous exact sequence, the result follows by induction on n (using that
W1 Qj ~ QJ)

In the case of Z =T we argue in a similar way using Proposition 6.2 instead of Proposition 6.4.

For claim (2), since (T, W,Q7) < D (T3, W,,€27), we can pass to Tj. But then, by ordinarity of T%,
we have (see Proposition 6.8)

HE (T, W) ~ HE (T, WS, ) @70 Wi (E)
and the latter group clearly has a trivial differential.
To prove claim (3), we note first that Lemma 6.12 applies to both Y and Y. For Y this follows from

Proposition 6.4. For Y, we use Corollary 6.17 to write down a sequence of quasi-isomorphisms
RI(Y, ) ~ holim, R['(Y, /) ~ holim, RT'(Y ,, Q)
~ holim, H(Y, ) = lim H(Y, ).

It follows that H'(Y,Q7) = 0 for i > 0. To see that d = 0 on H°(Y,Q7) we use the embedding
HO(Y,Q7) < [[oepo H(C,97) and Proposition 6.2.

Now, set V =Y,Y. By Lemma 6.12, we have H,(V, BY) = 04,7 > 0. Note that, by (6.21), we have
the exact sequence

0 — (HS,(V, ) @ HE(V,201))/HY(V, R YT HE, (V, W, 1 Q7) — H,(V, W) — 0.

33Do not confuse V with the Verschiebung in V™.
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It remains to show that the natural map from H gc (V, Q) to the leftmost term is an isomorphism, or that,
the natural map HY (V,R%) — HZ (V,9771) is an isomorphism. The exact sequence (6.20) yields that
the natural map HS,(V, R)) — HY.(V,Z7~!) is an isomorphism. It remains thus to show that so is the
natural map HY (V, Zi=) — HZ(V,QI71).

For that it suffices to show that the natural maps H,(V, Zflji) — HY.(V,Z371), n > 0, are isomor-
phisms. We will argue by induction on n > 0. Since d = 0 on HY, (V,Q7~1) this is clear for n = 0. Assume
now that this is true for n — 1. We will show it for n itself. Consider the commutative diagram

HY,(V, Z00) —S= HO(V, Z) 1)

can l/ can l N

HG (V. Z37") ——= H&(V. Z371)

~

The top and bottom isomorphisms follow from the isomorphism ¢~ : z7 5 77 1/ BJ, i > 0. The right
vertical map is an isomorphism by the inductive assumption. We get that the left vertical map is an
isomorphism, as wanted.

Finally, to see that the exact sequence in claim (3) is strictly exact note that for Y this follows from
compactness of H°(Y,Q7) and H(Y,W,,;1/) and for Y this follows from the case of ¥ by étale base
change. 0

We will need a generalization of the above results.

6.1.4. Cohomology of differentials II. We work with the Drinfeld half-space. We list the following coho-
mological identities.

Proposition 6.22. Let j > 0. Let S be a topological Ok -module and let R be a topological W (k)- or

W (k)-module. Assume that S and R are orthonormalizable.

(1) The following natural maps are topological quasi-isomorphisms>*

F(Xa QJ)‘(,n)@ﬁK,nSn = RF(Xv Qg(,n)(/g\)ﬁK,nS"’
Ler (Y, WY )& g, R = RUat (Y, W )@y, R,
RE6t(V, Wallyy)Bz,/pn R = RUa(Y, Wal2)) @y, 5y R

Lo (V, WS, )8z/pn R = RTe(Y, W, Q) Bz /pn R

(2) d=0 on Tee(X, Q% ) @0, Sn and on Tey(Y, Wy Q) ®7n Ran.

Proof. In this proof, to lighten the notation, we will write simply RI'(Z, Q;,) := RI'(Z,Q ) for the de
Rham cohomology of the log-scheme Z,,. We have the spectral sequence

Ef' = RUm(H' (Y7, )@y, Sn) = H(RT(X, )80, Sn)-

S

Since the pro-systems
{H'(Y?,Q)®0,,, 50}, 8 20, {H'(Ys, U)®0y,Sn},8 >0,

are equivalent (and H'(Ys,J) is of finite type since Yj is ideally log-smooth and proper over k), they
both have a trivial R? T&ns, q > 0. Hence the spectral sequence degenerates and we have

Hi(RF(Xv ng)(/g\)ﬁk,nsn) = @(Hi()/507 Q{z)®ﬁk,n‘gﬂ) = lgl(Hl(}/Sa QZL)®ﬁK,nSn)'

34Here by a topological quasi-isomorphism we mean a morphism of complexes that induces a homeomorphism on coho-
mology groups.
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Moreover, using a basis {ex}, A € I, of S,, over Ok, we get an embedding
Im(H (Y2, )@ 05, Sn) = [ [ H' (X, 9 )ea
s el
Since the latter groups are trivial for i > 0, by Proposition 6.4, the vanishing of H*(RT'(X, )@, Sn)
follows. This embedding also shows that d = 0 on H? in part (2) of the proposition.

The proof for the second map in part (1) of the proposition is analogous with Lemma 6.19 replacing
Proposition 6.4.

For the proof for the third map in part (1) of the proposition, consider now the sequence of quasi-
isomorphisms
Rl¢ (Y, W, o )®Z/ann = holimS(RFCt(Y Wi, Qlog)@)z/ann) ~ holim, (Rlg (Y s, Wp Qlog)®z/ann)

= holimg (RLg (Y s, Wy, 7 )®WH(E)R”) ~ hOlims(RFét(YS, W, )®WH(E)R")
= RLe(Y, W ¥) @y, )R-
The second and the fourth quasi-isomorphisms are clear. The third quasi-isomorphism follows from the
fact that, by Corollary 6.17, the log-scheme Y is ordinary and we have Proposition 6.8.

For the fourth quasi-isomorphism in part (1) of the proposition, use the second and the third one to

reduce to showing that we have a natural quasi-isomorphism

Pee(V, WS, )8z R = Tt (V, W V) By, ) R
But, by Proposition 6.8, we have
et (Y, Wi, )7/ R = lim(Te (Vo W)@z ) ~ lim (Pt (Y, W Q) ®z/pn R)

S

log

~le_ (Vo W)@y, 5 R) = IL( (Vo Wa) @y, @ Rn) =Lat(Y, W Q)80 7 R

Finally, for the topology, note that the only nontrivial statement is that the isomorphim
Teo(Y, W, QL o)z B = Tt (V, W )@y, ) R

is topological. But, since this isomorphism holds already for for the individual schemes Yy, this is clear.
It remains to show that d = 0 on I (Y, W,,Q¥)®e,., Rn. Assume first that R is a W (k)-module.
Arguing as above we obtain the embedding (notation as above)

e (Y, W)@, R 5 Ter(V, W, )@2z/p0 R = [[ TV, WaQ, )en.
Ael
d = 0 follows. If R is only a W (k)-module, we write

to obtain d = 0 in this case as well. [l

The following corollary lists analogs in the case of the Drinfeld half-space of properties of ordinary
schemes from Proposition 6.8.

Corollary 6.23. (1) Fori,j >0, we have a canonical topological isomorphism®®

Hét(Y Qlog) Fy k _)Ht(Y o )

(2) Fori,j,n >0, the canonical maps
HE (Y, Wo )@z Wi (B) — HE (Y, W, ),
Hi (Y, WO )&z, W (k) — HL (Y, W)

log

are topological isomorphisms>S.

35More specifically, topological isomorphism of projective limits of k-vector spaces of finite rank.
36More specifically, topological isomorphisms of projective limits of W7 (k)-modules, free and of finite rank.
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Proof. The first two quasi-isomorphisms are actually included in the above proposition. For the third
quasi-isomorphism we need first to explain topology. We define it as usual by taking locally p-adic
topology and p-adically completed tensor product. Now, both sides are nontrivial only in degree zero: by
Lemma 6.19 and the second isomorphism of this corollary, the projective systems { HY, (Y, W,, Qfog)@)z o Wi (k)

and {HY, (Y, W, Q7)},, are Mittag-Lefler. In degree zero we pass, as usual, to the limit over the trun-
cated subschemes of the special fiber and there, since these subschemes are ordinary, we have a term-wise
isomorphism, as wanted. O

Remark 6.24. There is an alternative argument which proves Proposition 6.22 and which does not use
ordinarity of the truncated log-scheme Y. It starts with proving the above corollary. We present it in
the Appendix.

Define the map
vyt Hy (Y, W) ~ He, (Y/Op) — He (Y] O, F) & H;

rig

(Y/Op) =5 Hy, (Y] OF),

where R, (Xo/0%) denotes the integral crystalline Hyodo-Kato cohomology and H! (Y/ 0%, F) is defined
in analogous way to H*RI'¢;(X) from Section 3.3.1, i.e., by taking RI'c;((+)/0%) ® ¢, F locally on Y and
then globalizing it via hypercoverings. This map is continuous (to see that the first isomorphism in the
definition of ¢y is a homeomorphism, note that both sides are nontrivial only for ¢ = 0, and there pass
to W, where it is clear).

Proposition 6.25. (1) The above map induces an injection

by Ha (Y, W ®e, K — Hiig(y/ﬁ;é)'

(2) The canonical map
Hig(X)®0, K — Hip(Xk)
18 1njective.
Proof. For the first claim, it suffices to show that we have a commutative diagram
Hét (Y’ WQ.)C—Q> HjEN Héit(cj’ WQ.)
lw I ec;
Hzlg(Y/ﬁ;é) - HjGN Hﬁlg(cj/ﬁ;;)a

where Cj,j € N, is the set of irreducible components of ¥ and the map ¢c, is defined in an analogous
way to the map ¢y but by replacing the Hyodo-Kato map by the composition

H},y(C/Op) = Hiy(CF | O5) =5 Hyyy (CF ) O) & Hiy(C5/ Og).-

rig r r r

Since the Hyodo-Kato map is compatible with Zariski localization the above diagram commutes.
We claim that we have natural isomorphisms

Hegt(y7 WQl) = H;t(Y, WQ‘), Héot(Cju WQl) = Hgt(cjv WQ.)-

Indeed, set Z = Y,C;. We have HY(Z,WQ) = lim HY (Z,W,Q"). Since, by Proposition 6.22 and
Lemma 6.19,
RT¢(Z, W Q*) = @ H (2, W Q) [,
this implies that
H\ (2, W) = lim Hy (2, Wa Q") = lim Hg, (Z, W, ),

as wanted. In particular, there is no torsion.
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It follows that the maps ¢c, in the above diagram are injections: they are isomorphisms after tensoring
the domains with K and the domains are torsion-free. The map « is an injection because so is, by
definition, the map ' in the commutative diagram

HY(Y,WQ!) — [Tien HY(C;,WQ) —— [Tien H&(CJQ, W)

Sl e

HE (Yo, W, ),

where Y}, denotes the nonsingular locus of Y.

We note that the above computation shows also that the natural map H (Y/0%)®e, F — H:.(Y/O%, F)
is an injection. This will be useful in proving the second claim of the proposition. Using the diagram
(A.6) we can form a commutative diagram

Hip(X) @0, K =t Hip(Xx)

LHKTZ LHKTZ

H,(Y/O}) ®@0p K—— HL(Y/Op, F) @0, K <—— H};,(Y/O0}) @0, K

Here the first map (g is the bounded Hyodo-Kato isomorphism described in the Appendix. Since the
first bottom map is an injection so is the top map, as wanted. 0

6.2. Relation to Steinberg representations. We proved in the previous section that, for all i > 0,
the spaces HZ (Y, WQ") and H., (Y, Werog) vanish. The purpose of this section is to prove the following
result describing the corresponding spaces for ¢ = 0 in terms of generalized Steinberg representations.

Theorem 6.26. Let r > 0.

(1) We have natural isomorphisms of locally convex topological vector spaces (more precisely, weak
duals of Banach spaces)
(a) HO(Y,WQ") ®¢, F ~ H'(Y,WQ*) R¢, F ~ Spc™*(F)*,
(b) Hg (Y, W, )q ~ Sp;"(Qp)",
(c) H(X, Q") ®¢, K ~ Hip(X) @0, K ~ Sp;™"(K)*,
(d) H(?t (Y7 WQlTog)Q = Spiont(Qlﬂ)*'
They are compatible with the canonical maps between Steinberg representations and with the

isomorphisms
Har(Xk) ~ Sp,(K)",  Hpg(X) ~ Sp,(F)"

from Theorem 5.10 and Lemma 5.11.
(2) We have natural topological isomorphisms
(a) HY,(Y, W) ~ H,(Y,WQ*) ~ Sp(05)* and HO(Y,07) ~ Sp, (k)*,

(b) Hegt (Ya WQ{og) = Spiont(ziﬂ)* and Hegt (Ya Q{og) = Spr (FP)*;

(c) H(X, Q") ~ Hip(X) ~ Spy™™ (Ok )",

(d) HL(Y, WQ{Og) ~ Spﬁont(Zp)* and HY.(Y, Q{Og) ~ Sp,.(F,)*.

They are compatible with the canonical maps between Steinberg representations and with the above

isomorphisms.
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Proof. Consider the following diagram

HE (Y, WQ) "> Hip (V)

7
THK Z THK
Ve
Ve
D, 62 D F)
Ve

can 7 can
Ve
Ve

Spr" (Op) ———= Sp,.(F)*

T

The bottom square clearly commutes. The first (continuous) regulator rgk is defined by integrating the
crystalline Hyodo-Kato Chern classes ci'¥ defined in the Appendix. By Section A.2.1 it makes the top
square commute. The right triangle commutes by Lemma 5.11. It follows that there exists a broken
arrow (we will call it rgx as well) that makes the left triangle commute. This map is continuous and
also clearly makes the adjacent square commute. Hence it is an injection. We will prove that it is an
isomorphism after inverting p.

The above combined with Proposition 6.25 and Theorem 5.11 gives the embeddings

P (Op)* @ B HO (Y, WQ) @y F s Hippe (V) ~ Sp, (F)*.
Their composite is the canonical embedding. The image of the map f must be in the subspace of G-
bounded vectors of Sp,.(K)*, since HY, (Y, W Q") is compact (it is naturally an inverse limit of finite free
Or-modules). That subspace is identified with Spi™™(F)* ~ SpS®™(0r)* ®¢, F by Corollary 5.9. It
follows that the map ryk is an isomorphism.
In fact, the above map ryk is already an integral isomorphism (as stated in part (2a)). To see this,
consider the commutative diagram

Spi (O)" = HE (Y, W)

T

i |

Sy (k)T — HY,(Y, Q)

HY (Y, WQr) is a G-equivariant lattice in HY, (Y,WQ")q =~ Sp:®*(F)* hence, by Corollary 5.3, it is
homothetic to Spi°™(O'p)*. Tt follows that HY (Y, Q") =~ Sp¢°™(k)* is irreducible. Moreover, the bottom
map gk is nonzero: by construction of the top map ryx, the symbol dlog z; A- - - Adlog z, for coordinates
Z1y ..., 2p Of ]P’CII( is in the image. It follows that it is an isomorphism hence so is the top map rgk as
well. Moreover, the latter is a topological isomorphism since the domain is compact. It follows that its
rational version is a topological isomorphism as well, which proves part (1a) of the theorem.

The proof of part (1b) is very similar to the proof of part (1a), so we will be rather brief. Consider

the commutative diagram

HE (Y, W0, )¢ : HE (Y, W0)e=r
A N Tlog THK
N
N
’I"log\ N D(‘%ﬂTJrla ZP) ~

N
Nl
N can
N

SE(2,)°

Here the (continuous) regulator 71,g is defined by integrating the crystalline logarithmic de Rham-Witt

Chern classes cllog defined in the Appendix. Arguing as above we can construct the broken arrow, which
is again a continuous map, making the whole diagram commute. It easily follows that both maps f and
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Tlog are isomorphisms. Now, that they are topological isomorphisms we argue first integrally, as for part
(2b), and then rationally as for part (2a).
For part (1c) one repeats the argument starting with the following commutative diagram

Hijp (X) " Hjp(Xk)
TdR s 7 TdR

7
Vd

DA™, O )2 D, K)

s
can 7 can
-
%

Spr(ﬁK)*$ Spr(K)*7

~

where the continuous (bounded) regulator rqg is defined by integrating the integral de Rham Chern
classes c{® defined in the Appendix, and using the fact that, by Proposition 6.25, we have
Hig(X) @, K = Hig(X) ~ Sp,.(K)*
and, by Proposition 6.22, we have H/y (X) ~ H°(X,Q"). The integral part (2c) follows as above.
Parts (1d) and (2d) follow from parts (1b) and (2b) and the following lemma.
Lemma 6.27. Forn > 1, we have canonical topological isomorphisms
Hgt (K WnQ{og) :> Hgt (77 WnQ{og)? Hgt (K WQTog) :> Hgt (77 WQ{og)'

Proof. Tt suffices to prove the first isomorphism and, since both sides satisfy p-adic devissage, it suffices

to do it for n = 1. We have HY, (Y, Q) = HE, (Y, Q7)¢=1. On the other hand, by étale base change, we

have a topological isomorphism HY (Y, Q") ~ HY, (Y,Q")®,k. And parts (2a) and (2b) of the theorem
show that the natural map HY, (Y, Q) )®r,k — HY (Y, Q") is a topological isomorphism. Hence, since

log
C =1on HY(Y, Qf,g), We obtain topological isomorphisms
Hgt(?7 Qfog) <: Hgt(?7 QT)CZI <: (H((:Jt (Y7 erog)@FpE)CZI ; Hcot (Y7 erog)7
as wanted. 0
O

Remark 6.28. Consider the commutative diagram

HE (Y, WQe) =" Hip (X)

Spcont (ﬁF)*C can Spcont (ﬁK)*

T T

The dotted arrow is defined to make the diagram commute. It is continuous. It can be thought of
as an integral Hyodo-Kato map. Compatibilities used in the proof of Theorem 6.26 ensure that it is
compatible with the bounded and the overconvergent Hyodo-Kato maps. Because the natural map
SpS™(OF)* ®Re, Ok — SpS°™ (0K )* is an isomorphism, we get the integral Hyodo-Kato (topological)
isomorphism

ik HL (Y, WQ*) @6, Ox = Hip(X).

6.3. Computation of syntomic cohomology. We will prove in this section that the geometric syn-
tomic cohomology of X can be computed using the logarithmic de Rham-Witt cohomology.
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6.3.1. Simplification of syntomic cohomology. Let X now be a semistable Stein formal scheme over O .

Lemma 6.29. Let r > —1. There exist compatible natural strict quasi-isomorphisms>’

ler t [RFCY(Y)Q]S":;DT :} [(chr(Xo/ﬁ%)(@ﬁFKSt)Q]N:O,Ap:pT7
ter i [RTr(X)Q)?™"" 5 [RLcr(Xo/OR)q)VN =077,

Proof. By (3.40), (3.41), we have a natural topological quasi-isomorphism
ikt [ROa(Xn/rEP)@,ep Agen] V=0 5 RO (Xn).

We can also adapt the proof of Theorem 4.1 to construct a natural strict quasi-isomorphism

(s

he o [(RUar(X/rEP)8,e0 Ast)Q)? ™" 3 [(RTer(X0/O%2) B 6r Ast)q] "

In fact, it suffices to note that the complexes (4.6) used in that proof have cohomology annihilated by
p, for a constant N = N(d,r), d = dim Xj.

Define the first map in the lemma by ¢c, := hcrL]g%(. The definition of the second map ¢, is analogous
(but easier: there is no need for the zigzag in the definition of he,). O

Let 7 > 0. Set DR(X,7) := (RTqr(X)® s, Ao k)q/F". From the maps in (3.44) we induce a natural
strict quasi-isomorphism

(6.30) i DR(X,7) = Rl(X)q/F".
Computing as in Example 3.24, we get topological quasi-isomorphisms
RLGR(X)®6y Acr,ic ~ RT
F"(RT4r(X)®px Acr. i) ~ RT
(RL4R(X)®6x Acr )/ F" ~ RT
=Rl

X, 0%PoAc i) = RIX, (Ox @ Acr ik — QxBocAcrrc — ),

X, F (Q%®exAcri)) = RI(X, (Ox@ex F" Ak — Uk @op F" " A — ),
X, (% @eoxAcri)/F")

X, (0x®0x (Aecrx/F") = QB (A /FH) = - = Q% "0 (Acr it/ FY)).

~—~ ~~ —~

In low degrees we have

)=0, DR(X,1) ~RI(X,Ox®¢,0c)q,
,2) ~ RI(X, (Ox@g, (Acr,x/F?) — QxR oy Oc))q-

Set yuk := (t3x) "1t The above discussion yields the following strict quasi-isomorphism

YHK

(6.31) RTn(X, Zp(r))q = [[(RTer(Xo/O2)BopAst)Q)V =977 5 (RT4r(X)E 0 Acr ) Q/F'] -

By construction, it is compatible with its pro-analog (3.32), i.e., we have a natural continuous map of
distinguished triangles, where all the vertical maps are the canonical maps

YHK

Ry (X, Zy(r)) @ — [(RTcx (X0/02) @0, Ast) Q] V=097 ™ (RL4r(X) @0 Acr,ic)Q/F"

| | l

[RLer(Xo/ 6%, F)&pBEN=00=r" 2 o (RDyr (X )®xBlg)/F .

R syn (X, Qp (1))

37For the definition of the completed tensor product we refer the reader to the digression before Lemma 6.19.
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6.3.2. Computation of the Hyodo-Kato part. We come back now to the Drinfeld half-space.

Lemma 6.32. We have the natural strict isomorphisms

(6.33) H ((RTe(Y/ O2)B o As)a) V=" ¢77") = HG(V, WO ),
HH([(REe(Y/03) B0, Aa)Q]™ =09 7) = (HE (Y, WO, B2, AL )a.

Proof. By Proposition 6.22, we have topological quasi-isomorphisms
REe(Y/O0%) @6, Agt ~ RTer (Y, WQ )R, Age & rét(y W) s, A

EPra(, W) Do, Avl-i] ~ PTea(Y, WSy, ) At —i].
>0 >0

Let M be a finite type free (¢, N)-module over W (k). Note that N is nilpotent. We claim that we
have a natural short exact sequence

Indeed, if N = 0, this is clear from the short exact sequence (3.37). For a general M, we argue by

induction on m such that N™ = 0 using the short exact sequence

O—>MO—>ME>M—>O.

This is a sequence of finite type free (¢, N)-modules such that N™~! = 0. It follows that we have
topological quasi-isomorphisms (reduce to the truncated log-schemes Y; and pass to the limit)

[RTe(Y/O02)8 0, AV =" ~ P Ter(V, W)Byy ) Ast] V=[] = P T (¥, W) Sy ) Acr[—i]
i>0 i>0
~ P raY, Wl,)dz, Acl—il.
i>0
It remains to show that we have natural strict isomorphisms

(6.34) LY, W, )82, Aald™ ~Te(Y, W, )q

Cec(Y, WOz, Aulg ™ = (Ta(V, W, )B2,A57)q-

For i > 0, set C; := T (Y, WQfog

(6.35) CFV =T (V, WO, &g, ALY

To see that, write, using the notation from the proof of Proposition 6.22, HY, (Y, WQfog) L 9(Ys, WQlog)
or, to simplify the notation, A* := A = l'gls As. Note that Ay is a finite type free Z,-module. Replace

As with B, := Ngssim(Ay — Ag). Then the maps Bys11 — B, are surjective and A = T&ns B,. Choose
basis of B, s > 1, compatible with the projections, i.e., the chosen basis of Bs;1 includes a lift of the
chosen basis of B;. Using this basis we can write

(6.36) AcZl X 22 X 2 x - ARz, A ~ AlL x Al x A8 x

)®zp A.,. We claim that, for j > i, the classical eigenspace

—1

Since the Frobenius on A" = T'g (Y, Wﬂfog) is equal to the multiplication by p* we obtain the equality
we wanted.
Consider now the following exact sequences
0—CF" = C. 250, 0077 =0 1550, .

Since the map AT =8A,i>0,is pi-surjective, the maps ¢ —p” above are rationally surjective (use the
basis (6.36) and the fact that the Frobenius on A’ is equal to the multiplication by p). Hence, rationally,
the derived eigenspaces [Ci]‘/’:pr, i =r,r—1, are equal to the classical ones C/~" , i = r,r — 1. Since,
by (6.35), we have C¢=P" =T (Y, W ) and CF=F =Te(Y,WQ, )@z, AZ7P, the isomorphisms in

log log

6.34) follow. O
(6.34)
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6.3.3. Computation of syntomic cohomology.

Corollary 6.37. Let r > 0. There exists a natural strict isomorphism
H, (77 ZP(T))Q = Hegt(Yv Werog)Q'

Proof. We note that, by Propositiony6.22, there exist natural topological quasi-isomorphisms
Dixol (X, )R " Ay k[—i] = FT(RUGr(X) @0 Acr, i),
Or_15i500 (X, Q)@ Aer i /F 7 [—i] = (RT4r(X) R Acr i)/ F".
This, combined with the strict quasi-isomorphisms (6.33), changes the map gk from (6.31) into
ik LY, W N®2,A57)q = (DX, Q" )@e, Oc)q-

log
Hence, we obtain the long strictly exact sequence

(Pt (Y, W N8z, AL ) QS (D(X, 0 @6, Oc)q — Hipn (X, Zp(r)q — Tee(Y, W, )q — 0

log syn
It suffices now to show that v is surjective. For that we will need to trace carefully its definition.
Consider thus the following commutative diagram

’
YHK

(6.38) (Cer (Y, WO B2, AP )ql—r + 1] —= (T(X, 0 1R, Oc)q[—r + 1]
[(RTe:(Y/62)@ 6, Ast) @) V=% — " (RT4r(X)® oy Acr,ic)Q/F"

YHK

[RTe, (Y/ 0%, F)&pBEN=0¢=r" M5 (RDyp(Xk)@xBliR)/F .

2
2 e 2

LHK ®L

[ROuk (V)@ BN =0¢=r" (RT4r(X )@k BR)/F"

Here, the fact that the bottom square commutes follows from the proofs of Proposition 3.39 and Theorem
4.1. Taking H"~! of the above diagram we obtain the outer diagram in the commutative diagram

(Dee (Y, W) B2, AE™)q — (N(X, 0 1B, Oc)q

I
% Y .
Hi (V)@rBhy= — 0 o H1 N (X g )@ O T(X g, QB C.

Since d = 0 on (T(X, Q" 1 )®g,Oc)q, we get the shown factorization of the slanted map and the
commutative square. This square is seen (by a careful chase of the diagram (6.38)) to be compatible with
the projections 0 : AY=P — O¢, 0 : B1>¥=P — C. Using them, we obtain the commutative diagram

(Ca(Y, W, N8z, 00)q —— (DX, V&6, Oc)q

log
r— = tHK ® r—1/v =
Hi (V)@ rC —————— Hi3 (X k)®KC.

and reduce our problem to showing that the induced map ~¢ is surjective.

We will, in fact, show that y¢ is an isomorphism. Note that the right vertical map in the above
diagram is injective: use that the natural map Hiy'(X) — Hz'(Xk) is an injection (in particular the
domain is torsion-fee). By Remark 6.28, the above diagram yields that y¢ = (tux ® 1)q. Since the
integral Hyodo-Kato map is a topological isomorphism tyk : Tg (Y, WQITOT;) ®z, Ok S T(X, Q1) so
is v¢, as wanted. g
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6.4. Main theorem. We are now ready to prove the following result. Recall that X, resp. X , is the
standard formal, resp. weak formal, model of the Drinfeld half-space H%, Y =Xo,Y =Y7.

Theorem 6.39. Let r > 0.

(1) There is a natural topological isomorphism of G x G -modules
Hg (Xc, Qp(r)) = Spi™™(Qp)" ~ Sp,(Zp)" ® Qp.
(2) There are natural topological isomorphisms of G-modules
Hip(X) ®0,c K ~Spy™ (K)*,  HE(Y/0p)q ~ Sp;*™ (F)",

Spe™(Qp)*  ifi=0,

Ha (Y, WO )q = {o ifi>o0.

(3) The regulator maps
eyt M (A, Qp) — Hy(Xco,Qp(r), rar : M(A LK) — Hip(X) ®0, K,
THK - M(‘%ﬂdJrla F) - ng(Y/ﬁg‘)Qa Tlog - M(%dJrl’ QP) - Hgt(Y’ WQTog)Q
are continuous surjective maps (of weak duals of Banach spaces), compatible with the isomor-
phisms in (1) and (2), and their kernels are equal to the space of degenerate measures (defined

as the intersection of the space of measures with the set of degenerate distributions).
(4) The natural map

Hgt (XC, Qp('f')) — ngroét (XC, Qp(’f'))
is an injection and identifies Hy (Xc, Qp(r)) with the G-bounded vectors of HY, .« (Xc, Qp(r))-

Proof. Point (3) follows from construction and Section A.2.2. Point (2) follows from Theorem 6.26
and Proposition 6.22. Point (1) follows from the comparison between étale and syntomic cohomologies
in Proposition 6.1, the computation of syntomic cohomology in Corollary 6.37, Lemma 6.27, and the
computation of the logarithmic de Rham-Witt cohomology in Theorem 6.26.

To prove point (4) consider the commutative diagram, where the bottom sequence is strictly exact:

Hgt(XC’ QP(T)) —— Spiont(Qp)*

0 ——=dQ" 1 (X¢) — Hp, o (Xc, Qp(r)) — Sp,(Qp)" ——0

Commutativity can be checked easily by looking at symbols. The change of topology map ¢ has im-

age in H ¢ (Xc, Q,(7))¢P4 (since Spi°™(Z,)* is compact). We need to show that this image is the
whole of HJ . (Xc, Q,(7))¢P4. For that, since (Sp,(Q,)*)% P4 ~ Spe°™*(Q,)*, it suffices to show that

(A1 (X¢))%Pd = 0 or, equivalently, that the map (2"~ (X¢)a=0)P? — Hiz'(Xc) is an injection.
Since d is trivial on Q"~(X¢), this amounts to showing that the map Q" 1(X¢)¢Pd — HIZ'(Xe) is
injective or that, by an analogous argument to the one we used in the proof of Proposition 6.22, so is the
map Q"1 (Xg)9Pd — HIZH(Xk).

Now, since, the map Q" 1(X) ®g, K — Q" 1(Xg)%Pd is an isomorphism (use the fact that X can
be covered by G-translates of an open subscheme U such that Uy is an affinoid), it suffices to show that
the map Q" 1(X) ®¢, K — H'z'(Xk) is an injection. But this we have done in Proposition 6.25. [

APPENDIX A. SYMBOLS

We gather in this appendix a few basic facts concerning symbol maps and their compatibilities that
we need in this paper. We use the notation from Section 6.
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A.1. Hyodo-Kato isomorphisms. Let X be a semistable Stein weak formal scheme over Ok . In the
first part of this paper we have used the Hyodo-Kato isomorphism as defined by Grosse-Klonne in [23],
ik : Hijx(Xo) ®@r K 5 Hlr(Xk). But one can also try to use the original Hyodo-Kato isomorphism
defined for quasi-compact formal schemes in [30]. Doing that we obtain two Hyodo-Kato isomorphisms.
One that, modulo canonical identifications, turns out to be the same as the one of Grosse-Klonne, the
other identifies bounded Hyodo-Kato and de Rham cohomologies.

Proposition A.1. We have compatible Hyodo-Kato (topological) isomorphisms
(A.2) v+ HL(Xo/ 09, F) @p K 5 Hig(Xk),  wik : (HL(Xo/0F) @6y Ok )q = Hip(X)q.

Proof. As mentioned above they are induced by the original Hyodo-Kato isomorphism [30]. We will
describe them in more detail.

To start, assume that we have a quasi-compact semistable formal scheme Y over 0. We will work
in the classical derived category. Recall that the Frobenius

rohe ©fn RLa(Y1/r20,) = RLa(Y1/rED),  Orne @5, Rla(Yo/Orn) = Rl (Yo/0F,,,)

w,n,p

has a p™V-inverse, for N = N(d), d = dim Yy. This is proved in [30, 2.24]. Recall also that the projection
po : Rl (Y/rED,) = Rl (Yo/0%,,) has a functorial (for maps between formal schemes and a change of

n) and Frobenius-equivariant p”-section
tw : Rl (Yo/O,,,) = REe:(Y/r20),

i.e., potw = p™¥. This follows easily from the proof of Proposition 4.13 in [30]; the key point being that
the Frobenius on Rl (Yp/ ﬁ%m) is close to an isomorphism and the Frobenius on the PD-ideal of rEP is
close to zero. Moreover, the resulting map

le - Rl—‘cr(yb/ﬁ?{n) ®ép"n T‘g]?n - RFCT(Y/Tan)
is a pN-isomorphism [30, Lemma 5.2] and so is the composite
Pwtw RO (Yo/OF,,) @5, Ok.n = RUa(Y/OF ).
Taking holim,, of the last map we obtain a map

Potew  Rla(Yo/0%) @5, Ok — RI(Y/OF)

that is a p’V-isomorphism. The Hyodo-Kato map is defined as tpk = p~'pwiw. We have the commutative
diagram

RI¢(Y/rPP) —=> Rl (Y/0}) <—— RIqn(Y)

- <’ lpo

Rl (Yo/OY)

The induced map Rl (Yo/O0%) ®6, Ox — RTqr(Y) is a p™V-isomorphism.
For a Stein semistable weak formal scheme X, we choose a Stein covering {Us}, s € N, and define the
compatible Hyodo-Kato maps

(A.3) w = p Y lim (i, ® Q) 1 Hy(Xo/ 0%, F) = Hig (Xk),
i = p~ N (imuk v, )q  H (Xo/0%)q = Hig(X)q-

The twist by p~~ appears to make these maps compatible with symbols. We used here the fact that
(A4) Hi (Xo/Op, F) =~ Yim H,(Us/ O, F),  Hy(Xo/Op) = lim HE, (Us/ O),

Hin(Xx) = lim Hin (Ui, ), Hin(X)q = (im Hin(X]0.))q.
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The third isomorphism, since X is Stein, is classical. The first two follow from the vanishing of the
derived functors

H'holim, H:-Y(U,/0%, F), H'holim, H'*(U,/0%),
which, in turn, follow from the fact that the pro-systems (s € N)
{Hee '(Us) O, F)}y = {Her (Yo O, F)}, - {He ' (Us/ Op)} = {H (Vs Op))

are Mittag-Leffler. To show the last isomorphism in (A.4), it suffices to show the vanishining of (H* holims H’5" ()?|US))Q.
For that, we will use the fact that the Hyodo-Kato map

Hi (UL 03) ©0, Ok = Hig'(X|u.)
is a p™-isomorphism. Which implies that so is the induced map
H' holim, (H!; Y (U, ) 0%) @6, Oxc) — H" holimg Hig (X |0,).

But, since the pro-system {H! '(Us;/0%)} = {H 1 (Ys/0%)} is Mittag-Leffler, the first derived limit is
trivial, as wanted.
Now, by definition, the Hyodo-Kato maps from (A.3) are topological isomorphisms. O

Corollary A.5. The Hyodo-Kato isomorphisms from Proposition A.1 are compatible with the Grosse-
Klonne Hyodo-Kato isomorphism.

Proof. We may assume that X is quasi-compact. Then, this can be checked by the commutative diagram
(we use the notation from Section 4.1)

(A.6) H;,(Xo/OF) = Hip(Xk)

Id

Pw

HE(Xo/0%)q <—— HL(X/rPP)q —=— Hix(X)q
LHK

O

A.2. Definition of symbols. We define now various symbol maps and show that they are compatible.

Let X be a semistable formal scheme over 0. Let M be the sheaf of monoids on X defining the
log-structure, M8P its group completion. This log-structure is canonical, in the terminology of Berkovich
[4,2.3],ie, M(U) ={z € Ox(U)|rk € 0%, (Uk)}. Thisis shown in [4, Theorem 2.3.1], [3, Theorem 5.3]
and applies also to semistable formal schemes with self-intersections. It follows that M*?(U) = 0%, (Uk).

A.2.1. Differential symbols. We have the crystalline first Chern class maps of complexes of sheaves on
Xt [66, 2.2.3]

G ME = ME — Re. fi) o [1], o™ M® — M§® - Re, ) 0 1],

PD
Xn/rZn F.n
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Here, the map ¢ is the projection from the corresponding crystalline-étale site to the étale site. These
maps are clearly compatible. We get the induced functorial maps

Cit : F(XKa ﬁ;(K) — RFcr(X/T‘(l;Da /[1])[1]7 CI{IK : F(XKv ﬁ;{;{) — chr(XO/ﬁ%a /[1])[1]

The Hyodo-Kato classes above can be also defined using the de Rham-Witt complexes. That is, one can
define (compatible) Hyodo-Kato Chern class maps [14, 2.1]

% T(Xg, 0%, ) — Rlg(Xo, WO 1)), ™ T(Xk, O%,.) = RTa(Xo, WQ, )[1].

They are compatible with the classical crystalline Hyodo-Kato Chern class maps above (use [19, 1.5] and
replace 0* by ME#P).
We also have the de Rham first Chern class map

dR . 7 rgp gp_dlog, e
i ME — ME —>QXn/ﬁ;’n[1].

It induces the functorial map
R T(Xg, 0%) = RIgr(X)[1].

It is evident that, by the canonical map RIgr(X) — RI4r(Xk), this map is compatible with the rigid
analytic class (defined using dlog) ¢ : T'(Xx, 0*) — RI4r (X )[1].
Let now X be a semistable weak formal scheme over 0. The overconvergent classes

AT (X, 0%) = RTyig(Xo/O0%)[1], R :T(Xk, 0%) — RT4r(Xk)[1]

are defined in an analogous way to the crystalline Hyodo-Kato classes and the rigid analytic de Rham
classes (of Xg), respectively. Clearly they are compatible with those.

Lemma A.7. Let X be a semistable Stein weak formal scheme over Ok . The Hyodo-Kato maps

v+ Hi(Xo/0p)q—Hir(X)q,  wik : Hy(Xo/ 0%, F)—Hip(Xk),

vk ¢ Hio(Xo/Op)—Hig (Xk)

are continuous and compatible with the Chern class maps from HO()?K, 0*) and H(Xf, 0).

Proof. Continuity follows from the construction.

For the first two maps, the proof of an analogous lemma in the algebraic setting goes through with
only small changes [48, Lemma 5.1]. We will present it for the first map. We can assume that X is
quasi-compact. Since tgx = p 'pwtl, 1o = p Niy, and the map p is compatible with first Chern

classes, it suffices to show the compatibility for the section ¢_,. Let z € HO(XK, 0% ). Since the map
K

. is a section of the map pp and the map po is compatible with first Chern classes, we have that the

element ¢ € HL (X/rEP)q defined as ¢ = /_(c®(z)) — ¢*(z) € ker pg. Since the map
B=1y@ld: H(Xo/Op)q®rraq = He(X/r2 )q

is surjective (see Section A.1), we can write ¢ = 8({’) for ¢’ € Hclr(Xo/ﬁ%)Q@FTg]?Q. Since pp3(¢’) =0,
we have ¢/ € ker(Id ®po). Hence (' =Ty, v € HL(Xo/O0%)q®rrEly.

Since the map (4, is compatible with Frobenius and o(ci'™(z)) = pcd¥(z), p(c5t(x)) = pcit(x), we
have p(¢") = p¢’. Since p(T7y) = TPp(y) this implies that v € (),—; Ho(Xo/0%)q ®F T"T};I?Q, which
is not possible unless v (and hence (') are zero. This implies that ¢ = 0 and this is what we wanted to
show.

For the last map in the lemma, we use the diagram (A.6): an easy chase coupled with the listed above
compatibilities gives us what we want. |
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A.2.2. Etale symbols and the period map. We have the étale first Chern class maps (obtained from
Kummer theory)

St 0%, = Z/p" (D[], o :T(Xk, 0%) = Rlet(Xk, Z/p"(1))[1].
We also have the syntomic first Chern class maps [66, 2.2.3]
M T( Xk, 0%) = Rlgyn (X, Z,(1))[1]

that are compatible with the crystalline first Chern class maps ¢§* : T'(Xg, 0*) — RI(X)[1]. By
[66, 3.2], they are also compatible with the étale Chern classes via the Fontaine-Messing period maps

PFM =P "OapM:

PFM : RFsyn (77 Zp(r))Q — Rl g (77 Qp(r))a PFM - Rrsyn (77 Qp(r)) — Rl—‘proét (77 Qp(r))

APPENDIX B. ALTERNATIVE PROOF OF COROLLARY 6.23

We present in this appendix an alternative proof of Corollary 6.23 (hence also of Proposition 6.22
which easily follows from it) that does not use the ordinarity of the truncated log-schemes Y.
Let X/k° be a fine log-scheme of Cartier type. Recall that we have the subsheaves

Z) = Np>0Z), Bl =U,>oB’

of V= Qfx /Ko (in what follows we will omit the subscripts in differentials if understood). Via the maps

C: Z,J;H — ZJ (with kernels BJ), ZJ_ is the sheaf of forms w such that dC"w = 0 for all n. This sheaf
is acted upon by the Cartier operator C', and we recover

Bl, = Unx0(Z3)7" 70, Q= (Z5)°7".

The following result is proved in [32, 2.5.3] for classically smooth schemes. It holds most likely in much
greater generality than the one stated below, but this will be sufficient for our purposes.

Lemma B.1. Assume that X/k° is semi-stable (with the induced log structure) and that k is algebraically
closed. Then the natural map of étale sheaves

Bl @ (O]

log ®Fp k) - Z<J>o

is an isomorphism.

Proof. Tt suffices to show that, for X as above and affine, the map BI_(X) @ (€

log(X) ®Fp k) - Zéo(X)

is an isomorphism. Take an open dense subset j : U < X which is smooth over k. Then QY% is a subsheaf
of 7.Qf; and so Z. y is a subsheaf of j.Z._ ;, giving an inclusion Z%, y(X) C ZZ, ;(U). By a result of
Raynaud [32, Prop. 2.5.2], ZéO7U(U ) is a union of finite dimensional k-vector spaces stable under C. We

deduce that Z! y(X) is also such a union.

The result follows now from the following basic result of semi-linear algebra (this is where the hypothesis
that k is algebraically closed is crucial): if E is a finite dimensional k-vector space stable under C, then
E = Enilp ® Finy, where Enilp e UnEano, Ey = ﬂnC”(E), and the natural map EC=1 F, k — Einy
is an isomorphism. O

Proof. (of Corollary 6.23) (1) We prove this in several steps. We start with the case i = 0 (the most
delicate). By Lemma B.1,

Hgt(77 Zgo) = Hgt(Yu Béo) D Hgt(77 Q{og ®F, k).
We need the following intermediate result:

Lemma B.2. We have HY, (Y, B.) =0
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Proof. We note that HY(Y,BJ) = 0 for all n: because we have Bj ~ B 41 /BJ this follows from
Lemma 6.12. This however does not allow us to deduce formally our lemma because Bl , = U,B},
and Y is not quasi-compact. Instead, we argue as follows: the formation of the sheaves B being
functorial, we have a natural map a : H(Y,B%) — [Joepo HY(C, BL). 1t suffices to prove that
« is injective and that HY, (T, Bi,) = 0. To prove the injectivity of a, it suffices to embed both the
domain and target of o in HS (Y, Q) and [[ HS (C, ), and to use the injectivity of the natural map
HY(Y, V) — [, HS(C, Q). Next, since T is quasi-compact,

Hgt(T, Béo) = @Hgt(Ta sz) =0,

the second equality being a consequence of Proposition 6.2 and Lemma 6.12 (as above, in the case of
Y). O

Consider now the sequence of natural maps

He(é)t(?v Q{Og)®FpE = He(é)t(?v Q{og ®F, E) = Hgt(77 Zgo) - He?t (77 Qj)-

The first map is clearly a topological isomorphism, the second one is a topological isomorphism by Lemma
B.2. Hence it remains to show that the last map is a topological isomorphism as well. Or that all the
natural maps H (Y, Z3) — H2.(Y,Q7), n > 1, are topological isomorphisms. But this was done in the
proof of Lemma 6.19. This gives the desired result for : =0.

We prove next the result for i > 0, i.e., that HE (Y, )@Fpk =0 for ¢ > 1. We start with showing

) log
that H., (Y, ,g) = 0. The exact sequence

00—, — WV /BI =S L0i /B] 0

yield the exact sequence

0— Hgt(77 Qj ) — Hgt(vv QJ)P—CH>Hc0t(77 QJ) - Hclt(Yu Qj ) —0

log log

and H{ (Y, Q{Og) =0 for i > 1. It suffices therefore to prove that 1 — C~1 is surjective on HY (Y, Q).

For this, write Ay = HY, (7:, Q{Og). As we have already seen, we have an isomorphism

HE(Y, Q) = lim(4, @, k) = Hy (V. Of,,)®r, k.

We have C~! = T&ns(l ® ¢) (¢ being the absolute Frobenius on k; note that C — 1 = 0 on A,). To

conclude that 1 — C 1! is surjective on HY (Y, Q7), it suffices to pass to the limit in the exact sequences
0— Ay — A, ®p, i—5A, ®p, & — 0,

whose exactness is ensured by the Artin-Schreier sequence for k and the fact that (A,)s is Mittag-LefHer.

This shows that HZ (Y, ) = 0 for i > 0. Choosing a basis (ex)rer of k over F, we obtain an
embedding

Hét (Y5 Qfog)®Fpk C H Hét (Y5 Qfog) = 07
Ael

which finishes the proof of (1).

(2) We prove the claim for W,, by induction on n, the case n = 1 being part (1). We pass from n to
n + 1 using the strictly exact sequences

0— HOY, ) 5 HOY, Wt Q) — HOY, W Q) — 0,
— . —~ —yn . . ~ — — . ~ —
0— Hgt (Ya Qfog)®Fpk - Hegt (Ya Wn+1Qfog>®Z/p”+1Wn+1(k) — Hegt (Ya Wanog)(g)Z/p"Wn(k) — 07

as well as the natural map between them. The first sequence is exact by Lemma 6.19. To show that the
second sequence is exact, consider, as above, the exact sequences

—o0 ; vn —o0 ; —o0 ; —o0 ;
0— Hgt(yw Qfog) - H((:Jt (Y57 Wﬂ-i-leog) - H((:Jt (Ys7 W”Qfog) - Hé}t(Ywaog)'
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Tensoring over Z by W,,11(k), we can rewrite them as

0— HY(Y ., Q) ©r, k= HL (Y, Wai1,,) @z)pm01 Wiy (k) = HE (Yo, W,

) ®Z/p" Wn(E>

- HL(Y., % ) @, k.

log

To lighten the notation, write them simply as 0 — AS — By = Cs — Ds. Using that (As)s, (Cs)s are
finite W, (k)-modules and that m D, = HL(Y, Qfog)@)FpE = 0 (as follows from (1)), we obtain the
exact sequence

0—>1'&nAS—>1'&nBS—>@CS—>O,

which finishes the proof of (2) for W,,, n > 1. Passing to the limit over n gives us the proof for W. O
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